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Introduction 
0.1 Notation 

To begin with, we set a common convention for notation through this paper. We prepare 
this subsection just for convenience so that it may help a reader to understand this paper 
well. We do not intend to omit refering to the definitions of new symbols when they 
appear, and hence there is no need for memorising them. Therefore a reader may skip 
this subsection if not necessary. 

We denote by k the complete non- Archimedean field of characteristic with a multi- 
plicative norm \ ■ \ : k ^ [0,oo) and by k its residue field of characteristic p > 0. Since k 
has a mixed character, its norm is non-trivial. Throuout this paper, we fix the base field 
k and an algebraic closure k of k. The completion of k is C, and the residue field of k 
and C is C. In general, for an arbitrary normed ring R, we set R° := {f e R \ \\f\\ < 1}, 
R°° := {f e R \ \\f\\s < 1} c R°,SindR := R°/R°°. If we need (finite) subextensions 
of k (contained in k), we use K/k and L/k and their residue fields are K and L. The 
absolute Galois groups of ^, ^, . . . are Gk, Gk, ■ ■ ■ The rings of integers of k, k,C,K, . . . 
are Ok, Oj, Oc, Ok, ■ ■ ■ and the maximal ideals of them are m^, nij, nic, niK, ■ ■ ■ When we 
fix a uniformiser oik,K,... we denote them by n^, n^, ... If we assume that ^ is a local 
field, i.e. a complete discrete valuation field with a finite residue field k, the cardinality of 
^, ^, ... are qk, Qk, ■ ■ ■ and the absolute ramification indices oik,K,... are Ck, ck, ■ ■ ■ See 
[ISER2II for the basic properties of a local field if necessary. 

Let ^ be a (not necessarily complete) non-Archimedean field such as k or k. When 
we say a ^-algebra, we mean a commutative ^-algebra with unit. When we say a normed 
^-algebra A, we mean a commutative ^-algebra with unit and a map || • || called a norm 
satisfying the conditions 

||x|| = if and only if ;c = e A 
l|l|| = l 
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||/ + g||<max{||/||,||g||} 

WfgW < WfWWgW 
WcfW = Iclll/ll 

for any f,g £ A and c e K. For a normed ^-algebra A, denote by ^(A) the spectrum 
([BERIJ) of A, i.e. the set of bounded muMplicative seminorm on A endowed with the 
weakest topology in which the evaluation map /: ^(A) [0,oo): t ^ is con- 
tinuous. If we want to specify the scholar K, we write ^/f(A) instead of ^(A). For 
a bounded ^-homomorphism (f>: A ^ B between normed ^-algebras, denote by 0* the 
continuous map ^{B) ^{A) associated with 0. For a normed ^-algebra A, a normed 
A-algebra 5 is a normed ^-algebra equiped with a bounded AT-homomorphism A ^ B. 
Consider the case K is complete. When we say a ^-Banach algebra, we mean a normed 
^-algebra which is complete with respect to its norm. For a J^-Banach algebra A, an A- 
Banach algebra 5 is a ^-Banach algebra with a bounded ^-homomorphism A ^ B. For 
a normed ^-algebra A, denote by A or A' the completion of A. A seminormed /T-algebra 
is said to be uniform if its seminorm is power-multiplicative. 

We often denoteby A, A', B, . . . arbitrary fc-affinoid algebras (see [BE RIID . by V, V , W, . . . 
arbitrary fc-affinoid spaces, and by Av,Av',A'w, . . . the A:-affinoid algebras associated with 
a fc-affinoid space V,W,... We write X, Y,Z,U,. . . for arbitrary ^-analytic spaces in the 
sense of [BER2J . We denote also by A, A', 5, . . . arbitrary ^-dagger algebras (see HKLOIH ) 
and X, Y,Z, U arbitrary ^-dagger spaces. We do not assume a ^-analytic space is strict, 
good, separated (i.e. HausdorfF), compact, paracompact, connected (= arcwise connected), 
smooth, or rig- smooth without mentioning. For a ^-analytic space X, a fc-affinoid algebra 
A, ^-dagger space 7, and fc-dagger algebra B, we denote by Xk, Ak, Yk, and Bk the ground 
field extensions XXj,K, A®j,K, Xxj^K, and B®\K. We deal with the class of all isomorphic 
classes of ^-aflinoid algebras and ^-dagger algebras. Note that the isomorphic class of a 
A:-affinoid algebra is represented by an element of the set s^k of fc-Banach algebras of the 
form A;{ri, . . . , r„}// for an integer « 6 N and a proper ideal / c k{Ti, . . . ,Tn}, which is 
not a proper class in the sense of Von Neumann-Bemays-Godel set theory. Therefore we 
do not have to fix a universe when we want to regard the class of all isomorphic classes 
of ^-affinoid algebras as a set. 

Consider the case ^ is a local field again. We use the following rings: 
R := Y\mOilpOj= lim Oc 

Frob z*-^z'' 

W{R) := the ring of Witt- vectors of R 

W(k) := the ring of Witt- vectors of k 

W{R)t := W{R)®„Ck)Ok 

B^R := \imW(RUp-']/ikcrekf 

Fil'BdR := ker0, cB+ 
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BdR := the field of fraction of B^^ = B^^[^'^], 
where 9k '■ W(R)k[p~^] ^ C is the canonical ^-algebra homomorphism induced by 

9: WiR) -» Oc 

9k- B^j^ ^ C is the unique continuous extension of 6k: W{R)k[p~^] -» C, and ^ e B^j^ 
is any generator of the principal ideal Fil'BdR. Here [■]'. R W(R) is Teichmiiller 
embedding a [a] = {a, 0, 0, . . .)■ We will explain more precise description of the rings 
above and the topologies of them in S4.1[ and see HFONI for more detail. 

When multi-indices appear in a calculation, we often use a common convention as be- 
low. Let G be an index semigroup, H a semigroup equiped with a compatible semigroup- 
action of G, and S an index set. For an arbitrary system a = ias)ses s and an 
arbitrary multi-index g = {gs)ses ^ G"^, if 5 is a finite set (or if // is a monoid and 
af = 1 for almost all 5 6 5), then we denote by the finite (resp. essentially finite) 
product Usesi^^sY'- If G and H are Abelian semigroups, then we often use the additive 
notation ga := Y^ses SsO-s instead of the multiplicative one. The most important example 
of this convention is the case the index semigroup G is the Abelian group Z, the semi- 
group H is the Abelian multiplicative free monoid generated by variables Ti, . . . , r„, 
the index set 5 is a finite set {1, ... ,n} c N+, and the multi-index semigroup is 
the Abelian group = Z". We denote the product r[' • ■ • T^" by for each multi-index 
I = {Ii, . . . , In) & 1-" . We make use of a similar convention when we denote a Tate algebra 
and a Monsky-Washnitzer algebra. For each r = (r^, . . . ,r„) e (0, oo)", we denote the ba- 
sic aflinoid algebra k{r:^^Ti,. . . , r^^^TJ and the basic dagger algebra k{r~^Ti, . . ., r^j^T„}^ 
by k{r~^T} and k{r~^T}'' for short. In particular if r = (1, . . . , 1), then we write k{T} and 
k{T}'^ instead of k{r^^T} and k{r~^T}^ for short. 

We deal with the following categories: 

Set, Mon, Grp, Top, (BdR-Vec), (k-A\g), (A:-NAlg), 
(A:-WBanach), (fc-Banach), (k-An), (k-Dg), (Polytope) 

Set is the category of sets whose morphisms are set-theoretical maps; Mon is the cat- 
egory of monoids whose morphisms are monoid homomorphisms; Grp is the category 
of groups whose morphisms are group homomorphisms; Top is the category of topolog- 
ical spaces whose morphisms are continuous maps; (BdR-Vec) is the category of BdR- 
linear spaces whose morphisms are BdR-linear homomorphisms; (fc-Alg) is the category 
of A:-algebras whose morphisms are fc-algebra homomorphisms; (fc-NAlg) is the cate- 
gory of normed fc-algebras whose morphisms are bounded fc-algebra homomorphims; 
(^-WBanach) c (fc-NAlg) is the full subcategory of weakly complete ^-algebras. Defini- 
tion [2X81 (^-Banach) c (^-NAlg) is the full subcategory of ^-Banach algebras; (^-An) 
is the category of fc- analytic spaces; (^-Dg) is the category of ^-dagger spaces; and 
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(Polytopes) is the category of polytopes whose morphisms are integral affine maps, Def- 
inition [TXIll 



0.2 Preface 

The aim of this paper is to construct a new theory of singular homology of Berkovich's 
non- Archimedean analytic space (see nBER2l ) and integration of a differential form of ar- 
bitrary dimension along a cycle in the sense of the analytic homology as a generalisation 
of Shnirel'man integral. Shnirel'man integral is the integration of a non-Archimedean 
function defined by Lev Genrikhovich Shnirel'man in fiSHN l. and is a very useful one in 
classical p-adic analysis. To begin with, we introduce the idea of the construction of the 
analytic homology, and adter then we briefly introduce the notion of Shnirel'man integral 
here. 



The most simple way to define a singular homology of an objenct in an arbitrary 
category is the use of the notion of the simplicial category A. The simplicial category 
is the category of finite ordinals (finite ordered sets of natural numbers) whose morphisms 
are order-preserving maps. Fixing a contravariant functor l: A ^ one obtains a chain 
complex 

C (X) := (O <- <- Z®Hom^(i({0,l),X)) ^ ^ffiHom^(,({0,l,2),X)) ^ . . . 

and it gives the homological functor 

H.(X) := H,(C.(X)) 

with respect to the simplicial functor t. Now consider the case is the category (^-An) 
of Berkovich's ^-analytic spaces (see r BERllD . There are two simplicial functors, which 

have the object {0, . . . , correspond to the "standard simplices" {To -I vTn = 1} c Pk^^ 

contained in the affine space or {To + • • • + r„ = 1} c Df ' = ^(^{ro, . . . , r„}) contained 
in the closed unit poly disc for each « 6 N. The simplicial functors, of course, give new 
singular homologies which deeply reflect the information of the analytic structure of an 
analytic space, but they lack the Galois action. We want to construct the analytic homol- 
ogy which has a canonical Galois action and a canonical Galois equivariant paring with 
the etale cohomology, and hence we have to seek another simplicial functor. We first 
cosider the category (Polytope) of polytopes in the Euclidean space R" and a realisation 
functor from (Polytope) to the category (fc-Banach) of ^-Banach algebras. The realisa- 
tion functor is faithful, and it canonically fuctors through the forgetful functor from the 
category (fc-BARep) of fc-Banach algebra representations of the abosolute Galois group 
Gk to (fc-Banach). Of course, the category (Polytope) is enriched with the canonical sim- 
plicial functor which determines the original singular homology in the category Top of 
topological spaces, and hence one obtains the canonical simplicial functor on (fc-BARep). 
Though the category (^-An) is not contained in (fc-Banach), there is obviously the non- 
trivial intersection: the category (^-Aff) of ^-affinoid algebras, or contravariantly equiva- 
lently the category of ^-affinoid spaces. We construct the bigger category fully faithfully 
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containing both of the categories (k-An) and (^-Banach). The category is the amalga- 
mated sum (fe-Banach) U(yt.Aff) (k-An). Thus one has obtained the canonical simplicial 
functor I : A ^ (^-Banach) U(^.Afr) (^-An) which canonically factors through the category 
(^-BARep). Regarding an analytic space as an object of (^-Banach) Ufk-AS) (^-An), one 
acquires the analytic simgular homology endowed with the canonical Galois action. In 
particular considering the case the coefficient group of the analytic singular homology is 
Qp or another field with a Galois action, one can associate an analytic space with a Galois 
representation in a canonical and functorial way. 



Top 

(Polytope) > (A:-BARep) 

A > (A:-Banach) > (A:-Banach) D^^-Aff) (^-An) 



(k-Aff) 



(k-An) 



Table 1 : Categorical aspect 



Now we introduce the notion of Shnirel'man integral. Let C be a complete alge- 
braically closed non- Archimedean field with characteristic and residual characteristic 
p > 0, //„ c the subgroup of n-th roots of unity for each n e N, and fx c the 
subgroup Un€NJ"n of roots of unity. Fix points a e C and b €. C^, and take an arbitrary 
subset D G C containing the "circle" y(a, b) := a + bji = [a + \ ^ e jj] with a centre at 
a and radius b. For a set-theoretical map /: D ^ C, Shnirel'man defined the integral of 
/ along y(a, b) by the following infinite sum: 

Definition 0.2.1 (Shnirel'man integral). 

r f(z)dz:= lim -Vfia + bm^C. 

Note that this limit does not necessarily converge for an arbitrary map / even if / is a 
locally analytic function such as a locally constant function, and the integrals on y(a, b') 
and y((2, b") diff"er even if \b'\ - \b"\. Shnirel'man proved that the integral converges if / 
is presented by a single convergent Laurent series on 7(0, b). 
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Theorem 0.2.2 (Shnirel'man). Let k <z C be an arbitrary closed subfield, and suppose 
a € k and b G k^. If there exists some g G k{\b\~^(T - a),\b\(T - a)~^} such that the 
restriction off on yia, b) coincides with g, then the integral of f along y{a, b) converges 
to the residue Res(g, a) € k ofg at a. Furthermore the integral induces a bounded k-linear 
functional 



f dz:lf(a+Al(\b\,\b\),0^{) 

Jy(a,b) 



with the operator norm 



r dA 

\Jy(a,b) I 



where a+Al{\b\, \b\) c is the annulus ^(k{\b\-\T - a), \b\(T - a)"^}). 

This is an obvious analogue of the complex integral of a meromorphic function. The 
counterpart of a cycle in the complex integral is a non-oriented "circle" 7(0, b) = a + bp 
each of whose point is presented as a linear expression of a root of unit. Comparing it 
with the complex residue formula 

-In 

fizmdzie) = ±2mRcs(f,a), 

e=o 

where z(0) := a + be-^'^'^ for a g C and G C^, it is remarkable that no counterparts of 
the signature + corresponding to the orientation of the cycle and the period 2ni appear 
in Shnirel'man integral. The reason of the absence is because the analogue of +27ri G 
Z(l) c C with an orientation +1 e AutzZ(l) = c does not belong to the base field 
k or even to C, and therefore the definition of Shnirel'man integral is normalised so that 
such a constant disappears. See the comparison tableau below: 





over C/R 


over ^/Qp 


integrant 


/gHV + ^S\Oc) 


/GH0(a + A(|Z7|,|Z7|),O^,) 


integration route 


y: [0,1]^ a + bS^ gC 
th^a + be"^^"'' 
(oriented path) 


7 = a + c C 
(not oriented subset) 


integral 


if(z)dz = ±2mRcs(f,a) 


J^/(z)Jz = Res(/,a) 



Table 2: Comparison with complex integral and Shnirel'man integral 
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The absence of the counterparts of +2m obstructs the extension of Shnirel'man inte- 
gral of an analytic function on a subset of the affine line to integration of a differential 
form on a general analytic space, and hence we have to denormalise Shnirel'man integral 
so that the constant will appear in the equality of residue theorem. In order to denor- 
malise Shnirel'man integral, it is necessary to redefine the notion of an integration route 
in Shnirel'man integral. It should possess "orientation" and be realised by a "path" with 
a "period". In fact, the "period" is log 6 e logZp(l) =z,,[Gk] "Z-pil) lying in Fontaine's 
;?-adic period ring BdR with an orientation in AutzpZp(l) = c fc^. See the desired 
correspondence below: 





over C/R 


over k/Qp 


period 


±2m e Z(l) c C 


log6eZp(l)cBdR 


orientation 


+1 e AutzZ(l) = Z^ c 


u e Autz,Zp(l) = Z;^ c 



Table 3: Desired correspondence 



Our generalisation of Shnirel'man integral is obtained by regarding a linear expres- 
sion of systems of power roots of elements in k as an analytic "path" [0, 1] and 
using a period in BdR. For example, a typical closed analytic path is given by a system 

—X 

e: Q ^ k of primitive power roots of unity, i.e. e is a group homomorphism such that 
6(1) = 1 and e{n~^) is a primitive n-th root of unity for any n 6 N+. We deal with it as 
an "exponential-like" function by its formal law of exponent e(t)e(s) = e{t + s). Then the 
formal linear combination a + be corresponds to a set-theoretical map 

y: [0,1] HQ ^ C 

t a + be{t), 

and this is the counterpart of the path 

y: [0,1] ^ C 

t ^ a + be-^"'' 

in the complex case. 

In the similar way, we will define an analytic path from the standard simplex A" and 
the cube [0, 1]" to a general analytic space. Recall that Jean-Pierre Serre defined the 
cubical singular homology of a topological space using continuous maps from [0, 1]" 
in USER 111 , and he proved that the cubical singular homology is functorially isomorphic 
to the singular homology. The construction of the cubical singular homology is quite 
algebraic, and we obtain the notion of the "analytic cubical singular homology" using 
analytic paths from [0, 1]" in the same way. 
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Definition 0.2.3 (analytic (cubical) singular homology). Let X be a k-analytic space, 
and M an Abelian group. Define its analytic singular homology and its analytic cubical 
singular homology with coefficients in M as below: 

Ht(X, M) := (O ^ M®^^'^^ ^ ^mo,n(sKx) ^ ^mom(A\x) ^ J 

and H°{X, M) := {O M®^^''^ <- ^ ^ffi//om([o,i]%x)\z)([o,i]2,x) ^ 

where £>([0, 1]",X) c //om([0, 1]",X) is the subset of "degenerate" analytic paths and 
the boundary map is given in the natural way. 

An analytic function on A" or [0, 1]" is an analytic path A" or [0, 1]" A|,. 

We will denote by fc^" and fc[o,i]" the rings of analytic functions on A" and [0, 1]" respec- 
tively. We will define the integration of an analytic function on [0, 1], and extend it to the 
integration of an analytic function on A" or [0, 1]" directly by Fubini's theorem. In this 
section, we refer only to the cubical cases. 

Definition 0.2.4 (Fubini's theorem). Take any f 6 fc[o,i]'>. Set 

I fdti---dtn:= I •••I I fitu---,tn)dti\dt2---\dtn. 
J[0,1]" Jo \ Jo \Jo / / 

In fact, the "overconvergence" condition and the "normaslisation" by a constant term 
- 1 are necessary for the integrability, but we omit it now in the introduction. We will 
precisely deal with it in 94. 2[ The formal differential form dti A - ■ ■ A dt„ is the canonical 
volume form on [0, 1]", i.e. the canonical basis of the free fc[o,i]n -module generated by 
the formal simbol dt\ A ■ ■ ■ A dtn itself. The integration of an analytic function on [0, 1]" 
induces the integration of a differential «-form on [0, 1]" by the natural way. 

Definition 0.2.5. Let a> e kio^^dh A ■ ■ ■ A dtn be a differential form fdt\ A ■ ■ ■ A dtn for 

some f 6 fc[o,i]". Set 



J[0,1]« J[0,1]" 



fdti ■■■dtn. 



Pulling back a differential /-form co 6 H*'(X, Q.'^) on a general analytic space X by an 
analytic path y: [0, 1]' X, we define the integration of co along y as below: 



Definition 0.2.6. 



HI 

Jy J[0,1]' 



J CO. 



Considering the case X = Gm,k^ it is easily seen that this integration is the extension 
of original Shnirel'man integral. Stokes' theorem for this integration will be straightfor- 
wardly verified by the formal algebraic argument. 
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Proposition 0.2.7 (Stokes' theorem). Let X be a k-analytic space, oj e H^iX, Q.'^) a 
differential i-form on X, and y: [0, 1]'"^' X an analytic path or more generally a 
cubical singular simplex, i.e. a formal sum of analytic paths as an element of the (i + 1)- 
the term of the singular chain complex. Then one has 




Note that the ordinary singular homology of the underlying topological space of an 
analytic space possesses little information on the analytic structure of it. The analytic 
homology makes direct use of the analytic structure of an analytic space in the defini- 
tion, and hence it reflects full information of the analytic structure. The integration of 
a difl'erential form satisfies many required properties for analysis such as Cauchy's inte- 
gral theorem, the residue theorem, Cauchy's integral formula, Cauchy-Goursat integral 
formula, the fundamental theorem of calculus, Fubini's theorem, and Stokes' theorem. 
Through the integration, we will see some relation between the analytic homology the- 
ory and other homology and cohomology theory such as de Rham cohomology, etale 
cohomology, and higher Chow groups. The integral often tells us whether a given cy- 
cle is a boundary or not by Stokes' theorem. The integral gives us specific periods: the 
values of the integrals of the canonical 1-form of a Tate curve E along two species of 
characteric cycles are the periods log e and log q, where e (or q) is a power root system 
of unity (resp. an element q e k with a uniformisation G,„ Gm,/t/^^ -k E). It implies 
that the analytic homology group somehow possesses the information of the "intuitive" 
existence of holes, while the ordinary singular homology of the underlying topological 
space does not. The reason we emphasised the word "intuitive" is because the purely 
topological reality sometimes conflicts with the intuition in the non- Archimedean geom- 
etry: for example, the affine torus G^,*: is simply connected and a punctured projective 
line P^\{ai, . . . , a^} can be simply connected or infinitely disconnected depending on the 
types (see HBERlll ) of the removed points {ai, . . . ,am}. Although Gm^k is topologically 
simply connected, the analytic homology group Hi(Gm,i:) surely has a cycle rounding the 
hole at the origin 0. Also note that what is called the axiom of a homology theory and 
other required properties hold in the analytic homology: the functoriality, existence of 
the long exact sequence for a space pair, the dimension axiom, the homotopy invariance, 
existence of the Mayer- Vietoris exact sequence, the excision axiom, the universal coef- 
ficient theorem, the relation with the homotopy set ttq, the compatibility of the group 
structure of an analytic group, and so on. 

0.3 Summary 

This paper consists of five sections and an appendix. In the first section, we will define 
^-Banach algebras k^- and fc[o,i]«, which we will call the rings of analytic functions on 
the standard simplex A" and the cube [0, 1]" respectively, and deal with the spectra 
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and [0, 1]^ associated with k/^n and fc[o,i]". The algebras A:a« and fc[oj]« are integral do- 
mains endowed with powermultiplicative ^-algebra norms || • ||; contain infinitely many 
exponential-like analytic functions satisfying the desired differential equation and the de- 
sired integral equation; have a continuous action of the absolute Galois group Gk\ and 
so on. The algebras fc[o,i] has the involution *: fc[o,i] ^[o,i]- The spectra and [0, 1]^ 
are non-empty, connected, compact Hausdorff spaces; the underlying polytopes A" and 
[0, 1]" are embeded in A^ and [0, 1]^ respectively as closed subspaces in the canonical 
way; and the Shilov boundary (see UDOUII for complex analysis and HBERll for ;?-adic 
analysis) of A^ and [0, 1]^ coincide with the vertexes of the embedded underlying poly- 
topes A" and [0, 1]" respectively. They are filled with many interesting structures. Ver- 
ifying those properties, we will introduce the notion of morphisms from A^ and [0, 1]^ 
to analytic spaces. Such morphisms will be defined with no use of an atlas and a G- 
topology, and the definition will be quite formal. To tell the truth, the definition of a 
morphism will be obtained as a morphism in the amalgamated category of the category 
(fc-An) of ^-analytic spaces and the category (^-Banach) of unital commutative ^-Banach 
algebras over the category of /:-affinoid algebras, which is trivially regarded as the full 
subcategory of both. Therefore a morphism from [0, 1] to an analytic space reflects not 
only the information of their topology but also their analytic structure. We will introduce 
the construction of the amalgamated sum of categories in §11. 3[ but a reader does not have 
to mind it because we will write the definition of a morphism explicitly. 

In the second section, we will give A^ and [0, 1]^ the overconvergent structure similar 
with dagger spaces introduced by Elmar Grosse-Klonne in HKLOIL Once we endow 
A^ and [0, 1]^ with the overconvergent structure, one can define a morphism to a dagger 
space in the totally same way. We will verifies the properties of the overconvergent 
structure of A^ and [0, 1]^ analogous to those of the analytic structure of them. Since the 
proofs do not differ from the corresponding ones in the analytic case, we will often omit 
them in order to avoid unnecessary repetitions. 

In the third section, we will construct the eight singular homologies. The eight types 
are distinguished by whether an object is an analytic space or a dagger space, whether 
singular simplices are cubical or not, and whether geometric points are reflected or not. 
We call them generically the analytic homologies. We will define them by the singu- 
lar chain complex with respect to morphisms from A';, or [0, 1]';,. We will make use of 
many accustomed ideas in the topological singular homology theory in the proof of ba- 
sic analogues, and hence [ HATl . USERIH . and UMASH may help readers to understand 
well. Remark that the analytification functor from HBERIH gives us the definition of the 
singular homology of an algebraic variety in the sense of schemes. The analytic homolo- 
gies satisfies the required properties as homology theeories: the functoriality, existence 
of the long exact sequence for a space pair, the dimension axiom, the homotopy invari- 
ance, existence of the Mayer-Vietoris exact sequence, the excision axiom, the universal 
coefficient theorem, the relation with the homotopy set no, the compatibility of the group 
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structure of an analytic group, and so on. In particular, the homotopy invariance implies 



H„(A- Z) =z 



( 



Z (n = 0) 
(n>0) 



for integers m,n eM and the affine space A^. It is significant that the analytic homologies 
has the canonical Galois actions, and hence the analytic homoloogies with a field valued 
coefficients are Galois representations. 

In the fourth section, we will define the integration of a differential form of arbitrary 
dimension on a dagger space over a local field along a cycle in the sense of the analytic 
homologies. The integration determines the 5dR- valued pairing between the analytic ho- 
mology and the vector space of grobal sections of the sheaf of differential forms, where 
the ring B^r is the period ring introduced by Jean-Marc Fontaine in PFONI]. For the con- 
struction and basic properties of the period ring, we recommend readers seeing HFONI 
or some alternatives. Now a Stein space has a good property for the cohomology. In 
particular, it is well known that the de Rham cohomology of a Stein space is canonically 
isomorphic to the vector space of global sections of the sheaf of differential forms, and 
hence we will construct a pairing between the analytic homology and the de Rham coho- 
mology of a Stein space such as the analytification of an algebraic variety. Through the 
comparison isomorphism in the de Rham conjecture (see HTSUIUJONH . and HYAMII ). we 
will see the canonical pairing between the analytic homology and the etale cohomology. 
The isomorphism of the algebraic singular homology and the etale cohomology in fiVSFII 
will give us the canonical pairing between the analytic homology and the algebraic sin- 
gular homology. In other words, it is the pairing of an analytic cycle and an algebraic 
cycle. Our integration has a good relation also with the Shnirel'man integral of an an- 
alytic function defined by Shnirel'man in USHNII . The integral of a volume form along 
a cycle determines the integral of an overconvergent analytic function along a cycle on 
the affine line A| and the affine torus G,n,k- The integral coincides with the Shnirel'man 
integral up to the difference of the period log e depending on the orientation of the path 
on which a function is integrated. In particular similar with the Shnirel'man integral, it 
is impressive that the residue theorem 



hold in our integration as we mentioned above. Remark that the Abelian group corre- 
sponding to the orientation of an orientable manifold is Z^ =z Z/2Z indecating a surface 




and Cauchy's integral formula 




and a back surface, but the corresponding group of our cycles is Z^ c k^, which is much 
greater than Z'' c 
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In the fifth section, we will calculate the analytic homologies of the most basic four 
examples. One of the four is the punctured affine line Gm,k = A^\{0}, which is the analytic 
space obtained as the analytification of the algebraic group Spec(^[ri, Tj"^]) correspond- 
ing to the unit group k^. For a prime number I p eN, there are canonical isomorphisms 



of /-adic Galois representations. For the prime number / = p G N there are a canonical 
isomorphism 



of /7-adic Galois representations. In particular, the p-adic analytic homology H,(Gm,*:, Qp) 
is a crystalline representation for / = 0, 1. It is significant that the analytic homologies of 
the algebraic group have the nontrivial 1 -cycles such as a "loop" around the origin € 
k, while the underlying topological space of the analytification Gm,k itself is contractible. 

1 Affinoid simplex 

Let khea complete non-Archimedean field of characteristic 0, and k its residue field of 
characteristic p > 0. Fix an algebraic closure ^ of ^ throughout this paper, and denote by 
C the completion of k. 

In this section, we introduce the ring ks of (^-valued) analytic functions over an ar- 
bitrary poly tope 5 c R". The ring ks will be constructed as the completion of a group 
algebra k[(Q^y~\ of a Z-module (Q^" consisting of fc-valued exponential-like maps of 
n-variables with respect to the Gauss seminorm || • II5. The ring ks is a monstrously big, 
non-Notherian, and topologically uncountably infinitely generated fc-algebra whose or- 
dinary residue ring as a normed ring is a fuge one, but has many good properties. For 
example, it is an integral domain; its Gauss norm is power-multiplicative; it has another 
handy residue ring than the ordinary residue ring as a normed ring; it has a more intuitive 
Gel'fand transform than the oridinary Gel'fand transform of a A:-Banach algebra; there is 
a canonical ways of closed embedding ofthe underlying topological space S in its spec- 
trum ^{ks)\ the Grothendieck topology of ^{ks) induced by the ordinary topology of 
S satisfies Tate's acyclicity; the Shilov boundary of its spectrum is the set of vertices of 
S ; and so on. By the embedding of the underlying topological space S into the spec- 
trum {ks), and general cubes [0, 1]" c R" are brought in the world of analytic spaces. 
In particular, there are the interval [0, 1] c R, the notion of a "path" from [0, 1] to an 
analytic space, the theory of singular homology and cubical singular homology, and the 
theory of integration of a diflrerential form along a "path". 




Ho(Gm,*:, Qp) =Q_p[Gk\ Qp 



and a canonical exact sequence 
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1.1 Ring of analytic functions 

Definition 1.1.1. Denote by Grp the category of groups. 



-X 



Definition 1.1.2. Set := HomcrpiQ., k ). Call an element x e a system of roots of 
x{l) or simply a character Define the action ofQ on by setting x''(t) := x(qt)for each 
} and X e Q^. This action gives a structure of a Q-linear space. Denote by 
the Z-submodule consisting of characters x e Q"^ such that x(l) e k^. Remark 



q,t e 



that ifk is algebraically closed, then 



and hence Qy is a Q-linear space. 



A character x e belongs to if and only if x{Z) c k^. We formally regard 
characters x(t) e as fc- valued analytic functions over the line R, though only rational 
numbers can be substituted for t and x{t) is not necessarily contained in k if t e Q\Z. 
They have the exponential low x{s + t) = x(s)x(t), and therefore can be regarded as some 
analogues of the exponential map. 

Definition 1.1.3. For each integer n e N, set 



;=1 



For each i = 1, . . . ,n and x e Qy, denote by x{ti) the copy of x in the i-th component of 



Ek^n- The presentation x = y\{ti)- ■ -ynitn) by ay 
X 6 Ek,n, <^nd set x^'^ := yifor each i = \,. . . ,n. 



Cvi, . . . , j„) 6 (Qp" is unique for any 



The Z-module Ei,,^ corresponds to the class of complex analytic functions such as 
^aiti+-+a„t„ ^Qj. ^ _ ^^^^ . . . ,a„) 6 C". In fact, in order to construct the comparison iso- 
morphism between analytic singular homology and analytic cubical singular homology, 
which will be defined by the use of analytic functions in ^ we need the wider class of 
complex analytic functions such as g^f^i for a polynomial F e C[ti, . . . , t,,] without 
the constant term. See ^3.2l for more precise description. 



Definition 1.1.4. For an x e Et^n, set x{a) = jc(ai, . . . , a„) := x^'^(ai) • • • 6 k 



Mi 



T and set \x(a)\ = |jc(ai, . . . , a„)| := 



x^">il)\"" 6 



for each a = (ai, . . . ,a„) e 
{O,oo)for each a = (ai,...,a„) e R". These notations are compatible when a 6 Q". 
Write x{ti, . . . , ?„) or x{tQ, . . . , tn~i) instead of x if one emphasises the aspect as a group 
homomorphism x: Q" ^ k : a i-^ x(a). 

Definition 1.1.5. For an Abelian group M, denote by k[M] the k-algebra whose under- 
lying k-linear space is k®^ endowed with the canonical k-basis M = 1 • M c k®'^ and 
whose addition and multiplication are given as 



YjfxX + YjgxX := Yjifr + gx) 



\xeM J 



V.veM 



and 



V.veM / 



,gxX 



V.veM 



.veM 

E 

.veM 



VyeM 
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Be careful that the sums in the definition above are essentially finite. For an element 
f G k{M\ denote by fx & k the unique coefficient of the k-linear expansion with respect 
to the k-basis M c k{M\ so that 

f = J]fxX. 

Of course all but finitely many entries of(fx)x€M ^ k'^ are 0. 

Definition 1.1.6. For an integer n £ N, a character x e Q^, and a Z-linear expansion 
aiti + • • • + a„tn + b € Z[ti, . . . , t„], set 

x(aiti + --- + a„t„ + b) := x{b)x''\ti) ■ ■ ■ x''"{tn) e k[Ek,n\ 

This notation is compatible with those of the substitution a x{a) and the formal sym- 
bols x{t\), . . . , x(tn). Ifk is algebraically closed, then use the same notation for a Q-linear 
expansion a^ti + • • • + a„?„ + Z? e Q[?i, . . . , 

We define the "Gauss norm" and the ring ks of analytic functions on S . 

Definition 1.1.7. Let n e N be an integer A subset S c W is said to be a polytope if 
S is a non-empty bounded subset and if there exist some integer m e N and Z-linear 
expansions a, j?i H + + bi e Z[?i, . . . , t„]for i = 1, . . . , m such that 

S = { (si, . . . , s„) G R" I a,- 1*1 + • • • + fl,-,„5„ + &i > 0// = 1, . . . , m } . 
In paticular a polytope is a non-empty compact topological space. 
Definition 1.1.8. Let S c R" be a polytope. For each x(ti, . . .,t„) £ Ek^„ set 

I Wis :=sup{W5)|UG5}. 

Remark that < ||x||^ < oo by the non-emptyness and the boundedness of S and by the 
continuity of the real-valued function |x(-)|: R" ^ R: a \x{a)\. 

Definition 1.1.9. Let n be an integer, and S a polytope. Set 

L(S) := { aiti +••• +a„tn + b e Z[ti, . . .,y | ai^i + • • • + a„5„ + b = 0/(5i, . . . , G S j 
and 

I(S) := 2 Z k[Ek,n\(xm, tn))) - 1) C k[Ek,n\. 

l€L(S) X€Ei,,„ 

Then L(S ) c Z[?i , . . .,tn]is a Z-submodule contained in Zti © • • • ® Z?„ ©Z c Z[?i ,...,?„], 
and 7(5) c k[Ekn\ is an ideal. Define the Gauss seminorms \\ ■ \\s '. k[Ek„] — > [0, oo) as 
below: 

\\-\\s:k[Ek,„] ^ [0,cx,) 

/ ^ inf max I/, + 
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Definition 1.1.10. A polytope S cW is said to be thick ifI(S) = 0. 

Be careful that J(S), 1(5), and the notion of "thickness" deeply depend on the em- 
bedding S ^ R". If we compose S W with the zero section R" R"^\ then J(S) 
and I(S) will be bigger and the thickness will be lost. 

Lemma 1.1.11. The Gauss seminorms || • II5 : k{Ek,n\ [0, 00) is a seminorm of a k- 
algebra. 

Proof. To begin with, set 

WfW's :=max|/,||W|^ 

for each / g k[Eu^n\- We verify that || • ||^ : k\Ej,„\ [0, 00) is a norm of a A:-algebra. 
It satisfies the strong triangle inequality. Indeed, take an arbitrary /, g e k{Ek,i\- By the 
strong triangle inequality of the norm of k, one has 

11/ + gll^ = max I/, + gMxW's < max (max{|/,|, \\x\\'s 



= max \ max |/;,|| WI5 , max [gMMl's { = maxdl/H^ , \\g\\s ] 

\x€Ekj, xeEkj, 



and 



ll/glls = max 

X€El;j, 



\\x\\'s < max |/;ty-i|lgyllkll5 = max |/^||gy|||xy||s 

x,y€Ek,n x,yeEk,„ 



= max \fA\gy\ sup \xyis)\ = max \ f xWg y\ sup \xis)\\y(s)\ 

x,y^Ek„ s€S X,y€Ek,n s€S 



< max \f^\\gy\ sup \xis)\ sup \y(s)\ = max l/xllgyllUH^ \\y\\'s 

x,y€Ek_„ \ ieS / \ s€S / x,y€Et_n 



= \max\fMx\\'s\\m^x\gy\\\y\\'s\ = WfW'sWgW's- 

Therefore || • II5 : k{Ek^„] [0, 00) is a seminorm of a ring. It is a norm because ||jf||^. > 
for any x e Ek,n- The canonical embedding k ^ k[Ek^n] is trivially an isomorphism 
with respect to the norm of k and || • ||^ : klEk^n] [0, 00) because HKOIIs = 1- Thus 
II • II5 : k[Ek,„] —> [0, 00) is a norm of a ^-algebra. 

Now II • II5 is the pull-back of the quotient seminorm of || • ||'^ with respect to the 
quotient by the ideal 7(5) c k[Ek.n], and it follows that || • \\s is also a seminorm of a 
A;-algbra. Remark that we will prove that the ideal 7(5) is closed with respect to || • ||^ and 
hence the quotient seminorm k[Ek,n\II{S) [0, 00) is a norm. □ 

Definition 1.1.12 (ring of analytic functions). Denote by ks the completion of k[Ek,„] 
with respect to the Gauss seminorm \\ ■ \\s. Denote also by \\ ■ \\s : ks [0, 00) the 
unique continuous extension of\\ • \\s : k[Ei,„] — > [0, 00) through the canonical k-algebra 
homomorphism k{Ek^„\ ks, and call it the Gauss norm ofks. Call an element ofks an 
analytic function on S , or just say it is defined on S. When there is no ambiguity of S , 
write II • II5 = II • \\ for short. 
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In other words, we regard the limit of a uniformly convergent infinite sum of linear 
combinations of characters as an analytic function over 5 . In this subsection, we see some 
basic properties of the ring ks- Unlike a convergent power series, an analytic function in 
this sense can not necesarrily be uniquely presented as a formal infinite sum. Though 
an analytic function can be determied by its coefficients, the presentation is not unique. 
However, in many cases the presentation is unique, and the ring of analytic functions 
on any polytope S is isometrically isomorphic to the ring of analytic functions on some 
polytope such that the presentation is unique. 

Proposition 1.1.13. Assume S is thick. For an analytic function f e ks, there is the 
unique presentation 



by the coefficient (fx)xeEk„ ^ ^f^d. hence one has k-linear injective maps 

ks ^ k^'-": f ^ {fx)xeE,,„. 

In particular the canonical k-algebra homomorphism k[Ei^ „] ks is injectiove and the 
Gauss seminorm \\ ■ \\s : k[Ei,n] [0, oo) is a norm. 

Proof. Since S is thick, the Gauss seminorm || • || : k[Ei,n] [0, oo) coincides with the 
norm || • ||^ : k[Ek„] [0, oo) defined in the proof of Lemma [1. 1. 1 1[ Take an arbitary 
analytic function f e ks. By the definition of ks , there is a convergent sequence (fdievi 6 



k[Ek^n] converging to / with respect to the Gauss norm 



Present 



xeEk_„ 



by the unique (fi^x)xeEk„ 6 for each i e N. Take any x e Eu^„. Since (/j),gN 6 k[Ek^nf 
is convergent, one has 



lim |/„v - fi,x\ < lim sup 



\f..'-fjx\n 



ms 



lim 



fjWs 



lim 



\x\\s 



wis 



Therefore (yj>),gN also converges to the unique element fx e khy the completeness of k. 
First we verify that 



xsEkj, 



with respect to the topology of ks, i.e. one has 



lim 



0, 



xeF 
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where ^ c 2^*" is the net of finite subsets of fiyt ^ with the semiorder given by the 
inclusion relation c. Take an arbitrary e G (0, oo). Since (/)/gN is convergent, there exists 
some N €.N such that \\fi - fj\\s < e for any /, j > N eN. Let F e ^ be the non-empty 
finite subset of 1 e Ek,n and elements x e Ek^„ such that f^^x ^ 0. Since F is a finite set and 
since {fi^x)ieR converges to f^, there exists some N' > N eM such that \fi^x - fx\ < W^Ws^^ 
for any x e F and i < N' e N. By the definition of F, for any x e E^^nXF and i > N' e N, 
one has |/-,;cllUlls < II/- - In'Ws < and therefore \fx\\\x\\s < e. For any / < AT' g N and 
F' D F e ^ , one obtains 



fi ^ j fx- 



= max<^ max \fiMA\s,'^^'^\fux-fx\M\s,'(^^'^\kx-Sx\\A\s 

\x^Ek,n\F' x&F'\F X€F 



< max< max |/-.;cllWls, max |/;c||Wls,max|/-,;, -/;,|||x||5 \ < e 

[x€Ei,,n\F x€F'\F xeF I 



and 



f-J]fxX 



xeF' 



<max\\\f-M\s, 



f-J]fx- 



X€F' 



< 6. 



Thus one concludes 



xeEii_„ xeF 

Suppose there are two presentations 

for (fx)xeEk„-> (gx)x€Ek„ € By the continuity of the addition and the multiplication of 
ks , one has 



Yj(fx-8x)x = 0. 



xeEk,„ 



If fx + gx for some x e Ek^„, then for any F £ ^ containing x, one obtains 



Y^ifx - gx)-> 



X€F 



>\fx-8x\Ms>0 



and this conflicts with the fact 



lim 

F€^ 



Y^ifx - 8x)x 



X€F 



0. 



Therefore fx = gx for any x G E^^n, and the presentation 



f=J]fx- 



x^Ek„ 



IS unique. 



□ 
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Corollary 1.1.14. In the situation above, one has 



ll/lls = sup \fMx\\s 



for any f & ks and 



e /r^*" lim \fMx\\s = 



i 



identifying ks as the k-linear subspace ofk^''" through the embedding ks Z:^*", where 
the limit is the one in the sense of the following definition. 

Definition 1.1.15. Let Abe a( not necessarily directed) infinite set, X a topological space, 
and x: A ^ X: A ^ X;ia map of underlying sets. The map x is said to converge to a point 
Xoo ^ X if for any open neighbourhood U c X of Xoo, there exists a finite subset F c A 
such that x^€ U for any A e A\F. The limit Xoo in this sense is unique ifX is Hausdorff, 
for example. If x converges to the unique point Xoo G X, we write Xoo = lining a Xx. 

Remark that this notion of convergence is compatible with the limit along the index 
by the unique contable infinite directed set N, i.e. if A = N, the limit lim„6N in the sense 
above coincides with the ordinary limit lim„^oo- In general, suppose A is an infinite 
directed set. Distinguish the two limits denoting by lim^gA and lim^^oo respectively the 
limit in the sense above and the ordinary limit by a net. If lim^gA exists, then lim^^^^ 
exists and coincides with lim^gA. On the other hand even if lim^^oo exists, lim^gA does 
not necessarily exist. 

This identification kg c fc^*" is useful. For thickpolytopes S <z T a R", one can regard 
kj as a /:-subalgebra of ks through the indentifications ks,kT c A:^*" because || • ||s < || • \\t, 
and this identification kj c ks is compatible with the canonical embeddings k[Ek„] 
ks , kj. Be careful that this identification kj c ks is not with their norms || • \\t and || • II5 in 
general, but the embedding kj is a contraction map. Call this embedding kT ks 
the restriction map. More generally, a continuous map S ^ T in a certain class between 
two polytopes S and T induces a bounded /^-algebra homomorphism kj ks. 

Definition 1.1.16. Let S c R" and T c W" be polytopes. A continuous map a: S ^ T 
is said to be an ajfine map if there exist a matrix A = (Aj ,)^,- G Mm „(Q) and a collumn 
vector b = '(bi, . . . , b^) e Q*" such that 



Note that such a presentation is unique if and only ifS is thick. An affine map is said to 
be integral if a presentation can be taken so that A e Mm,„(Z) and b G Z"". 
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Proposition 1.1.17. Let a: S T be an integral affine map between polytopes S c R" 
and T c W. Take a presentation by A € Mm,n(2) and b € Z"" of a. There is the unique 
k-algebra homomorphism a* : k[Ek ,„] k[Ek n] such that 



a*(x(tu...,tJ) = Y\x^'^ Y^Ajjti + bj\ = Y\x^J\bj)Y\ Yl^'''^' 

7=1 Vi=l / 7=1 (=1 V7=l 



(ti) 



for any x G Ek „t. This maps I(T) to I(S), and induces a bounded k-algebra homomor- 
phism a*: kr ks which is independent of the choice of the presentation by A and 
b. 



Proof. Take any x,y €l Ek^m- One has 



(=1 



vi=i 



iti) 



III SL III 



i=l \j=l 

( m \ \( 



(ti) 



n^'''(^)n n^^'^'T'') n^'''(^^)n n 

.7=1 i=l V /=l / /V;=l i=l V /=l 



V;=l i=l V7=l 

and hence the ^-linear map 

a* : k[Ek^„i] k[Ek,n] 



(ti) 



n I m 



V;=i 



i=\ \j=i 



(ti) 



is a A:-algebra homomorphism by the universality of the group algebra. 

Take any ai^i + • • • + a„r„ + Z? e L{T) and jc e Q^. By the definition of L(5) and IXT), 
one has 



/ n 



7=1 V i=\ 



+ b&L{S) 



and hence 



a*(x(aiti + • • • + amtm + ^) - 1) = 



x{b) Y\ ^'(tj) - 1 = x(b) W x"' Y ^jA + bj 

V 7=1 / 7=1 ^i=l 



- 1 



= X 



m in 



V7=l V/=l / 



-le/(5). 



It follows that a*{I{T)) c 7(5). 
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Recall that || • II5 : k[Ekn] [0. and || • ||r : klEk^^] [0, 00) are the quotient 
seminorms of 1 1 • 1 1^ and 1 1 • | I'j, with respect to the ideals I(S ) and I(T) respectively. Therefore 
it suffices to show that a* : k[Ek^m\ —> A:[£'^,„] is bounded with respect to the norms || • ||^ 
and II • ll'j,. Since a(S) c T, for each x e Eu,^„ one obtains 

\\a{x% < WxW'j 

by the definition. Therefore for any / G k[Ek,m\, it follows 



l|a*(/)lls = 



2] fxa{x) 



< max |/,|||fl*(x)||^ < max = ll/llr. 



and a* : k[Ek,n\ ^ k[Ek„\ is bounded with respect to the norms || • ||^ and || • ||'j,. 

We verify that a* is independent of the choice of the presentation by (A, b). This is 
the unique continuous extention of the /^-algebra homomophism 

a*:k[E,J/I(T)^k[Ek,nyi(S) 

induced by a* : /:[£'yt,m] k[Ek^n], through the canonical embeddings k[Ek,n]/I(S) ^ ks 
and k\E^„iM KT) ^ kj. Suppose there are two presentations of a by {A,b),{A' ,b') € 
^m,n{^) X Z*", and let a* ^, a* , ^, : ^[£'^,^1 k\Ekn\ be the ^-algebra homomorphisms as- 
sociated with the representations. It suffices to verify that they induce the same fc- algebra 
homomorphismfc[£'^_,„]//(r) fc[£'jt,n] 7^(5'), or in other word, a^^(;c) = a^, mod./(S) 
for any x e Ek^m- Take an arbitrary {s\,...,s„) e S . Since (A, b) and (A', b') present the 
same continuous map a: S —> T, one has 



J^(Aj,-Ar.)s, + ibj-b'j) = \J^Ajjs, + bj\-\J]A'j,Si + b'j 



;=1 



. (=1 



./=1 



= a(si, Sn)j - a{si, s„)j = 



and it implies 



J](Ajj-A'j,)ti + (bj-b'j)€j(S) 



i=i 



for each 7 = 1, . . . , m. Therefore for any x e E'^.m one obtains 



^ n 



( n 



j=\ \i=\ ) j=l \i=l > 

' m / n W f ( " 

n z ^^^^ + n - ^i')^'- + - I - 1 h 



which was what we wanted. 



□ 
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Corollary 1.1.18. The k-algebra homomorphism a* is a contraction map. 

Corollary 1.1.19. Ifk is algebraically closed, then an affine map a: S ^ T induces 
the bounded k-algebra homomorphism a* : kj ks which is a contraction map in the 
similar way. 

Corollary 1.1.20. Let a: S ^ T and b: T ^ U be integral affine maps between poly- 
topes S, T, and U. Then the composition b o a: S U is again an integral affine map 
and a* o b* = (b o a)* : ku ^ ks. 

Proof. The presentation of o a is given as the product of the presentations of a and 
b in the natural sense. The equality is trivial from the definition of the bounded k- 
homomorphisms associated with the integral affine maps. □ 

Lemma 1.1.21. Let S c T c R" be thick polytopes. Then the bounded k-algebra homo- 
morphism kr ks associated with the inclusion S ^ T, which is obviously an integral 
affine map, coincides with the restriction map kr ^ ks. In particular it is injective. 

Proof. Trivial. □ 

Thus the correspondences /:(.) : S ks and *: a a* determines a contravariant 
functor from the category of polytopes whose morphisms are integral affine maps to the 
category of ^-Banach algebras whose morphisms are bounded ^-algebra homomorphism. 
This functor is not full, and hence sends an isomorphism to an isomorphism in a certain 
narrow class. 

Definition 1.1.22. An integral affine map ( or an affine map ) a: S ^ T between polytopes 
S and T is said to be isomorphic if its inverse map a~^: T ^ S is also an integral affine 
map ( resp. an affine map). 

Corollary 1.1.23. Let a: S T bean isomorphic integral affine map. Then a*: kr ^ ks 
is an isometric isomorphism. Ifk is algebraically closed, the same holds for an isomor- 
phic affine map. 

Proof. The bounded ^-algebra homomorphism a* is an isomorphism because a* o(a"^)* = 
id* = id and (fl~^)* o a* = id* = id. It is an isometry because both of a* and (a~^)* are 
contraction maps. □ 

Corollary 1.1.24. Embedding R" in R""^^ by the zero section, one has an isometric iso- 
morphism ks =k ksx{0}for any poly tope S c R". Identify ks andksx{0] this way. 

Thus the definition of ks is independent of the choice of n such that S is embedded 
in R". Now recall that we rejected the empty set from the definition of a polytope. It is 
useful to allow one to deal with the empty set because the category of polytopes needs 
the intersection and the initial object: the intersection of finitely many polytopes is again 
a polytope or the empty set and the empty set is initial. This extension is pretty important 
for the theory of sheaves. 
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Definition 1.1.25. Formally set k% := and \\ • Hq := 0: ^0 ^ [0, 00). For each polytope 
S, associate the unique embedding Q S with the bounded k-algebra homomorphism 
0: ks ^ h- f ^ 0. 

Now we prove that the ring ks of analytic functions on any polytope S c E^^n is 
isometrically isomorphic to the ring kr of analytic functions on a thick polytope T cW". 
Since the embedding kj fc^*'" is injective for such a polytope T, fixing an appropriate 
topological A:-basis B of ks contained in Ek^„, one obtains an injective /:-libear map ks 
k^. Note that any bounded fc-algebra homomorphism a* : kj ks associated with an 
integral affine map a: S ^ T sends each x e Ej^^^ c ^7- to a ^-linear subspace of the 
form ky c ks for some y G Ek^„, and hence the image of E^^m c kr by an isomorphism 
a*: kr —> ks naturally determines the topological ^-basis of ^5 contained in Ek,n. 

Proposition 1.1.26 (thick representative). Let S (ZW be a polytope. Then there exist 
the unique integer m < n €N and a thick polytope T cW" such that ks is isometrically 
isomorphic to kj through the isomorphism associated with an isomorphic integral affine 
map S ^ T. Denote by dim 5 G N the unique integer m. 

Proof. First we verify that if S is thick, then m = n. Take an integer m G N and a thick 
polytope r c R*" such that ks is isometrically isomorphic to kr through the isomorphism 
associated with an isomorphic integral affine map S ^ T. Recall that a polytope is a 
topological manifold with boundary, and its dimension is an invariant. An isomorphic 
integral affine map induces an isomorphism of topological manifolds with boundaries, 
and hence preserves the dimensions. Since S and T are thick, the dimensions of S and T 
as topological manifolds with boundaries are n and m, and therefore n = m. 

Secondly we verify that if S is not thick, then there exists some polytope T c R" ' 
such that ks is isometrically isomorphic to kj through the bounded A;-algebra homomor- 
phism associated with an isomorphic integral affine map S —> T. The condition 7(5) 
gurantees that J(S) # 0, ansd one has J(S) n Z = 0. Since Z?i e • • • Z?„ e Z is a finitely 
generated Z-module, there exist a Z-basis ei, . . ., Cn+i g Z?i © • • • Z?„ © Z and integers 
ci, . . . , c„ 6 N such that Ci | • • • | c„, e„+i = 1, and J(S) = Zci^i © • • • © Zc„+ie„+i. By the 
definition of 7(5), one has 

7(5) = (7(5) (8)z Q) n (Zti © • • • Z?„ © Z), 

and hence c, = or c, = 1 for any j = 1, ...,« + 1. Take an integer m < n e N such that 
ci = • • • = Cn-m = 1 and c„_m+i = • • • = c„+i = 0. By the definition of a polytope, there 
exist some / G N and /i, . . . , // G Z?i © • • • Z?„ © Z such that 

5 =[seR"\fj(s)<0/j=l,...,l]. 

Present fj(tu ...,tn) = fj,\h + ■■■ +fj,ntn +fj,n by the unique coefficients fj,u..., /y,„+i g Z 
for each j = I,. . .J. Since ti,...,t„,\ 6 Z^i © • • • Z?„ © Z is a Z-basis, there uniquely 
exists some matrix F = (Fp)jj G GL„+i(Z) such that = Fi^ei + ••• + Fn+ije„+i for 
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each i = I,. . .,n and Fi „+i = • • • = F„„+i = 0, F„+i „+i = 1. Define a continuous map 
n: W R" as 

'm+l m+1 
7r(iS'i, . . . , • ^ ^ P n—m+j,\^ j^n—m+jt • • • ■> ^ ^ Pn—m+j,n^j^n—m+j 

This is presented by the composition of a R-Unear map given by a matrix in M„ „,(Z) c 
M„,^(R) and a parallel translation given by a coUumn vector in Z" c R". Set 



r = {5eR'"|//;r(^))<0/;= 1,. ..,/), 



Remark that (fj o . . . , € Z?i e • • • Z?„ e Z c C"(R'", R) and hence 7 is linearly 
convex. The image n{T) c R" is obviously contained in S because ei, . . . , e„_„, g J(S). 
The restriction ;r|7- : T ^ S is a homeomorphism whose inverse map is the projection 

(en-m+u---,en)- S T 

s 1-^ (e„-m+i(s),...,e„(s)), 

and hence T is non-empty and compact. It follows that T c R'" is a polytope, and 
{Cn-m+u ■ ■ • j^n+i): 5 ^ T is an isomorphic integral affine map. induces the isometric 
isomorphism kj —> ks. Take an arbitrary aiti + • • • + amtm + b e J(T). Pulling back it by 
(Cn-m+i, ■ ■ ■ , one has (3ie„_m+i + • • • + a^e,, + be„+i e 7(5), and it implies ai = ■ ■ ■ = 
ttm = b = Ohy the choice of ei , . . . , . It follows that J{T) = and 1(T) = 0. 

Thirdly if there are two polytopes T <zW" and T' c R'"' such that m,m' < n e T 
and T' and thick, and ^5 is isometrically isomorphic to kr and kj' through the bounded 
A:-algebra homomorphisms associated with isometric integral affine maps S —> T,T' . 
Factoring ks, kj and kjt are isometrically isomorphic through the bounded fc-algebra 
homomorphisms associated with an isometric integral affine map T ^ T' . By the first 
argument, one knows that m = m' , and hence m is unique in the second argument. □ 

Corollary 1.1.27. For a polytope S c R", the ideal I(S) c k[Ei^ „] is closed with respect 
to the norm \\ • \\'^ and the canonical k-algebra homomorphism k[Ei^„\/I(S) ks is 
injective. 

Proof. Take a thick polytope T <zW" and an isomorphic integral affine map a: S T. 
Then the associated A;-algebra homomorphism a* : k[Ek,m] k[Ek,n]/I(S) is an isometric 
isomorphism with respect to the norm || • \\t = \\ • \\j : k[Ek,„] [0, 00) and the quotient 
seminorm || • II5 : k[Ek„yi(S) —> [0, 00) of the Gauss seminorm || • II5 : k[Ek„\ [0, 00). 
Therefore the quotient seminorm || • II5 : k[Ek„\/I(S) —> [0, 00) is a norm, and it follows 
the desired facts. □ 

By the proposition above, we will reduce many definitions and propositions to the 
case polytopes are thick. Be careful that the such a polytope T c R'" and an isomorphic 
integral affine map S ^ T in the proposition above are not unique, while the integer 
m = dim S < n e N is unique. Therefore there are no canonical isomorphism between kr 
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and ks , and one should not and do not indentify ks and kj. We will deal with the standard 
simplex A" c R"^\ which is "non-canonically" homeomorphic to the polytope 



S 6 



J]si<l,0<Si/i=l, 



.,n 



i=i 



There are the canonical collection of n + 1 homeomorphisms, though. The reason why 
one should identify A" with the polytope above through one of the n + l homeomorphism 
is because this deprive the canonical construction of the analytic singular homology. We 



will define the analytic singular homology using A" in S3. II 

Now we prepare for some useful operations for the rings of analytic functions. First 
we prove the compatibility of the Gauss norm with the base change. 

Proposition 1.1.28 (ground field extension). Let S be a polytope, and K/k an extension 
of complete non-Archimedean fields. The canonical bounded k-algebra homomorphism 
ks ®kK Ks is an isometric isomorphism onto the image. 



Be careful about the fact that ks®kK Ks is not surjective unless K = k, because 
g for any non-trivial extension K/k. 



Proof. Take a thick polytope T c R."' such that ks is isometrically isomorphic to kr 
through the bounded ^-algebra homomorphism a* : kj ^ ks associated with an isomor- 
phic integral affine map S ^ T. Then the diagram 

kT®kK > Kj 



ks®kK > Ks 

commutes by the definition of the bounded ^-algebra homomorphism associated with an 
integral affine map, and hence replacing S to T, we may and do assume that S is thick. 
Then the identification 



h = [ (fAeE,,., 6 k^'- lim \fMs = I 



implies the desired fact. □ 

As ^-vector spaces, one has a natural product A:[£'^ „] ®k k[Ei,m] k[Ei, n+m] induced 
by the identification 

{x,y) ^ x®y:=/'\t,)---/"\tn)/'Kt„^,)---/'"\t,^,„). 
We extend this map to ^5 's. 
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Definition 1.1.29 (fibre product). Let 6 ks- be an analytic function over a thick poly- 
tope Si c R"' for each i = 1, . . . ,m. Identifying E^^m x ■ • • x E^^^^ with Et,ni+-n,„, one 
obtains the tensor product 



m n, 



{xi,...,x„)eEkj,jX-xEkj„„ i=l j=l 

' m \ 

= ^ /x('U+---+''/-l+l){fi)...A:<"l + '+"/H^) p 

jreStjn +...+„,„ V i=l / 

as an analytic function over S := 5 1 x • • • x 5,„ c R."i and it satisfies 

\\fl®---®fn\\s = ll/lll5.---|l/,Jl5,„- 

Hence the tensor product determines the bounded multiplication 

ksi®k - ■ -^kks,,, ks 
and gives the non-commutative ring structure of 



«=() 

Of course we do not have to assume the thickness of the polytopes to define the tensor 
products, and we just use the assumption for convenience. Recall that the Gel'fand- 
Neumark theorem (see UDOUII ) implies that there is a canonical isometric isomorphism 

C\X, C) «>^ax C\Y, C) ^ C\X X Y, C) 

for any compact Hausdorff spaces X and Y, where (gimax is the completion of the algebraic 
tensor product with respect to the maximal tensor norm, which in fact coincides with the 
minimal tensor norm (gimin because a commutative C* -algebra is always nuclear. We have 
the direct analogue of this basic fact. 

Proposition 1.1.30. For (thick) polytopes S i, . . . ,S m andS := S iX- ■ -xS m, the canonical 
bounded k-algebra homomorphism ks^^k - ■ ■ ®kks„ ks is an isometric isomorphism. In 
particular one has the isometric isomorphism 

CO oo 

of non-commutative k-algebras. 

Proof. It is trivial because the restriction 

k{Ek,ni] ®k---®k k{Ek,nJ k[Ek,n] 

on the dense subalgebras is an isometric isomorphism by the definition of the norms of 
both sides. □ 
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Now we have a natural Galios action on ks . This will induce the Galois action on our 
singular homology of a fc-analytic space. 

Definition 1.1.31. For a field K, denote by Gk the absolute Galois group ofK. 

Definition 1.1.32 (Galois representation). For each g 6 Gy x e Q"^, and t e Q, set 
(g • x){t) := gix{t)) e k^. The map g • x: Q ^ k^ : t ^ (g ■ x)(t) is a group homomorphism, 
and this determines a Q-linear representation x G^ ^ : (x, g) g • x. Take an 
arbitrary Galois extension K/k of complete non-Archimedean fields contained in k. Since 
K c k is Gk-stable, so is the Z-submodule c Q^. Therefore one obtains a G^-action 
Q]^ xGk ^ Q^. This action induces a Galios representation 



of a k-algebra for any n e N. Since \(g • x)(t)\ = \g(x(t))\ - \x(t)\ for any g e Gk, 
X G Q^, and t e Qby the completeness of k, the action x G^ ^ preserves the 
map II • II5 : Ek^„ ^ [0, 00) : x ||x||^ for any poly tope S c R". The ideal I(S) c KlE^n] 
is obviously Gk-stable, and hence the action K[Ek,„] x Gk ^ K[Ek^„] is isometric with 
respect to the Gauss seminorm \\-\\s- Thus it induces the isometric Galois representation 
Ks xGk ^ Ks of a k-algebra. In particular cosidering the case K = k, one has obtained 
the isometric Galois representaion ks x Gk ^ ks. 

Definition 1.1.33. The isometric Galois representations Ks xGk ^ Ks for Galois exten- 
sions K/k of complete non-Archimedean fields contained in k is extended to an isometric 
Galois representation Cs xGk ^ Cs in a natural way. Be careful that does not coin- 
cides with the C-valued character group Hom(group)(Q., C^) unless k = C, but the Galois 
group canonically acts to Hom(group)(Q., C^)- 

Lemma 1.1.34. Let a: S T be an integral qffine map between poly topes S c R" 
and T c R*". Then the associated bounded C-algebra homomorphism Ct Cs is 
Gk-equivariant. 

Proof. By the continuity of the Galois action, it suffices to show that the ^-algebra ho- 
momorphism a*: C[£'c,«] ^ C[Ec,m] is Gi-equivariant. Take a presentation (A,b) e 
M„_„(Z) X Z*" of a. For an arbitrary x e Ex^m^ one has 



K[Ej,JxGk ^ K[EK,n] 




\x 




' m n ( m 



;=1 j=l \i=l 



m n { m 



;=1 7=1 V i=l 



) 
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m n t m \ 

/=1 7=1 V i=l / 

and it follows that a* : C[Ec,n\ C[Ec,m\ is G^-equivariant. □ 

Proposition 1.1.35. Suppose k is a local field, i.e. a complete discrete valuation field 
with finite residue field, and let K/k be a finite extension contained in k. For a polytope 
S c R", the GK-invariants k^^ of the GK-representation ks coincides with k c ks, where 
Gk is identified as the closed subgroup ofG^ corresponding to K. In particular k^'' = k. 

Proof. The inclusion k c k^'^ is clear. 

Since any bounded fc-algebra homomorphism associated with an integral affine map is 
Gi:-equivariant, we may and do assume S is thick replacing S to an appropriate polytope. 
Therefore ks admits the topological ^-basis E^^n c ks by the embedding ks ^ 

Take an arbitrary function / G k^^. By the assumption I(S), one has the presentation 

Fix a real number r e (0, oo). By the definition of the Gauss norm || • II5 , the set : {x & 
Ek,n I = r} is finite. Since the action of Gk is isometric, the set F,- is stable 

under the action of Gt. Since F, is stable under the action of Gk, the stabiliser subgroup 

—H 

H c Gk of Fr is a normal subgroup of finite index. Let L/K be the finite extension k . 
By the definition of the Gauss norm || • II5, one has Fr ^ when r = ||/||s. Suppose Fr is 
non-empty, and take an element x e Fr. We prove that x= \ and hence r = \f\\. Assume 
X # 1. There exists some i e N such that \ <i <n and jc*^'^ 1 e Q^. 

To begin with, we verify x'''\t) e L for any t e Q. Assume x^'\t) i L for some 
r e Q. It is clear that t Q. Since x'''\t) i L, there exists some g & H such that 
(g ■ x^'^)(0 = g(x('\0) neqx^'^it). Then g(^'>(t)/j^'>(t) is a non-trivial root of unity. Let 
fl > 1 G N be the order of g(x'-'\ty)/x^'^(t) and c G N+ the cardinarity < #Fr < 00 of the 
non-empty finite set F^. Take a prime number / e N and a sufficiently large integer N eM 
such that / I a and b := [L(l^^' ) : L] > c^, where L(V )/L is the algebraic extension 
of L generated by primitive /^-th root of unity. Then ^ := g(x'''\at/l^))/x'''\at/l'^) is a 
primitive l^-th root of unity. Since & > < 1, the primitive l^-th root ^ of unity is 
not contained in L and there exist some g[,...,g'i, such that g\^, g'y^ are distinct 
primitive /^-th root of unity. Now one has 

g'-gix^Hatll"^)) _ ^ 

g'jX('Kat/F) 

for each j = 1, . . . ,b and hence the set F' := {xy^^ e Ek^„ \ x,y & Fr} contains b distinct 
elements. Since b > c^, it contradicts the fact #(Fr x Fr) = c^. Consequently x^'\t) G L 
for any t £ Q. 
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If \x'-'\l)\ ?t 1, then \xi\^ c IL^^I c R^, and it contradicts the fact that L is a discrete 
valuation field. Therefore one has |x,(l)| = 1. It follows that jc,(^l - 1) = -^/(l)^^^ £ 
I + m-L G O^, where Ol is the ring of integers in L, mi c Ol is the maximal ideal of Ol, 
and e N is the cardinarity #L of the finite residue field L. We show that x^'\qL - 1 ) = 1 • 
Assume x^'\qL - 1) 1. Take the greatest integer J e N+ such that x^'\qL - 1) - 1 e m^. 
Since x^'\qL - 1) 1, one has x^'\{qL - l)p~''~^) e 1 + m^Ml} and hence 



/Hqt - 1) = x^Hiqt - Dp-'-y e 1 + 



It contradicts the maximality of d, and we conclude x^'\qL - 1) = 1. 

Let e e N+ be the order of the torsion element x^'\l) e L^. Since x^'^ know 
e > I and hence e | - 1 has a prime factor 1' p eM. The image of /' in the Abelian 
group Z/eZ is a torsion element and therefore x^'\r''") 6 L is a primitive (eZ"")-th root of 
unity for any m 6 N. It follows that the finite field L has infinitely many root of unity, 
and it is contradiction. We conclude x = I. Since the choice of r and x was arbitrary, one 
has obtained that f = fi e k. □ 

Corollary 1.1.36. In the same situation above, if K/k is a Galois extension, the G^- 
invariants K^'' of the G^-representation Ks coincides with the k. 

Proof. Since Gk contains Gk, the invariants K^'' is contained in K^*^ = K. The statement 
follows because K^'^ = k. □ 

Corollary 1.1.37. In the same situation above, the G^-invariants (kg ®i k)'^'' of the G^- 
representation k^ ®k k coincides with k, where the action of Gk on ks ®k k is given by 
setting g{f ® a) := g{f) ® g{a)for each g e Gt, f & ks, and a e k. 

Proof. One has 

ks ®kk = ks ®k lim K = lim ks ®kK = lim ks®kK c lim Ks, 

k/K/k k/K/k k/K/k k/K/k 

where K in the limit runs through all finite subextension k/K/k. These identifications are 
compatible with the action of G^, and hence we have done. □ 

Now we see the properties of the ring ks of analytic functions. The norm on ks is 
not multiplicative, and hence ks can not be embedded in a valuation field. However, it is 
easily proved that ^5 is an integral domain and its norm is powermultiplicative. 

Definition 1.1.38. A seminormed k-algebra is said to be uniform (I \BER1\] } or uniformly 
seminormed if the seminorm is power-multiplicative. 

Proposition 1.1.39. For a polytope S c R", the k-Banach algebra ks is a uniformly 
normed integral domain. 
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Proof. We may and do assume S is thick and hence S f\ ^. Embedding ks in 

Cs, it suffices to prove the integrality in the case k is algebraically closed. The parallel 
translation ks ks-a- f(t) = YifxX ^ f(t + a) = Y,fxx(a)x is isometric isomorphism 

for any a e Q", because -a: S S - a: s s - a is an isomorphic affine map. 
Therefore we may and do assume S contains (0, . . . , 0) g R". Then one has ||jc||5 > 1 for 
any x 6 E^^n because x(0, ... ,0) = 1. We use the assumption S nQ^ Q only for this 
inequality ||x||s > 1. 

Take an arbitarary pair f,g& ks\{0}, and we prove fg ^ 0. Since lim;c6Ej,„ l/;tllklls = 
and \fx\\\x\\s > \fx\ for any x e Ek,„, one has lim^ce^,,, 1/;^! = 0. Similarly we know 
lim.,e£,„ \gx\ = 0. Hence the sets {\f^\ \ x e E^J and {\g^\ \ x e E^J are bounded in 
R, and max{|/,| | x 6 E^J and max{|g;,| | x e E^J exist. Set F := {x e | [f^l = 
max{|/y| I jc' G Ek^} or \gjc\ = max.{\gx'\ \ xf G E^,,}}, and then F is a non-empty finite set. 
Let M c Ek^n be the finitely generated non-trivial Z-submodule generated by F, and fix a 
total order of M compatible with its group-structure, i.e. give it the structure of a totally 
ordered group. The existence of a total order follows from the existence of Z-basis of M 
by the structure theorem of a finitely generated Abelian group. Give it the lexicographic 
order with respect to the presentation by the basis. Take the least elements xi and X2 
from the set {x e M \ \fx\ = max{|/y| | x' G EkJ} and {x G M | \gx\ = max{|g;^| | x' G 
Ek,n]] which are not empty by the definition of M, with respect to the fixed total order. 
Then \(fg)x,x2\ = IfxMgx.j- Indeed, take arbitrary x,y e Ek,„ satisfying xy = xiX2. If 
X ^ M or y ^ M, then 1/^ 1 1^3- 1 < l/xjl^xzl by the denifinition of M. On the other hand, 
suppose x,y e M. If x is smaller than xi with respect to the total order of M, then 
\fx\ < \fxi\ by the definition of xi, and hence \fx\\gy\ < |/;cillg;t2l- Similarly if y is smaller 
than X2, then one has |/x||gy| < I/xJI^aizI- If x is larger than xi, then y is smaller than X2 
because the total order of M is compatible with the group-structure of M and xy = X\X2. 
Therefore \f^gy\ < \fxi\\gx2\- Similarly if y is larger than xj, then x is smaller than xi 
and IfxWgyl < IfxiWgxil In conclusion, one has \fx\\gy\ < IfxMgxil ior any (x,y) (xi,X2) 
satisfying xy = xiX2, and it follows \(fg)xiX2\ = \fxi\\gx2\ > 0- Consequently fg 4^ 0. The 
proof of the power-multiplicativity of the norm || • II5 is repetition of a similar argument 
considering the finite subset {x e E^^n I l/xllUlls = ll/lls} for each f & ks instead of the 
subset {x G Ek,„ I \fx\ = niax{|/x'| | x' g Ek,n]]- 

Take an arbitrary analytic function f e ks, and it suffices to show that ||/^|| = 
Since lim^eE^^ \fx\\\x\\s = 0, the set {|/xl||x||5 | x G EkJ is bounded in R, and max{|/x|||x||s | 
X 6 Ek^n} exists. Set F := {x g E^^n I l/xllUlls = WfWs), and then F is a finite set. Let 
M c Ek,n be the finitely generated Z-submodule generated by F, and fix a total order of 
M compatible with its group-structure. Take the least element xi of F with respect to the 
fixed total order of M. Then |(/^)x2|IUills = l/cil^lUill^- Indeed, take arbitrary x,y £ E^^n 
satisfying xy = x^. If x iMoryi M, then |/./,|||xy||5 < |/.||/,|||x||slMls < l/.J'll^ill^ 
by the denifinition of M. On the other hand, suppose x,y e M. If x is smaller than xi 
with respect to the total order of M, then l/vlll-'^lls < l/cjlkills by the definition of xi, 
and hence |/x/;.|||x);||5 < l/J/ylllxH^Hyll^ < \fx,?-\\xi\\]. Similarly if y is smaller than xi, 
then one has \fxfy\\\xy\\s < \fx\\fy\\\x\\s\\y\\s < \fx,?\\xi\\l. If x is larger than xi, then 3; is 
smaller than X2 because the total order of M is compatible with the group- structure of M 
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and xy = x\. Therefore |/r/y|||xj||s < l/ti PlUillj- Similarly if y is larger than X2, then 
X is smaller than x\ and l/t/vllUjIls < l/nPlkilis- In conclusion, one has l/x/yllkylls < 
l/v.PlUills = for any {x,y) + {xx,xx) satisfying xy = x], and it follows 

U\\\\x',\\s = \(.f.,n\x]\\s. Consequently \\f\\s = WfWj. □ 

At the end of the introduction of the basic properties of the fc-Banach algebra ks, 
we give an involution. This involution induces an involution of the analytic singular 
homology in §I3.1[ and it plays an important role as a reflection of the coordinate. 

Definition 1.1.40 (involution). For an integer m 6 N, define the involution * : fc[o,m] 
hoM by 

which is the isometric isomorphism associated with the isomorphic integral ajfine map 
* : [0, m] ^ [0, m] : ? 1-^ m - 1. Since 2 e k^, one has the canonical decomposition fc[o,m] = 
^^[o,m] ffi 3A:[o,m] into the eigen spaces, where ^fc[o,m] is the "real analytic functions" 
[f 6 fc[o,m] I /* = /} containing k and 9fc[o,m] is the "imaginary analytic functions" 
[f e k[Qfn] I /* = -/}• Note that the invariants ^fc[o,m] c fc[o,„,] contains k and is a 
closed k-subalgebra. The involution * : fc[o,m] ^ hoM induces a topological involution 
*: [0, m]jt [0, m]^. whose restriction on [0, 1] c [0, 1]^; is the refiection *: [0, m] 
[0, m] : t m- t. For each xeEk,i,setx = x*e k[Ek^i] and call it the conjugation of x. 

1.2 Non- Archimedean analytic realisation of a poly tope 

We introduce the notion of the "non- Archimedean realisation" of a polytope which lives 
in the Euclidean world. The non-Archimedean realisations of polytopes such as the unit 
interval [0, 1] will be used in the construction of the analytic singular homology in 93.11 

Definition 1.2.1. Let S e R." be a polytope. Denote by S t the non-empty compact Haus- 
dorff space ^{ks), where ^(ks) is Berkovich's spectrum ofks as a k-Banach algebra 
in the sense of l\BERl\l . 

The non-emptiness, compactness, and Hausdorffness of ^{ks) follow from the gen- 
eral fact of a commutative /:-Banach algebra (see HBERlll '). We formally set 0yt := 0. We 
use the spectrum S u instead of a subset S in our theory of homology and integral, and 
recognise 5 i: as the realisation of S in the non- Archimedean world. 

Definition 1.2.2 (ground field extension). For a polytope 5 c R" and an extension K/k 
of complete non-Archimedean fields, the ground field extension map ks '-^ Kg induces 
the continuous map S k ^ St which is compatible with the embeddings S c Sk,S k- 
Also call it the ground field extension map. This ground field extension map induces a 
continuous map R'^ R^. Also call it the ground field extension map. 
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Lemma 1.2.3. Let S e R." be a polytope such that S n Q" Q. Then the spectrum S k is 
connected. 



Proof. It directly follows from Proposition 11.1.391 and Shilov Idempotent theorem in 
[IBERIL 7.4.1. □ 

Since we do not know whether an arbitrary rational domain r c 5yt in the natural 
sense has infinitely many connected components or not, the local connectedness and the 
arcwise connectedness of the spectrum 5 ^ is not verified. Note that a connected, locally 
connected, metrisable compact space is arcwise connected and locally arcwise connected 
by HENGH . 6.3.11. and 6.3.12. and therefore we know any connected analytic space is 
arcwise connected. Now the realisation S St preserves the inclusion as below: 

Lemma 1.2.4. Let S <zT be polytopes. Then the continuos map Sk ^ Tk induced by the 
restriction map kj ks associated with the inclusion S ^ T is a homeomorphism onto 
its image. 

Proof. In order to show the injectivity, it suffices to show that the image of ^5 in kj is 
dense, and it follows from the fact that the image of k[Ei, „] is dense in both of ks and kj. 
In addition, a continuous injective map from a compact space to a Hausdorff space is a 
homeomorphism onto its image. □ 

Definition 1.2.5. Denote by Top the categpry of topological spaces whose morphisms 
are continuous maps. Denote by (k-Banach) the category of k-Banach algebras whose 
morphisms are bounded k-algebra homomorphisms. Denote by (Polytope) the category 
of polytopes whose morphisms are integral ajfine maps. 

We identify 5 i: as a subspace of Tyt through this homeomorphism onto the image. The 
realisation S Skis obtained by the composition of the correspondences given by the 
functors 

(Polytope) (fc-Banach) 
S ks 
a a* 

and 

(fc-Banach) Top 

(p 'vv> 0*, 

and hence regard it as the realisation functor 

(Polytope) Top 
S Sk 
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a a . 



In particular an isomorphic integral affine map a: S —> T induces a homeomorphism 

Though we have defined Sk only for a poly tope S e W, one obtains by gluing 
spectra corresponding to thick polytopes. The space contains the affine space R". 

Definition 1.2.6. For an integer n € N, denote by P„ c 2^^" the set of thick polytopes 
S c R". Note that for any S,T € setting U c R" as the convex closure of the union of 
S and T, U satisfies U € P„ and S,T c U. Therefore P„ is a directed endowed with the 
semiorder given by the inclusion relation c. Set 

Rl := \imSk, 

S€P„ 

where the limit is the direct limit in the category Top. Note that since P„ is final in the set 
of polytopes embedded in R", the direct limit does not differ if one replaces P„ to the set 
of polytopes embedded in R". 

The direct limit space R^ is a Lindelof Hausdorff space, and hence paracompact and 
normal. The Lindelofness follows from the fact that R" can be presented as a countable 
direct limit lim ([-m, m]")^ of compact Hausdorff spaces. The Hausdorffness is veri- 

>me'N 

fled in the following way: Take arbitrary distinct points ti,t2 £ K.^- Since the underlying 
set of R^ is the set-theoretical injective limit, there exists some non-empty bounded sub- 
set 5 c R" such that ti,t2& Sk- The density of fc[£'fc,„] in ks gurantees that the restrictions 
^il/t[£t„] and t2\k[Ek„] differs from each other, and there exists some / e k[Ek,n] such that 
h(f) ^ h(f)- We may assume ti(f) < ?2(/) without loss of generality. Then the subsets 

C/i := {t€Rl\t(f)<ti(f)/2 + t2(f)/2} 
and C/2 := U e R^ ?(/) > ?i(/)/2 + ?2(/)/2} 

are disjoint subsets containing ti and t2 respectively, and are open subsets by the definition 
of the topology of 5 ^:'s and the direct limit topology of R'^. 

Remark that R^ is properly contained in the set of all multiplicative seminorm on 
k[Ek,n\ whose restriction on k coincides with the norm of k. Now there are two canonical 
ways to embed S and 5 n Q" into S k- 

Definition 1.2.7. Let S gR" be a thick polytope. Define the set-theoretical maps : S Pi 
Q" — > SkCind ip'. S Sk in the following way: 



S ni 



t ^ iu(t), \f(iu(t))\ 
ip'. S Sk 
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t ^ ipit), \f{ip{t))\ := max { \U\x{t)\ \ x e £^,„ } , 

where the infinite sum Y^x^e^^ fxx(t) in the definition of i^ is the convergent limit as an 
element of the completion C ofk, because for any f € ks one has 

< lim \fAm\ < lim IfAMls = 0. 

Definition 1.2.8. Let S eR" bea polytope. Take a polytope T cW such that I(T) = 

and ks is isometrically isomorphic to kj through the bounded k-algebra homomorphism 
associated with an isomorphic integral affine map a: S T. Define the set-theoretical 
maps iu'. S Q" ^ S k and ip'. S in the following way: 



i,/.Sn<0"^TnQ"hn 



{a"r 



Then obviously they are independent of the choice of the polytope T and the isomorphic 
integral affime map a, and these maps commute with the inclusions S c S' c R" and 
Sk c S[ c R^. Indeed, for a point t e W the image ip{t) e S/c corresponds to the 
multiplicative norm which is the unique continuos extension of the quotient norm on 
k[Ek „]/I(S) c ks of the multiplicative norm 



k[Ek,n] 

f 



[0, oo) 

max \fx\\x(t)\. 



and for a point t 6 Q" the image iuit) £ corresponds to the multiplicative seminorm 
which is the unique continuos extension of the quotient norm on k[Ek„]/I(S) c ^5 of the 
multiplicative norm 



k[EkJ 



f 



[0,cx,) 

J] fxX(t) 
xeEj,^ 



Proposition 1.2.9. The ground field extension map S k 
embeddings ip'. S Sk,S k- 

Proof Trivial by the definition of ip. 



Sk is compatible with the 



□ 



Proposition 1.2.10. For a polytope S c R", the map ip is a homeomorphism onto its 
image, but the image of is a discrete subspace contained in C-rational points S kiC). 
The image ipiZ") c SkiC) is contained in k-rational points S kik). Moreover, the image 
ofip is closed. 
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Proof. It suffices to show it in the case S is thick. 

To begin with, we have to check and ip{t) are points of the spectrum Sk for any 
t & S , i.e. they are multiplicative bounded seminorms on ks ■ The multiplicativity of z„(0 
follows from that of the norm | • | of C. We show the multiplicativity of ip{t). Take an 
arbitrary f,g eks, and let F be the finite set {x e Et,„ | \Mx(t)\ = \ f(ip(t))\ or \gA\xit)\ = 
|^(zp(0)|}, which is non-empty beca use < lim_^g£^„ \fxMt)\ < lim_,^E,„ \fx\Ms = 0. By 
the similar argument in Proposition ! 1 . 1 .391 with a total order of the Z-submodule of Ek„ 
generated by F, one obtains \f(ip(t))\\g(ip(t))\ = \fgiip{t))\ because ^(OlbCOl = \xy{t)\ for 
any x,y e Ek,n- Hence ip{t) is multiplicative. 

Now we begin the proof of the proposition. Each point in the image of ip is obviously 
a C-rational point, and ip sends a point on Z" to a ^-rational point by the definition of ip. 

First, we prove that z„(5' n Q") is discrete. Take an arbitrary t = (t''^\ t'-"^) 6 5 n Q" 
and set t^'^ = qilru qu r, 6 Z, and r,- ^ 0. Denote by /> e the system of power roots 
of p, i.e. p(l) = p, set p, := = 1, . . .,p^-^^ = l,p® = p,^'*^^ = 1, . . . = 1) e 
Ej^n c ^5 for each i = 1, . . . , n. By the definition ofliie topology of the spectrum, the 
subset U = {t' eSk\ Kp'^^'p^ - l)(?')l < l,i = I, . . . ,n} n {f e S k \ |(;?*£p - l)^')! < 
1, / = 1, . . . , n} is an open neighbourhood of t and contains for no t' it t e S r\Q". 
Hence /„(5 n Q") is discrete. 

Secondly, we prove the continuity of ip for an arbitrary bounded subset S . By the 
definition of the topology of the spectrum, it suffices to show that the pre-image of an 
open subset U of the form {t e S k \ 1/(01 < M} or {t e S k \ L < \f(t)\ < M} for an 
analytic function f e ks and real numbers L < M 6 (0, oo) by ip is open in S . Set 
U := {t e S k \ 1/(01 < M}. Since k[Ekj,] is dense in kg, there exists some /' e 
such that 1/ - /'I < M. Then U = {t e Sk\ 1/(01 < M} = {t e S k \ |/'(0I < M}, 
and hence we replace / to /'. Set / = aiXi + • • • + amXm by some ai, . . . ,am 6 k and 
xi, . . .,Xm e Ek^n- Take an arbitrary point t e S contained in the pre-image of U. Since 
|a;||x,(OI < l/('V(0)l < M, the pre-image of U contains some open neighbourhood of t 
in 5, because of the continuity of the map t \Xi(t)\. Therefore the pre-image of U 
is open in S in this case. Set U = {teSk\L< |/(0I < M} this time. We replace 
/ to /' e k[Ek^n] again, and hence / can be presented as aiXi -I- • ■ • -I- a,nXm by some 
Cl\, . . . , Q.,n e k and xi,. . . ,Xfn g Ek^n also in this time. Take an arbitrary point t e S 
contained in the pre image of U. By the definition of ip, there exists some I < i < m 
such that |fl;||jc,(OI = \f(ip(t))\, and set F = {i \ |a,||;c,(OI = l/(«p(0)l} * 0- Since the map 
t \Xi(t)\ is continuous for each 1 < z < m, there exists some open neighbourhood V G S 
of t such that for any t' e V,L < \ai\\xi(t')\ < M for any i e F and |a/||x,(?')l < M for any 
i i F. Then obviously V is contained in the pre-image of U, and therefore the pre-image 
of U is open in S also in this case. It implies that ip is continuous. Since a polytope 
is compact, the image ip(S ) c S k is also compact. Therefore it is closed because 5 is 
HausdorfF. 

Finally, we prove that ip is an injective open map onto its image. The injectivity is 
trivial. Indeed, for any t = (?i, ...,?„), = {t[,...,t'J e S, suppose t t' . Take an 
1 < z < n such that ti ^ t'.. Set £. = {/^^ = 1, . . . = \,^^ = p,^'*^^ = 1, . . . = 

\) £ Ekn ks for this z and then one has \{p {-t)p )(z„(0)l = 1 and \{p {-t)p )(z„(?'))| = 



35 



\p,(t[ - ti, . . . ,t'^- tn)\ = p'''^'' 1. This implies ip{t) ip{t'). We prove the openness of 
the map ip. It suffices to show that for any a\ < 02 < € R, the image 

of {{aubi) X • • • X {an, K)) n 5 in ip{S) is open. Set p, = (p^^^ = 1, . . . , p^'^ = p,..., p'-"^ = 
1) 6 £'yt „ for each I < i < n. Then the open subset {{ai,bi) x • • • x (a„, bn)) n S can be 
presented as e 5 | < \p{ip{t))\ < p^', \ < i < n}, and therefore the image of it is 

presented as {t e ip(S) \ p"' < \p{t))\ < p^', I < i < n). Obviously it's open in ip{S) by 
the definition of the topology of the spectrum. □ 

Definition 1.2.11. Define maps iu : Q" ^ and ip : W —> as the direct limits 

iu : Q" = lim 5 n Q" ^ lim Sk = R" 

SeP„ SeP„ 

and ip : R" = lim 5 ^ lim Sk = R". 

5eP„ SeP„ 

By the proposition above, we regard 5 as a subspace of 5yt by ip. Particularly, we 
have brought the standard simplex A", the cube [0, 1]", and the real affine space R" in the 
non- Archimedean world. The point ip(t) corresponding to a real vector t eW determines 
a complete valuation field. If t e Q", then the singleton {t} c R" is a polytope but the 
valuation field does not coincide with the competion of the field of fraction of /cjfj, because 
I({t}) 4^ and ^jf) c k. We introduce the ^-Banach algebra kt corresponding to the point 
? G R". 

Definition 1.2.12. For each t e R", denote by k, the completion ofk[Ek „] by the multi- 
plicative seminorm corresponding to ip(t) e R^, and denote by Q(kt) the field of fraction 
ofkf. Set tk '■= ^(kf), and denote by\\-\\t the multiplicative norm ofkf. 

Remark that when t is contained in some thick polytope 5 c R", then the spectrum 
coincides with the subspace of 5^ consisting of norms smaller than or equal to ip{t) e S^ 
because || • ||; = ip(t). Note that since each element of the image of Ek,n is invertible in ^5, 
one has t'(x) = ip(t)(x) for any f £ tk and x e Ek,n- Be careful of the ambiguity of ip{t). 
If 5 c R" is thick, then the images of t e S c R" by the embeddings ip-. S Sk^^l 
and ip : R" ^ R^ trivially coincide by the definition of them, but if S c R" is not thick, 
then they are distinct. The image of thy ip-. S ^ 5 c R^ determines a seminorm on 
k\Ek,n\ whose kernel is J{S) # 0, while the image of t by ip : R" ^ is a norm. When 
we write "ip{t) e S k" for a point ? 6 5 , we mean the image of thy ip: S ^ S k but not the 
image of t by ip : R" ^ R^. This notation is never ambiguous because the latter image is 
not contained inSk when S c R^ is not thick. 

If t = (ti,...,tn) ^ Q"> the spectrum tk contains not only ip(t) but also because 
iu(t) ^ ip(t)- More generally, we can take infinitely many C-rational points from tk by the 
following way, where C is the completion of k. Suppose dimQVI^^I = 1 first, where VI A:^ I 
is the Q- vector subspace of R^ generated by the image \k'^\ of the norm | • | : fc^ ^ R^. 
Take an arbitrary Q-basis {x^. \ A e A] of the Q-vector subspace V c Ec,n consisting of 
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elements x = (xi, . . .,x„) satisfying |a:i(1)| = • • • = |jc„(l)| = 1. Take a system p e 

of power roots of p, and set p'-'^ = (p'^^ = 1, • • • = p, ■ ■ • = 1) e for each 
i = I, . . .,n. Then one has 



—1 



V® 



\ i=i 



\ 1=1 



by the assumption dimQVWl = 1- Denote by A' the index set A U {p^^\ . . . ,p^''^} of the 
Q-basis {xa \ A e AlA {p^^\ . . . , p^"^}} of Ec,,,, where XpU) := p^'^ for each / = 1, . . . , n. For 
each u = (Ujc^xasa') e (C"^)"^', define the C-valued character ^„ : Cf ^ C by 



Mf) '■= ^ fxipilf^ti + • • • + Ip(n)tn)u', 



where and u' is the essentially finite product Ilx^^ e Ec,n and Ilu^ e C°^. The infinite 
sum in the right side hand converges because 



^p(l)?l+-+^,,(n)'n 



l,ip(^IpWti +■■■ + IpOotn) = \fAp\ 



l/v' 









P '- 




p 



This is a bounded character, and therefore determines a multiplicative seminorm on C,. 
Restricting it on kt c C,, one obtains a C-rational multiplicative seminorm on k,. Though 
the restriction is not injective, this way gives infinitely many C-rational points in t^. If in 
general dimQ-yl^^l ^ 1^ considering a lift in k of an arbitrary Q-basis ofVI^^I instead of 
p by the norm \-\: k R.^, one obtains various C-rational points of t^^ in the same way. 
Although Zj, does not preserve the topology of Q", it plays as important a role as ip 



does in the analytic singular homology, which will be defined in gSTTJ In our theory of 
the singular homology and integral, we deal with the spectrum A^ and [0, 1]^ in the non- 
Archimedean world instead of the ordinary standard simplex A" and the ordinary cube 
[0, 1]" in the Euclidean world. Now we verify analogues between a polytope S and its 
realisation 5 

Proposition 1.2.13 (maximum modulus principle). Let S <zW be a polytope. Then the 
Gauss norm \\ ■ \\s on ks coincides with the supremum norm, sup^^^ ip{t) on S . Further- 
more, since sup^g^ ip{t) < sup,g^^ t < \\ ■ \\s as seminorms by the definition ofSk, one has 
^^VteSk ^ ~ II ■ lis- particular ifS is thick, one obtains \\ ■ \\s = sup^^^ || • \\t. 

Note that the latter equality sup^^^^ ? = II • lb follows from the general fact that the 
equality sup,g ^(^^ ^ = II • II holods for a uniform A;-Banach algebra A by LBERIJ . Theorem 
1.3.1. 



s - 



> 



Proof. We may and do assume 5 is thick. Take any f e kg c: fc^*" . We prove 
(supjg^ ip{t)){f) = sup^g^ 1/(01- By the definition of the Gauss norm, we know \\f\\s 
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sup^gj 1/(01- On the other hand, by the definition of the Gauss norm || • again, there 
exists some x e Eu,n such that \\f\\s = \fx\\\x\\s and |/vll|j||5 < \fx\M\s for any y e Ek,„. 
Since ||0||5 = = sup^g^ |0(0I, we may assume f and therefore 1/^1 > 0. By the 
definition of \\x\\s, there exists some t e S such that \x{t)\ = \\x\\s because 5 is a non- 
empty compact space. One has 

sup|/a')l > 1/(01 > lA-IWOI = \fMs = II/II5, 

t'eS 

and therefore sup.^^ |/(0I = ll/lls- □ 

Corollary 1.2.14 (Shilov boundary). For a polytope S c W, the Shilov boundary (I \BER1\] ) 
of Sk coincides with the finite discrete subspace consisting of the vertexes of S . In par- 
ticular if each vertex ofS lies in Z" c R.", then one has \\ks\\ = \k\ c [0, 00). 

Proof. The Shilov boundary of a polytope is the set of its vertexes, and each vertex has 
an analytic function of the form p(/(0) for a system ;? 6 of power roots of p and a 
linear expansion I = aiti + ■ ■ ■ + aJn + b e Z[ti, ...,?„] such that the hyperplain l(t) = 
intersects S only at the vertex. □ 

Since there are many points in the open subspace S k\S , the correspondence S 
S k IS not compatible with union, or the convex closure of the union of the underlying 
topological space. However, if we assume some suitable condition such as the base field 
k is contained in the completion Cp of the algebraic closure of the p-adic number field 
Qp, we have good compatibility concerning about union. 

Proposition 1.2.15. If dimQ^/\k^\ = 1, then one has 

teR" 

for any n e N+. 

Proof By the definition of R^, it suffices to show that 

h = [Jtk 

tel 

for any rectangle / c R". Take a system 6 of power roots of p. Denote by Xi 
the element (£('^ = l,...,p^''^^ = 1,£® =~£,£<'+'^ = 1,...,£("^ = 1) e for each 
/ = 1, . . . , n. Present / = f^^ x . . . x f"^ by closed intervals P''' e R. Take any point f e I^. 
Since \pp')\ < \\ph = \pr"''' and \p-\t')\ < Wp'^Wi = Ipr™"'*", one has \p{f)\ e 
[-|^|max/<')j^|mm/«-| ^ {|^(^('))| | ^(0 g /(O} ^ R. Now the condition dimQViFj = 1 implies 
that the restriction t'lp, : Et,, ^ [0, oo) is determined by the values \p {t')\, . . .,\p (t')\ 
because of the multiplicatibity of t. One has f < t := (log|p| \p^(t')\, . . • ,log|p| \p {t')\) e 
I (Z Ik as a norm because the norm ip{t) = || • 11? is the greatest bounded multiplicative norm 
in bounded seminorms whose restrictions on Ei,^„ coincide with that of || • ||,/. Therefore 

f £ tkC h. □ 
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Corollary 1.2.16. If dimQ-\/\k^\ = 1, then one has 

teS 

for any thick polytope S . 

Even though the ^-Banch algebra ks is not an affinoid algebra, we have kind of the 
universality of an affinoid subdomain when we consider a bounded homomorphism from 
ks to an affinoid algebra. The proof of the universality of a general affinoid subdomain 
is a bit complicated, and we do not whether know it holds or not. Therefore we only see 
that of a rational domain and a Weierstrass domain as a first step. 

Proposition 1.2.17 (universality of a rational domain). Let S be a polytope, A a k- 
affinoid algebra, V c ^(A) a rational domain ([BERl]), and if/: A ^ ks a bounded 
k-homomorphism. If the image ifj*{\Sk\) c \^{A)\ by the continuous map if/*: \Sk\ 
\^{A)\ associated with if/: A ^ ks is contained in \V\ c \^(A)\, the homomorphism 
if/: A ^ ks uniquely factors through the canonical homomorphism A Ay of affinoid 
algebras. 

To tell the truth, this proposition holds even if we replace ks to a general unital com- 
mutative uniform fc-Banach algebra. 

Proof. Since ks is uniform by Proposition ! 1.1. 391 the Gel'fand transform Y: ks ^ 5 is an 
isometric isomorphism onto its image dlBERll . 1.3.2.), where B is the direct product of 
the complete valuation fields over k corresponding to points of S k, and hence we identify 
ks as a fc-Banach subalgebra of B. Since the image oit e S c S in (A) is contained in V, 
the character A ks ^ kt can be uniquely extended to the character A i/ Q{k,), which 
corresponds to the image of t in V. Therefore one obtains the bounded fc-homomorphism 
(r o if/)y: Ay ^ B which is an extension of the homomorphism Y o if/: A ks 
B. Now denote by A^y^ the localisation A[/"^ | \f{t)\ 0,t e V], which is dense in 
Ay by HBER1L 2.2.10. Since k^ = {f e B \ 1/(01 0,t e St) by [,BER1] . 1.2.4, 
the homomorphism if/: A ks can be uniquely extended to if/(v) : A(y) ks by the 
universality of the localisation. The homomorphism (F o (/r)y : Ay ^ B is the unique 
extension of F o if/^y-^ : A(y) ks ^ B becuase A(y) is dense in Ay, and it uniquely factors 
through F: ^5 ^ B, where ks c 5 is the topological closure of ks in B. Since ks is 
complete and F: ^5 5 is an isometry, ks is closed in B. It implies that the given 
homomorphism if/: A ^ ks is uniquely extended to if/y : Ay ^ ks . □ 

Definition 1.2.18 (reduced Gel'fand transform). LetS be a thick polytope, andsetC''\S,k) = 
Yltes Q(kt), where Hfe/ Q(kt) is the direct product as a k-Banach algebra. Then one has 
the canonical projection B C^{S,k). The homomorphism Y: ks ^ B ^ C'^(S,k) is an 
isometric isomorphism onto its image because the norm ofks is the supremum norm on 
S . Call it the reduced Gel f and transform ofks. We identify ks as a k-Banach subalgebra 
of C^{S ,k). One has to take care that the image ofks\{Q} in Q{k,) is contained in Q{ktY 
and hence k^ c {f e C^(S,k) \ f(t) i^O,teS}. 
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Proposition 1.2.19 (universality of a Weierstrass domain). Let S be a polytope, A a k- 
affinoid algebra, V c ^(A) a Weierstrass domain ( hBERH ). andij/: A ^ ks a bounded 
k-algebra homomorphism. If the image i(f*(\S |) c |^(A)| of the underlying polytope S c 
Skby the continuous map if/* : \S k\ \^(A)\ associated with if/: A ^ ks is contained 
in \ V\ c \^(A)\, the homomorphism if/: A ^ ks uniquely factors through the canonical 
homomorphism A Ay of affinoid algebras, and hence the image if/*(\Sk\) c \^(A)\ is 
contained in \ V\ c \^(A)\. 

Proof. We may and do assume S is thick. Take any t e S , and let ks Q{k,) be the 
corresponding character. Since the image of t is contained in V, the character A ks ^ 
Q{kt) can be uniquely extended to Ay Q{k,), and hence one has obtained the unique 
extension (F o if/)y: Ay C^{S,k) of the homomorphism Y o if/: A ^ ks ^ C^(S,k). 
Now the image (Y o if/)y(Av) c C^(S,k) is contained in ks c C"(5, ^) because ks is closed 
in C°(5,^) and A is dense in Ay by HBERll . 2.2.10. Therefore one gets the bounded 
/r-algebra homomorphism (Y o ij/)y : Ay ^ ks. □ 

Once we have defined "standard simplices" and "cubes" in the non-Archimedean 
analytic world, the singular homology of a space can be defined by the method of [ HATi 
and USER 11 . In order to define a morphism from and [0, 1]^ to a ^-analytic space, 
we want to define the "atlas" and "covering" of them. We have some analogue of Tate's 
acyclicity ( HBERIID for the class of the corresponding algebras ks . 

Definition 1.2.20. Let S c R." be a thick polytope. Define its interior Int(S ) c S as the 
topological interior in R". Then obviously Int(S) is a dense open subset ofS. 

Definition 1.2.21. Let S c R" be a polytope. Take a thick polytope T c W" and an 
isomorphic integral affine map a: S T. Define the interior Int(S ) c S as the pre- 
image ofInt(T) c T by the homeomorphism a. Then obviously Int(S) is independent of 
the choice of a thick polytope T and an isomorphic integral affine map a and is a dense 
open subset ofS. The operator Int commutes with an isomorphic affine map. 

Definition 1.2.22. Let S <zT be polytopes. The polytope S is said to be a subpolytope of 
T ifInt(S ) is open in T, and then write S <T. 

The notion "subpolytope" guarantees that the inclusion is equidimensional in the 
sense of topological manifolds with boundaries. 

Lemma 1.2.23. Let S <zT be polytopes. IfS is thick, then so is T and S < T. 

Proof. The first implication is trivial because I{T) c 7(5 ) = 0. When both S and T are 
thick, then their interiors coincide with their topological interiors in R". □ 

Lemma 1.2.24. Let S < T be polytopes. Then S is thick if and only ifT is thick. 

Proof. The direct implication is verifies above. If T is thick, then so is S because the 
zero locus of a linear expansion aiti + ■ • ■ + a„t„ + b e Z[ti, ...,?„] c C^CR", R) never 
contains a small open ball in R". □ 
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Lemma 1.2.25. Let S < T be polytopes. Then the restriction map kj kg is injective. 

Proof. We may and do assume that S and T are thick. Then the injectivity holds by 
Lemma [T71.2 11 □ 

Now we deal with the analogue of Tate's acyclicity in the non-Archimedean realisa- 
tions of polytopes. To begin with, we prepare some operators A and V which work as the 
union and the intersection in the category of the G-topology. 

Definition 1.2.26. For polytopes S,T cR", set 

S AT := (Int(S) n Int(T)yc R'\ 

where " is the topological closure in R", and denote by S W T c R" the convex closure 
of the topological closure of Int(S) U Int{T) c R.". Then each of S A T and S W T is a 
poly tope or the empty set. These definitions are stable under the embedding R" '-^ R"'*'^. 
Formally set Q AS = 5 A0 := andQw S = 5 V0 := 5. The binary operators A and V are 
associative, and are the union and the intersection respectively in the category polytopes 
and the empty set. Therefore the notations S i A ■ ■ ■ A S ,„ and 5 1 V ■ • ■ V 5 „, make sense. 
For polytopes S ,S i, . . . ,S ifSi, . . . ,S ,„ < S and Int{S) = Int{S i) U ■ • ■ U Int{S m), then 
write S = S \)L- ■ ■)LS Obvuously S \ )L ■ ■ ■)IS m = S ■ ■ ■ y S 

Lemma 1.2.27 (distributive property). For polytopes S, T, and S\,...,S,n satisfying 
T < S and S = S i)L ■ ■ S m, one has 

r = (Si Ar)y ...y(5„Ar). 

Proof. 

Int(5 1 A r) U ■ • ■ U Int(5^ AT) = (Int(5 n Int(r)) U • ■ • U (Int(S^) n Int(r)) 
= (Int(5 1 ) U • • • U Int(5 ^)) n Int(r) = Int(5 ) n Int(r) = Int(5 ) 

□ 

Lemma 1.2.28. Let S ,S i, . . . ,S ^ be polytopes such that S = 5 1 V . . . V 5^. Then the 
direct product 

m 
i=\ 

of the restriction maps ks ^ ks- is an isometry. 

Proof. We may and do assume S ,S i, . . . ,S ,„ c R" are thick. Since the topological clo- 
sure and a locally finite union commute, one has 

S = (Int(5 )X = (Int(S 1) U • • • U Int(5,„)X = Int(5 • • • U Int(S,J = 5 1 U • • • U 
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where'is the topological closure in R", and hence 

II • \\s = sup II • II, = maxZ, sup|| • ||, = maxr^iH • lb,. 

teS teSi 

by the maximum modulus principle, Proposition ll.2.13l Therefore the given homomor- 
phism is an isometry by the definition of the norm of the direct product in the category 
of A:-Banach algebras. □ 

We have constructed a prototype of the Grothendieck topology of the non- Archimedean 
realisation 5 yt of a polytope S by pulling back the structure of the topology of the site 
(Poly tope) /5 defined in a natural way. We will strictly define the site Sk, and before that 
we see that the topology admits the structure sheaf of analytic functions. This is what is 
called Tate's acyclicity. 

Proposition 1.2.29 (Tate's acyclicity). Let S, Si, . . .,Smbe polytopes such that 5 = 5 1 V 
• • ■ y S,„. Then the restriction maps ks '-^ kg. induce the admissible exact sequence 

m m 

O^ks ^\\ks,^ Wks.r^s, 
i=\ ij=i 

ofk-Banach algebras. 

Proof. We may and do assume S is thick. Then 5i, . . . ,S,„ < S are also thick. The 
injectivity of the homomorphism kg ^ Y\ ^s, follows from the previous lemma. Once 
we verify the exactness, the admissibility holds by Banach's open mapping theorem. See 
llBOUll . 

Take an arbitrary (/•),• 6 O h, such that Us^^Sj = fj\s,ASj ^ ^^.^Sj for each z, j = 
1, . . . ,m. It suffices to show that there exists some f e ks such that /|^ = fi e kg. 
for any / = 1, . . . , m. Since the polytopes are thick, we regard each ring as a ^-vector 
subspace of fc^*". Now presenting = 2 fix^^ has fi^ = fj^ for any i,j= 1, . . . , m by 
the connectedness of a polytope 5, and fi's determine the unique element / = 2 fx^ ^ 
]^Ek,„_ have only to prove that / is defined on S , i.e. limve^^,, l/vllklls = 0. Suppose 
lim^^Ekn I/aIIUIIs ^ 0- Then there exists a counted infinite subset {jcq, Xi, . . .} c Ek„ such 
that |/a:,||U/||5 > M for some M > and any I e N. Since \imjceEt„ \fx\\\x\\si = 0, the subset 
Fi := {x e Ek^n I l/xllUlls, > M} is a finite set for each i = 1, . . . , m. Since {^o, jci, . . .} is an 
infinite set and the set UF, is a finite set, there exists some Z e N such that xi i VJFi. For 
such an integer / e N, we know |/v,||k/|l5; < M for any i = 1, . . . , m by the definition of 
Fi, . . . , F^. It follows that 

maxr^ilA-,|Wl5, <M<||/„||W|5 

and this inequality contradicts the fact the homomorphism ks ^ W ks- is an isomor- 
phism. We conclude lim^eEk,, \ fx\\\x\\s = 0. We have obtained an analytic function f e ks, 
and the restriction f\s- e ks. coincides with by the injectivity of the embeddingd in 
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Definition 1.2.30. Denote by ik-Alg) the category of k-algebras whose morphisms are 
k-algebra homomorphisms. 



Corollary 1.2.31. Let S ,S y, . . . ,S ,„ be polytopes such that S = 5 1 Y . . . V s and A a 

k-Banach algebra or a k-algebra. The exact sequence of Tate 's acyclicity, Proposition 
\1.2.29\ induces the set-theoretical exact sequence 



* Hom(k.Banach)iA,ks) ^ iyom(;t.Banacft) , , ) =^ WHomik-Banach){A,ks ,aS j) 

i=\ ij=l 
m m 

or * ^ HomQ,.Aig){A, ks) Hom(k-Aig)(A, ^5,) =^ Y\ Hom(k-Aig)(A, ks,^Sj) 



i=l i,j=l 



respectively. 



Proof. The exactness is trivial in the case A is fc-Banach algebra. In the case A is a 
A:-algebra, the exactness follows from the fact that the forgetful functor (fc-Banach) 
(k-A\g) is exact. □ 

Now we define the structure of 5 as a site. An "open" set is the non- Archimedean 
realisation of a subpolytope, and an "open covering" is the covering of the interior of the 
underlying polytope. For the convention of a G-topological space, see [BGR|. 

Definition 1.2.32. Let S be a polytope. Give Ska G-topology in the following way: An 
admissible open subset of S k is the empty set c Sk or the closed subspace T^ <z S k 
corresponding to a subpolytope T < S . Denote by Ts c 2'^* the set of admissible open 
subsets Tk c S k- An admissible covering of an admissible open subset Tk c S k is a 
collection of finitely many admissible open subsets {Ti^, . . . , T^k c 5^} such that T = 
Ti y . . . V Tf„. Denote by Covs{Tk) the set of admissible covering of an admissible open 
subset Tk c S k- Note that Covs(Tk) is independent of the choice ofSk containing Tj^ as 
an admissible open subset. Moreover, endow it the structure presheaf 

Os '. (S k,Ts,Covs) (k-Banach) 

n ifin,Os):=kT 

(i: n^T',) ^ (f: kT'^kr), 

which is a sheaf of k-Banach algebras by Tate 's acyclicity, Proposition \L2.29\ Denote 
also by Sk the G-ringed space (S k,Ts,Covs,Os) endowed with the structure sheaf Os 
of on the G-topology, and call it the spectrum of ks or the non-Archimedean analytic 
realisation of S . When one needs to distinguish the underlying topological space and 
the underlying G-topological space from the spectrum S k, write \Sk\ and (|5^|,T5, Covs) 
respectively. 

Definition 1.2.33. A k-affinoid simplex is the spectrum S kfor some polytope S . 
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1.3 General nonsense 



Before we define what is a morpliism from an affinoid simplex to an analytic space, we 
prepare a general nonsense: the construction of the amalgamated sum of categories. We 
will define a morphism from an affinoid simplex to an analytic space as a morphism in 
the amalgamated sum of the categories (^-Banach) and (^-An) over the cayegory of k- 
affinoid spaces. This may help readers to understand what we are doing, but we do not 
assume any facts in this subsection. If a reader does not mind it, he or she might skip 
whole of this subsection. 

Definition 1.3.1. Let'^-\,'^^i),'^^\ be categories endowed with covariant funcors lq: ^^-\ — > 
'^Q and i\ : Suppese that the category '£-1 is small. For objects A e ob'^Q and 

B G ob%, set 

Hom^,,{A, ^_uB) := |J Hom<^,{A, io(C)) x Hom^,{L,{C), B). 

For an element y G Hom^^^^^^ (A,^^i, B), let Cy e ob^^i be the unique object such that 

y e Hom^^^iA, Lo{Cy)) x Hom^^^{LiiCy), B) c Hom,^^,^{A, "^-i, fi), 

and denot by 7^°^ 6 Hom<^g(A, Lo(Cy)) and y^^^ e Hom<^^{Li{Cy), B) the unique morphisms 
such thaty = (7^"^^^^). 

We will consider the following case: The category is the category of fc-affinoid 
spaces, which is contravariantly equivalent with the category of A;-afRnoid algebras. The 
category ^0 is the opposite category of the full subcategory of (^-Banach) generated by 
^-affinoid algebras and the essential image of the realisation functor * : (Polytope) —> 
(fc-Banach): S ^ ks, or simply the opposite category of (A:-Banach). One might extend 
^0 to the opposite category of unital associative fc-Banach algebras if he or she wants to 
develop the theory of non- Archimedean non-commutative C* -algebras or something like 
that. The category is the category of A^-analytic spaces. The functor lq and ii are the 
canonical embeddings as a full subcategory, which are trivially fully faithful. 

Definition 1.3.2. For elements yo,yi s ^om(Q,n(A,'^_i,5), we write yo ~ yi if there 
exist an element yo.5 ^ HomiQ^n(A,^-i, B) and morphisms (pQ G Hom'^_^{Cy^^,Cy^) and 
(pi G Hom<^_^{Cy^^,Cy^) scuh that the diagrams 



'0.5 



io(Cyo) 


tl(Cyo) 




'o(0o) 






t0(Cy0 5) 


^1(^70.5) 




io('/'l) 








il(Cyj) 



y? 



^ B 



yd) 
'0.5 



y? 



^ B 



* B 



commute. 
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Lemma 1.3.3. The binary relation ~ is an equvalence relation on Homi^^ i^(A, ^_i,B). 

Definition 1.3.4. Set Hom,^^,^{A,B) := Hom^^^,^(A,'^_uB)/ ~. 

Lemma 1.3.5. For objects A, A' G ob^o and B, B' G ob^i, the composition map 

ooeHom^^,{A,A')xHom,,,,{A',%U,B')xHom.g,{B',B) ^ Hom,,,,{A,%U,B) 

(0,(7^'\y'^),«A) ^ (/')o0,^oyi))) 

is invariant under the equivalence relation ~, and hence it induces a map 
Hom<^,(A,A') X Hom,,,,(A', B') x Hom<^,(B', B) ^ Hom,,,,(A, B) 
Lemma 1.3.6. For an object C £ ob'^-i, consider the canonical maps 
io : Hom'ffg (A, io(Q) ^ Hom^^^ (A, loiQ) x /fom^i (ti (C), ii (Q) Hom^^,^^ (A, ti (Q) 

/i : //om^i(ii(C), fi) ^ Homrfa{k){C), to(C)) x Hom-^^iLiiC), B) Hom,^^,^{Lo{C), B) 

The map Iq is injective ifii is faithful, and is surjective ifii is full. The map ii is injective 
ifLo is faithful, and is surjective ifiQ is surjective. 

Corollary 1.3.7. IfiQ and li are fully faithful, then one has the canonical bijective maps 
io: Hom-^^(A, lq(C)) Hom^^^^^iA, li{C)) 

and 

ii : Hom'if^{Li{C),B) Hom^^^^^{LQ{C),B) 

for any objects A G ob'^Q, B G ob'^i, and C G ob^-i. In particular, for objects Cq, Ci G 
ob'^-x, one obtains the canonical bijective maps 

10 o to: Hom<ff_^{Co,Ci) Hom<^^{Lo{Co),Lo{Ci)) /fom,o,,i(io(Co), ii(Ci)) 

and 

11 o ti : Hom<^_^iCo, Ci) Hom^^{Li{Co), ii(Ci)) Hom,^,^^{Lo{C), ii(Ci)), 
and they coincide with each other. 

Corollary 1.3.8. Ifio andii are fully faithful, then for objects Co, C\ G ob^-i, one obtains 
the canonical identification 

Hom,^^,^(io(Co),Li(Ci)) = Hom,^^,^(Li(Co),Lo(Ci)). 
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Definition 1.3.9. Suppose Lq and ii are fully faithful. Define the category j 
setting data in the following way: Set 

ob{% U^_, := ob{%) U ob{^,), 

in general or 

ob(% U^_, ^i) := ob(%) U^^(^^^ ob(%) 

if the class enrichedwith the categories admits the amalgamated sum (•)U(.)(). Whichever 
definition one chooses, the equivalence class of the constrcuted category does not change. 
For objects C, C G ob{% U.^,^ ^i), set 

Hom'ff^u^_^',fi(C, C) := Hom^^{C, C) 

ifCC e ob(%), 

//c»m^ou<y_j'ri(C, C) := Hom-^^{C, C) 

ifCC &ob(%), 

^om.^„u^ C) := //om,o,ii(C, C) 
ifCG obi^o) and C e obi^i), and 

Hom'ff^u^^^ViiQC) := Hom^^^^^iCC) 

ifCe ob{^i) and C e obi^o). This definition is well-defined by the properties above. 
For obejects C, C, C" e ob(^o ^'^-i ^i). one has the canonical composition 

//om^ou<^_j^i(C C) X Hom'^^u^_^'^i(C' , C") := Hom<^^^^_^<^,{C, C") 

in a natural way. 

Lemma 1.3.10. The canonical embeddings U<^ ^ and "^i ^'^-i ^\ iife 

fully faithful and the diagram 

> ^1 

commutes up to a natural equivalence. 

Lemma 1.3.11. The category ^U.^ , satisfies the universality of the amalgamated sum 
of categories. Namely, for a category ^ and functors : ^ ^ ^ and ^\:'^\ ^ if 
the compositions #{) o l^: '^^x ^ c^nd ,'^\ o i^: ^\ are naturally 

equivalent, then there is a unique functor #() U ,'^\ : '^o U<(f j ^ up to natural 

equivalence such that the compositions ^ \J<^_^ ^\ and ^ U<^ j 
^ are naturally equivalent with and ^\ respectively. 

We have finished the general nonsense. 
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1.4 Analytic path from an affinoid simplex 



We define a morphism from an affinoid simplex to an analytic space. Similar with 
the position of an afline scheme in the theory of schemes and with that of an aflinoid 
space in the theory of analytic spaces, one has the analogue of the adjoint property be- 
tween the Berkovich's spectrum functor ^ : A M{A) and the global section functor 
H*'(-, Ga) : X -w* H°(X, Ox). Throughout this paper, we mention an analytic space in the 
sense of [BER2] but not HBERlil . A ^-affinoid algebra is a ^-Banach algebra admitting 
an admissible epimorphism from a general Tate algebra ^{r~'r}, which is not necessarily 
a classical Tate algebra k{T\. 

Definition 1.4.1. Denote by (k-An) the category of k-analytic spaces in the sense of 
RBER21 . For a k-analytic space X, denote by \X\ the underlying topological space. For 
a morphism y: X ^ Y, denote by y": \X\ — > |7| the underlying continuous map, and by 
y" = (TvivXv.w) the associated system of k-algebra homomorphisms y^^,'- H^iW, Oy) 
lf(V, Ox) for analytic domains V cX and W cY satisfying y*(| V|) c \ W\. 

In particular for a bounded A:-algebra homomorphism (p: A ^ B between /r-affinoid 
algebras, associate the continuous map ^{(pf = (p* : \^{B)\ \^(A)\. In order to 
avoid flooding of notations, we write ^(0)* instead of (p* in this subsection. 

Definition 1.4.2. Denote by ^ the family of all k-Banach algebras of the form k{Ti, . . . ,T„}/I 
for an integer n e M and a proper ideal I g k{Ti, . . . ,T„}. Note that ^4 is not a proper 
class in the sense of Von Neumann-Bernays-Godel set theory, and represents all isomor- 
phic classes ofk-afftnoid algebras. 

Definition 1.4.3. Let S t be a k-ajfinoid simplex and X a k-analytic space. Set 



For an element y 6 Hom{S, s^i, X), let Ay ^ s^^be the unique k-affinoid algebra such that 



Denote by 7*^°' : ks Ay and : ^{Ay) X the unique bounded k-algebra homo- 
morphism and the unique morphism such that 

7 = (y^y^') 6 Hom^t-BanachMy,ks) X Hom^k.An)i^ (Ay), X). 

Definition 1.4.4. For two elements yo, y\ e Hom(S, =24. X), we write 70 ~ 7i if there exist 
an element 70.5 e Hom(S, X) and bounded k-algebra homomorphisms 0o.5,o : ^70 ~^ 




Hom(k.Banach){A, kg ) X Hom(k.An)i^ (A), X). 



7 6 Hom(k.Banach){Ay, kg) X Hom(U.An){J^ {Ay), X). 
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A^Qj and 0o.5,i • ^ ^ros ^"'^^ ^^'^^ diagrams 



JO) 

^.<; < A 



ro 

1^0.5,0 



7 '^0.5 . 

kv < A 



ro.5 



'0.5,1 



ks < A 



ri 



yd) 

^(00.5,0) 
-^(lAo.5,l) 



ri 



) X 



commute. 

Lemma 1.4.5. The binary relation ~ on Hom(S, s^k^X) is an equivalence relation. 

Proof. The reflexivity and the semmetry are trivial. We verify the transitivity. Take three 
elements yo^ 7i> 72 e Hom(S, X) satisfying yo ~ yi and yi ~ ji- There are elements 
yo.5> yi.5 ^ Hom(5', such that the diagrams 



ks < A 



70 



^0.5,0 



(0) 

ks < A 



70.5 



0.5,1 



,(0) 



ks — A 



ks < A. 



n 

yi.5 

<P\.5,2 



(0) 

ks < Ay2, 



(^0.5,0) 



yo) ^ X 



yd) 
'0.5 



^(Ay ) — X 



'0.5, l) 



yi 



yd) 

) -^x. 



71 



) -^x 



■^(01.5,1 ) 



yi.5 



) ^ X 



■^(^1.5,2) 



y2 



) ^ X 



commute. Denote by 0o.5,i.5,i: ^ ^yo5'^A^ ^ns the canonical bounded ^-algebra 
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homomorphism (0o.5,o <S) id) o 0i 5 q = (id ® 0i.5,o) ° <Po.5,o- Then the diagrams 



1.5,o)°i^0.5,0 ^ i4>0.5fl)°-^ 



* 1.5,0) 



^0.5,1.5 

A:s < A 



y5''o,^(<Jo.5,i.5,i) 



(^0.5,l®id)oiAl.5,0 



1.5,0)°' 



1.5,0) 



(0) 

ri 



'■12 



X 



commute, and hence yo ~ 72- 



□ 



Definition 1.4.6. Set Hom(S,X) := Hom{S,s^k,^)l ~- Call an element y & Hom{S ,X) a 
morphism, and write y: S — > X 



Definition 1.4.7. When S is the cube [0, 1]", the standerd simplex 

A" := {ao,...,0€R"'"' |?o + --- + ?„ = l,0<r, < l// = 0,.. 
or something like them, then call a morphism from S an analytic path. 



Defining morphisms in this way, we do not have to introduce the notion of an atlas 
of an affinoid simplex. If we used an atlas of an affinoid simplex relating with its G- 
topology, we should consider the special G-topology, and the corresponding equivalence 
relation would become too loose. It is due to the facts that the pull-back of an affinoid 
domain V c ^(A) by the continuous map |5 k\ \^{A)\ associated with a bounded 
^-algebra homomorphism is not an admissible open subset of 5;^ in general, and that an 
affinoid domain which is not rational does not have the universality for a morphism from 
an affinoid simplex. We should also consider the gluing problem of a morphism, too. 
We do not have Tate's acyclicity for a G-topology finer than the G-topology given by 
subpoly topes, and hence the gluing is pretty troublesome. 

Now we see that this definition of a morphism 5 ^ X is calculated as Hom(jt.Banach)('A, ks) 
when X is an affinoid space M{A). In other words, there is the adjoint property between 
the global section functor 

H°(-,G„):X ^ H°(X,Ox) 

(<^:X^F) (HV,GJ(0) = 0|,y:HV,Oy)^H«(X,Ox)) 
and Berkovich's spectrum functor 

((P-.A^B) ^ (^(<p) = f : ^(5) ^ ^(A)) 



with respect to a morphism from an affinoid simplex to an affinoid space. 



49 



Lemma 1.4.8. For an element y e Hom(S, X), set 



y(0) 

* Ay > 



Ga)(7) ■■= o G„)(yi>) : H^(X, Ox) 
This correspondence 

H^(;Ga):Hom(S,^k,X) ^ Hom^k-Aidf^(X,Ox),ks) 

is invariant under the equivalence relation ~, and hence it determines a set-theoretical 
map 

lf(;Ga): Hom(S,X) -> Hom^k-AidH^(X,Ox),ks) 
y ^ H^(;Ga)(y). 

Proof. Take two elements yo,yi e Hom(5', X) satisfying yo ~ yi- There is an element 
7o.5 £ Hom(5', X) such that the diagrams 



k.'i < A 



(0) 

fcc < A 



ro 

^0.5,0 

yo.5 



To 



yd) 

) ^ X 



i,0) 



'0.5 



^(Aygj) — — > Z 
■^('Ao.5,1) 



(0) 

fcc < A 
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^(AyJ X 



commute. It follows the diagram 



ks <— ^ Ay. * 



H°(X,Ox) 



).5,0 



(0) 



ks < — '■ — Ayo5 « 



H°(-,G„)(r<'^) 



H^(X,Ox) 



^5 < A^, < ll\X,Ox) 



commutes, and H''(-, Go) : Hom(5', X) —> Hom(yt.Aig)(H°(Z, Ox), ks) is invariant under 
the equivalence relation ~. □ 



Similarly one also has the underlying continuous map of a morphism. 
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Lemma 1.4.9. For an element y e Hom(S, X), set 



This correspondence 



^■.Hom(S,^k,X) ^ HonnTop)(\Sk\,\X\) 



y ^ ytt 

is invariant under the equivalent relation ~, and hence it determines a set-theoretical 
map 

l.Hom{S,X) ^ Hom^Top){\Sk\,m) 
y y". 

Call the image y^ : \Sk\ ^ \X\ of a morphism y: S —> X the underlying continuous map 

ofy- 

Proof. It can be easily verified in a similar way of the proof pf the previous lemma. □ 

Proposition 1.4.10 (adjoint property). Let Sk be a k-affinoid simplex and M{A) a k- 
ajfinoid space. The canonical map 

lf(;Ga): Hom(S,^(A)) ^ Hom^k.Aig)(A,ks) 

defined above induces a set-theoretical bijection 

lf(-,Ga): Hom{S,J^{A)) Hom^k-Banach)(A,ks). 

Proof. First, we verify that H*'(-, Ga)(y) 6 Hom(^;.Aig)(A, ^5) is bounded for any morphism 
y: S —> M{A). Take a representative y G Hom(5', =24, ^(A)). Then by the construction 

of H*'(y), one has 

HV,GJ(y) = y(«)oHV,GJ(y(i)). 
Since the correspondence 

Jl: Hom(^.Ba„ach)(A,A^) Hom(^.A„)(^(Ay), ^(A)) 
is a bijective map whose inverse map is the correspondence 

H'^(-,GJ: Hom(^.A„)(^(Ay),^(A)) ^ Hom(^.Banach)(A, A^), 

theA:-algebrahomomorphismH''(-,Ga)(y'^'^): A A^ is bounded. Therefore H°(-,Ga)(y) G 

Hom(jt.Banach)(A, ^5 ). 
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Secondly, we prove that the induced map 



H°(-,Ga): Hom(5',^(A)) Hom(fc.Banach)(A, A:s) 

is bijective. We construct the inverse map 

^ : Hom(i..Banach)(A,A;s) Hom(5', ^(A)). 

Take an admissible epimorphism k{Ti, . . . ,Tn} A, and let I ^ k{Ti, . . . , T^} he the ker- 
nel. Denote by i the isomorphism k{Ti, Tn}/I —> A. For a bounded ^-algebra homo- 
morphism (p: A ^ ks, denote by ^{(p) £ Hom(5, ^(A)) the equivalent class of the ele- 
ment (0or\ (0) e Hom(;t.Ba„ach)W7'i, • • • , T„}/I, ks)xliom^k-An)(^^ (k{Ti, T„}/I), Ji{A). 
Then the morphism .^(0) : S ^{A) is independent of the choice of the admissible 
epimorphism ^{ Ti , . . . , r„ } A. Indeed, take two admissible epimorphisms io : k{Tx,...,Tn^ 
A and ii : k{Tx, . . . , r^J ^ A, and let /q £ k{Tx, r„J and h £ k{Tu r„J be 
their kernels. Denote by to and ti the induced isomorphisms k{Ti, . . . ,T„g}/Io A and 
k{Ti,...,T„^}/Ii A respectively. Then the diagrams 

ks <^ k{Tu TJ/Io ^(k{Tu TJ/Io) ^(A) 



ks k{Tu TJ/Io ^{k[Tu. • • , r„„}//o) > J^{A) 



^ k{T,, T„,}/h -^(^{^1' • • • ' '^(^) 

commute. Therefore {(p o (to)) ~ (0 o ^(tj)). 

Finally we show that the correspondence 

Hom(^.Banach)(A,A;s) Hom(5',^(A)) 

is the inverse map of H°(-, G^). Fix an isomorphism l : k{Ti, . . . , r„}// ^ A. Take a 
bounded ^-algebra homomorphism : A ^ . Then one has 

hO(-, GJ(^(<^)) = H°(-, GJ(0 o r\ ^(0) = (0 o i-i) o W%, GJ(^(0) 

= (0 o r^) o i = 0, 

and hence H°(-, Ga) o ^ = id. On the other hand, take a morphism 7: S M{A) and 



52 



fix a representative 7 6 Hom(5, ^Z^^, ^(A)). Then the diagrams 

ks ^ — Ay JiiAy) Ji{A) 



ks <^ Ay JliAy) ^ Ji{A) 

H''(-,Ga)(y(")oi ^(t)or<« 

its ^ k{Tx,...,TnVl J^{k{Tu...,Tn}II) > J^{A) 

commute and hence one obtains 

= [7] = r- 

Therefore ^ o h\, G«) = id. □ 

We identify Hom(5,^(A)) = Hom(;t.Banach)(^>^s) by this canonical bijective map. 
This map is functorial in the following sense: 

Proposition 1.4.11. Let S ^ and be k-affinoid simplices, and X and Y k-analytic spaces. 
The maps 

Hom^p^lyj^p^^iS , T) X Hom(k-Banach){A, kj) tiom(k.Banach){A, ks ) 

(a, 0) (po a* 

and 

Hom^k-An){-y^ {A), X) X Hom(k.An){X, Y) Hom^k-An)(-^ (A), Y) 

for a k-affinoid algebra A G induce the composition map 

Hom^p^ly^^pg^iS , T) X Hom(T, X) x Hom(k-An)(X, Y) Hom{S , Y) 

(a,(p,iff) — ^ ip o (p o a 

Remark that each of the image a'{U') c T of a polytope U' <z S and the preimage 
a'~\U") c S of a. polytope U" c T by an integral affine map a' : S — > T is a polytope 
or the empty set, that an integral affine map preserves a covering, and that the restriction 
a'\^',' : U' —> U" on polytopes U' c S and U" c T containing a'(U') is also an integral 
affine map. 
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Proof. The composition maps are obviously invariant under the equivalence relation ~. 

□ 

Proposition 1.4.12. Let Sk and be k-affinoid simplices, and ^(A) and ^(B) k- 
affinoid spaces. The diagram 

OXO 

HonnPoiytope)(S , T) X Hom{T, J^{A)) x Hom(j,.An){J^{A), J^{B)) > Hom(S, J^{B)) 



Hom(k-Banach){kT, ks) X Honii^k-BanachM, kj) X Hom(^k-Banach)iB,A) > tIom^k.Banach)iB, ks) 

commutes. 

Proof. Trivial by the construction of each correspondence. □ 

By the definition of a morphism, one knows a morphism from an affinoid simplex 
always factors through an affinoid space. 

Proposition 1.4.13. The map 

o : y Hom(S , J^{A)) x Homi),.An){J^ (A), X) HomiS , X) 

induced by the composition 

o : Hom(S, J^iKj) x //om(fe.An)(^(A), X) Hom(S, X) 

('Y,(f)) 1-^ (f>oy 

is surjective. 

Proof. Take a morphism y: S X, and fix a representative y G Hom(S', ^e^^^) of 7- 
There is an isomorphism i: A —> Ay for some A e Set 

y := (y^'^^ o t, id) G Hom(fc.Ba„ach)(A, ks) x Hom(4.An)(^ (A), ^ (A)) c Hom(5, =<4, ^ (A)) 
and 

(f> := o ^(r^) : ^(A) ^ X 
Then obviously one has y = (f>o [y']. □ 

We did not make use of the G-topology of a ^-affinoid simplex in the definition of a 
morphism, but one also has a sheaf-theoretic structure of a morphism. 

Definition 1.4.14. For a morphism y: S ^ X, let h{y) be the collection of pairs (T, V) of 
a subpolytope T < S and an analytic domain V c X such that there exist a representative 
y G Hom{S, £^k,^) ofy and a rational domain W c ^{Ay) such that ^{y^'^^)^i\Tk\) c 
m c \J^{Ay)\ and Y^\\W\) c \V\ c \X\. 
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Proposition 1.4.15. For a morphism y: S X, there is a canonical functorial system 
(Tj- v)(7'.v)eA(r) of k-algebra homomorphisms y"jy'- tf{V, Ox) kj satisfying the follow- 
ing properties: 

(i) for pairs (T, V), (T', V) e A(y) satisfying T' < T and V c V, the diagram 



T.V 



kr H'iV', Ox) 

commutes. 

(ii) for pairs (T, V), (T', V) e A(y) satisfying T' < T and V c V, the diagram 

kr H^iV,Ox) 



kr' <- 



H^(V', Ox) 



commutes. 

(Hi) for a pair (T, V) e A(y), the diagram 



\n\ — \v\ 



-4 \X\ 



commutes. 



(iv) for a pair (T, V) e A(y) satisfying that V c X is a special domain, the k-algebra 
homomorphim Yj y '■ = Ox) kj is bounded. 

Proof. We just construct the system, and omit the proof of functoriality and other prop- 
erties. For a pair {T, V) 6 A(7), take a representative y e Hom(5, s^u^X) and a rational 

domain W c J^{Ay) such that J^{f'^)K\Tk\) c \W\ c |3#(A^)| and ^^^\\W\) c \V\ c \X\. 

Since the image ^{Y^^)'^{\Tk\) <z\W\c. \^{Ay)\, the bounded A;-algebra homomorpshim 

y(0) 

Ay ks kr 

is uniquely extended to a bounded fc-algebra homomorpshim y|°^^ : Aw kj by the 
universality of a rational domain, Proposition !! .2.171 Set 



—WJ 



v(0) 



■■= ° if Xw-- ^\y^ Ox) --^^ Aw ^ k. 
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This fc-algebra homomorphism y is independent of the choice of y and W, and deter- 
mines a canonical functorial system {jj y)(T,v)eh(y)- □ 

Moreover we introduce the notion of the ground field extension of a morphism S 
X. In the case X is affinoid, the ground field extension functor is compatible with the 
identification H^C-, G^). 

Proposition 1.4.16 (ground field extension). Let K/k be an extension of complete non- 
Archimedean fields, Ska k-ajfinoid simplex, and X a k-analytic space. The ground field 
extensions 

(■)k: Hom(k.Ba„ach)(A,ks) Hom(K-BanachMK, Ks) 

and (■)k : Hom(k-An)(-y^(A), X) Hom^K-An){-y^(A)K, Xk) 
for a k-affinoid algebra A 6 =2^ induce the correspondence 

{■)k: Hom(S,X) Hom(S,XK). 
Also call it the ground field extention. 

Proof. The equivalence relation ~ is obviously stable under the ground field extension. 

□ 

Recall that we constructed the Galois action on ks- The composition of the Ga- 
lois action Gk Aut(<;.Banach)(^s) and the composition map o: Hom(i:.Banach)(^, ^5) x 
Aut(<:.Banach)(^s) fof ^ fc-affinoid algebra A induces a Galois action Hom(S,X) x Gk ^ 
Hom(5,X). This Galois action is significant because it induces a Galois action on the 
analytic homologies which will be defined in ^3.1[ The analytic homologies are thus 
Galois representations. 

Proposition 1.4.17 (Galois action). The Galois action 

Homfk-BanachM, h ) X G^. ^ Homf^k-BanachM, kg ) 
(0, g) 1-^ g O ^ 

for a k-affinoid algebra A e ^/^ induce the Galois action 

Hom{S,£^k,X)xGk Hom(S,j2/k,X) 

which preserves the equivalence relation ~. Therefore it gives an well-defined Galois 
action 

Hom(S,X)xGk Hom{S,X) 

(7, g) ^ r°g- 

Proof. The equivalence relation ~ is obviously stable under the Galois action. □ 
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Finally we see the universalities of the fibre product, the direct limit, a rational do- 
main, and a Weierstrass domain. 

Proposition 1.4.18 (universality of the fibre product). Let S^bea k-affinoid simplex, X, Y 
k-analytic spaces, and ^(A) a k-affinoid space. For any morphisms (p: X ^ ^(A) and 
i/f. Y ^ ^{A), one has the canonical functorial set-theoretical bijective map 

Hom{S,X) ^Hom(s,^(A))Hom{S, Y) -> Hom(S,X x^(a) Y). 

Be caureful about the fact we do not have the same universality for the fibre product 

XXyZ for arbitrary analytic spaces X, Y, Z. It is bacause the fibra product of two affinoid 
spaces over an analytic space is not an affinoid space. See the proof. 

Proof. To begin with, one constructs a set-theoretical map 

Hom(S,X) XHom(s,^(A)) Hom(S, Y) Hom(5,Z x^(^) Y). 

Take morphisms jq: S ^ X and yi : S ^ 7 satisfying (p oy^ = ij/ o y^: S .M{A). Fix 
representatives 70 ^ Hom(5',^,X) and 71 e Hom(5',^, Y) of 70 and 71 respectively. 
Set ~ ~ 

0':= hV,G„)(</>o7o(1)): A^A^, 
:= Yi\;Qa){^ oy_f\. A^ Ay„ 

0" := 7o(0) o ^(id (8) ip') : ^(A^^^) 

and 

xl," := 7i(0) o ^(0' ® id) : ^(A^^) 
Since o 70 = ^ o 71, the diagrams 

^(0) 

ks < Ay^ 

Ayp < A. 

commute. Set 

ro,r:=7o''^^7r''':A,,,^ks 




ro, 



X 



Jl{A). 
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and 

70^(1) := X (A" : ^(A^) ^ X x^^a) Y. 

Let yoj : S Xx^^(a) F be the equivalence class of (yo,i^°^ Toj'^'^) e Hom(5, ^4, Xx.^(A) 
F). Then yoj is independent of the choice of the representatives yo and 71, and one 
obtained the map 

Hom(5 , X) XHom(s,.^(A)) Hom(5 , Y) Hom(5 , X x^iA) Y) 

(ro,ri) ^ ro.i- 

It is bijective and has the inverse map 

Hom(5 , X x.^(A) Y) Hom(5 , X) Xuom{s,.^{A)) Hom(5 , Y) 
y ((id X l/r) o y, (^ X id) o 0). 

□ 

Proposition 1.4.19 (universality of the direct limit). Let I he a directed set, S^a k-affinoid 
simplex, X a k-analytic space, and W . I ^ (k-An) : i Wj a direct system ofk-analytic 
domains ofX whose transitive map Wj Wj is the inclusion Wi ^ Wj ^ X for any 
i < j e I. Suppose W converges to X and determines a topological covering ofX, i.e. 

Z = limW^„ \X\ = [j\IntiWi/X)\, 

iel i€l 

where Int(Wi/X) is the relative interior, hBERH . which coincides with the topological 
interior in X in this case by l lBERl I/ . 3.1.3/(i). Then the canonical set-theoretical map 

\im Hom{S, Wd Hom{S,X) 

iel 

induced by the composition Hom(S, Wj) Hom(S,X) of the embedding Lj: Wi X is 
bijective. 

Proof. The composition Hom(5,VF,) Hom(5,X) of the embedding : Wj X is 
injective for any i e I. Indeed, take two morphisms yQ, yi : 5 ^ Wi and suppose l o y^ = 
L o y^: S X. Fix representatives 70, Ti 6 Hom(S,,0l, Wi) of 70 and 71 respectively. 
Since 

(W'\ioy^'^)^(W'\ioy^^% 
there exist some element 70.5 e Hom(5, £/k,X) and bounded fc- algebra homomorphisms 



58 



00.5,0 '■ \o 00.5,1 '• such that the diagrams 



ro 



(0) 



70.5 



(0) 



TO 
00.5,0 

'-yo.5 



,5,0) ' 



ioyo 



(1) 



-4 Z 



yo.5 



(1) 



ri 



(0) 



-^(i^0.5,l) 



commute. The latter commutative diagram gives the commutative diagram 



(1) 



(iA0.5,0) 



ro 



ro.5 



) W^/ 



3! 



) > 



.5,1) 



yi 



(1) 



by the universality of an analytic domain c X, and it follows that 

To ~ri- 

Furthermore, the map 

lim Hom(5, WO ^ Hom(5, Z) 

is surjective. Indeed, take an element y e Hom(S,^,Z). Since an affinoid space is 
compact, there exists some i e I such that y^^^'^d.^ (Ay)|) c c By the universality 
of the analytic domain W, c X, there is the unique morphism y^'^ : ^(Ay) Wi such 
thati o yj^) = 7^1). Set 

71 '■= (y^^Krf^) e Hom(;t-Banach)(Ay,A:s) X Hom(;t-An)(Ay, Wi), 

and then one has loyi = y. Thus 

lim Hom(5 , Wd ^ Hom(5 , =<4, X) 



is surjective. 
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Corollary 1.4.20 (universality of the fibre product). Let Sk be a k-affinoid simplex, and 
X, Y, Z k-analytic spaces. Suppose Z admits a direct system W: I ^ {k-An) : i -v^^ Wi of 
k-affinoid domains ofZ satisfying the conditions that the transitive map Wi Wj is the 
inclusion Wi W j Z for any i < j e I, and that W converges to Z and determines 
a topological covering ofX. For any morphisms (p: X ^ Z and i/^: Y ^ Z, one has the 
canonical functorial set-theoretical bijective map 

Hom(S,X) XHo,n(s,z) Hom{S, Y) ^ Hom(S,XXz Y). 

Proof. Straightforward from the previous two propositions. □ 

Corollary 1.4.21. Let S k be a k-affinoid simplex, {S n,, . . . ,Smk] ^ Covs{S k), and X k- 
analytic space. Suppose X admits a direct system W: I ^ (k-An) : i Wi of k-affinoid 
domains ofX satisfying the conditions that the transitive map Wi Wj is the inclusion 
Wi '-^ Wj '-^ X for any i < j e /, and that W converges to X and determines a 
topological covering ofX. Then the sequence 

m m 

* Hom(S,X) ]^//om(5„X) ^ ]^//om(5, ASj,X) 

i=i ij=i 

is exact. 

Note that we need the assumption that X is a direct limit of affinoid domains because 
of the restriction that a morphism always factors through an affinoid space. The fibre 
product of finitely many affinoid spaces over a non-affinoid non- separated analytic space 
is not an affinoid space in general, but the fibre product of finitely many affinoid spaces 
over an analytic space which is a direct limit of affinoid domains is an affinoid space. 

Proof. Straightforward from the corollary of Tate's acyclicity, Proposition 11.2.291 and 
the universality of a direct limit, Proposition ll.4.19l □ 

Proposition 1.4.22 (universality of a rational domain). Let Sk be a k-affinoid simplex, A 
a k-affinoid algebra, V c ^(A) a rational domain, and y: S ^ ^(A) a morphism. If 
the image yK\Sk\) c \^{A)\ is contained in \V\ c \^{A)\, the morphismy: S ^{A) 
uniquely factors through the embedding V ^(A). 

Proposition 1.4.23 (universality of a Weierstrass domain). Let S t be a k-affinoid sim- 
plex, A a k-affinoid algebra, V c ^(A) a Weierstrass domain, and y: S ^ ^(A) a 
morphism. If the image y*(|5|) c \^{A)\ of the underlying polytope S <z S t is contained 
in \ V\ c \^(A)\, the morphism y: S ^ ^{A) uniquely factors through the embedding 

Proof. These propositions directly follow from the functoriality of the identification 
H°(-,Ga), Proposition II .4. 121 the universality of a rational domain, Propo sition 1 1 . 2 . 1 7l 
and the universality of a Weierstrass domain. Proposition ! 1.2. 191 □ 
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Though we do not have the universality of an analytic domain or an affinoid domain 
for a morphism from an affinoid simplex, the universalities of a rational domain and a 
Weierstrass domain of an affinoid space are easily extended. We introduce the extended 
notion of a rational domain and a Weierstrass domain of an affinoid space. 

Definition 1.4.24. Let X be a k-analytic space. An analytic domain U c X is said to be 
a rational domain (or a Weierstrass domain) if for any morphism (f> : ^(A) Xfrom a 
k-afftnoid space the pull-back c ^(A) is a rational domain (resp. a Weierstrass 

domain) of the affinoid space ^{A). 

For example, an analytic subset t/ c X of the form 

f/ := I ? 6 X I \fm < 1/0(01, = 1 , . . . , m ) c X 

for some global sections /o, . . . , fm e H°(X, Ox) satisfying (fo(t), f„{t)) ?t (0, . . . , 0) 
for any f e X is a rational domain, and an analytic subset U (zX oi the form 

U ■.= [t&X\ 1/(01 <di,"^i=l,...,m\zX 

for some global sections fi,...,fm 6 H*'(X, Ox) and parametres Ji, . . . , J„, e (0, 00) is 
a Weierstrass domain. Moreover, the notions of a rational domain and a Weierstrass 
domain are compatible with the original ones when we consider an affinoid space. One 
has the universality for them. 

Proposition 1.4.25 (universality of a rational domain). Let S tbe a k-affinoid simplex, X 
a k-analytic space, V <z X a rational domain, and y: S X a morphism. If the image 
y^{\Sk\) c |X| is contained in \ V\ c |X|, the morphism y: S ^ X uniquely factors through 
the embedding V ^ X. 

Proposition 1.4.26 (universality of a Weierstrass domain). Let S tbe a k-affinoid simplex, 
X a k-analytic space, V c X a Weierstrass domain, and y: S X a morphism. If the 
image y*(|5|) c |X| of the underlying polytope S <z S/, is contained in \V\ c |X|, the 
morphism y : S ^ X uniquely factors through the embedding V X. 

Proof. We only verify the first proposition. The universality of a Weierstrass domain is 
also verified in the same way. Fix a representative y 6 Hom(5, ^,X). Since the pull- 
back V := (y^^)~^{U) c ^(Ay) is a rational domain containing the image ^(y'^°^)(|5A:|) c 
\^(Ay)\, the bounded fc-algebra homomorphism y*^"^ : Ay ^ ks is uniquely extended to 
a bounded fc-algebra homomorphism y^°' : Ay ^ kg by the universality of a rational do- 
main, Proposition ll. 2.171 Let y|^ : S U he the equivalence class of an element 

(y°\y'^ly) 6 Hom(^.Banach)(Ay,fcs) X Hom(^.An)(K U) c Hom(5,^;t, U), 

and then obviously l o y\^ = y: S ^ X, where l is the inclusion U ^ X. □ 
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Relating with a Weierstrass domain, we introduce the notion of a Stein space in the 
sense of nBERlH . A Stein space has good properties concerning about the cohomology 
of coherent sheaves and the de Rham cohomology as is dealt with in [IBER4L 

Definition 1.4.27. A k-analytic space X is said to be Stein if it admits an increasing 
filtration Xq c Xi c • ■ • c UX, = X ofX by ajfinoid domains Xi such thatXi c Int(Xi+i/X) 
for each i e N andXj is a Weierstrass domain ofXi+[ for each i 6 N, where Int(Xi+i/X) is 
the relative interior. Call the sequence Xq <z X\ <z ■ ■ ■ c UX, = X a Weierstrass filtration 
ofX. 

Any relatively compact subspace is contained in a sufficiently large Xj. Each affinoid 
domain X, c X is a Weierstrass domain, and an analytic domain U c X is a Weierstrass 
domain if and only if it is a Weierstrass domain of the affinoid space X, for some i e N 
for any Weierstrass filtration (X,),gN. 

Definition 1.4.28. Let X be a k-analytic soace, and U <z X an analytic domain. If U is 
Stein, call it a Stein subspace. Moreover a Stein subspace U c X is said to be a Stein 
domain ifU admits a Weierstrass filtration consisting of Weierstrass domains ofX. 

In other words, a Stein domain is an analytic domain which is the direct limit of 
Weierstrass domains along a directed set N. In particular, a Weierstrass domain is a Stein 
domain. Note that a Weierstrass domain is locally closed in a strong sense: the pull-back 
by a morphism from an affinoid space is always closed. On the other hand, a Stein space 
can be an open subspace. For example. For example, an analytic subset U <z X of the 
form 

U :=[teX\ \f(t)\ <di,''i=\,...,m]<zX 

for some global sections fi,. . . ,f„ e H°(X, Ox) and parametres di, . . . ,dm 6 (0, oo) is a 
Stein domain. 

At the end of this subsection, we define the notion of a great domain, which is an 
analytic domain possessing the same universality as that of a Weierstrass domain. In 
particular a Weierstrass domain is a great domain. 

Definition 1.4.29. Let X be a k-analytic space. An analytic domain U c X is said to 
be a great domain ofX if U has the following universality. For any k-affinoid simplex 
S k and any morphism y: S X, if the image y^lS]) c |X| of the underlying polytope 
S c S k is contained in \U\ c |X|, the morphism y: S ^ X uniquely factors through the 
inclusion U X. If Uk <^ Xk is a great domain for any extention K/k of complete 
non-Archimedean fields, then we say U <zX is a universally great domain. 

Proposition 1.4.30. A Stein domain is a universal great domain. 

Proof. The ground field extension of a Stein domain is again a Stein domain, and hence 
it suffices to verify that a Stein domain is a great domain. Let X be a ^-analytic space and 
i7 c X a Stein domain. Take a Weierstrass filtration Uq a U\ c ■•■cU[/, = U consisting 
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of Weierstrass domains Ui <zX. For any fc-affinoid simplex S k and any morphism y: S ^ 
X, suppose the image y^d^l) c |X| of the underlying polytope S c S t is contained in 
\U\ c \X\. Since l^l is compact, there exists some i e N such that |5| c \Ui\ c \U\ c \X\. 
Since t/, c X is a Weierstrass domain, the morphism y: S ^ X uniquely factors through 
the inclusion Ui '-^ X, and hence one obtains a morphism S ^ Uj U. □ 

1.5 Analytic calculations 

In this subsection, we calculate the set Hom(5,X) for significant examples of analytic 
spaces X, making use of Proposition II .4.101 and Proposition ll.4.19l 

Lemma 1.5.1. The set-theoretical map 

HonHk-BanachMr'TUs) ^ {/ £ I I I/I b < ^1 

^ (0(ri ),..., 0(r J) 

induces the canonical bijective map 

Hom(S,D"^(d)) ^ { / 6 (ksT I ll/lls <d}, 
where d = {d\, . . . , dm) 6 (0, oo)'" and D^id) is the polydisc ^{k{d~^T]). 
Proof. We have only to show that the map 

Hom^.Banach(D^(^i?l),^s) { f & ks \ \\f\\s < di } 

is bijective, because 

k{d-'T} =, k{d\'T,}®u ■ --^kkid-jTJ. 

It follows from the general fact of a bounded fc-algebra homomorphism between k- 
Banach algebras. For a uniform fc-Banach algebra A, it is well-known that the map 

liom^k-Ban^ch)(k{d^^Ti},A) A 

(j) ^ 0(ri) 

is injective and its image coincides with the subset {/ e A | ||/|| < Ji) c A. □ 
Corollary 1.5.2. The bijective map above induces the canonical bijective maps 
Hom(S,b'^(d)) = {fe {ksT I WfWs < d ] 

and 

Hom(S,Ai:) = (ksr, 

where D^^id) is the open disc Ud'<d^(k{d''^T}) and A!^ is the affine space U^(k{d~^T}). 
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Proof. Trivial because 

t'^id) = \\mJ^{k{d-^T}). 

d'<d 

and 

= \im ^(k{d-^T}). 

d>0 

□ 

It may be one of the most important property of the affine space A^. They are re- 
garded as group objects in the class of fc-analytic spaces and analytic rectangles over k, 
and in particular the affine line = Al gives us the structure sheaf Os with respect to 
any suitable G-topology of S . Next, we calculate the unit circle A^(l, 1). 

Definition 1.5.3. Let A be a seminormed k-algebra. An element a € A is said to be 
power-bounded if the set {a" | « e N} c A is bounded, and is said to be topologically 
nilpotent //'lim„_^oo a" = or equivalently lim„^oo = 0. Denote by A° c A the subset 
of power-bounded elements, and by A°° the subset of topologically nilpotent elements. In 
particular k° is the valuation ring ofk, and k°° is the maximal ideal ofk°. In general, A° is 
a closed k° -subalgebra of A andA°° is an open ideal ofA°. In particular if A is uniform, 
then A° (or A°°) coincides with the closed (resp. open) unit ball of A. Set A := A°/A°°. 
Then A is a discrete k-algebra. 

Lemma 1.5.4. The set-theoretical map 

Hom^k-Banach)(k{TuT^\...,T„,T-'},ks) ^ (krr 

(t> ^ (4>(TO,...,4>(T„d) 

induces the canonical bijective map 

Hom{S,Aki\A))^{kTr^ 

where A^(l, 1) is the torus J^{k{Ti, T-\..., T„, T'^}). 

In the case m = 1, it is the unit circle A^(l, 1) = .y£(k{Tl,T:^^^). The symbol A 
indicates the term "annulus". In fact we want to use the symbol T for the term "torus' 
and the symbol for the unit circle in the case m = 1, but the symbols are confusing. 
The symbols S and T are reserved for polytopes. 

Proof. We have only to show that the map 

Hom(5,Ai(l,l)) ^ kf" 
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is bijective, because 

k{Tu T-,\ ...,T^, T-'} =k k{Tu T-,'}®k ■ ■ ■ ®kk{T^, K\ 

It follows from the general fact of a bounded /:-homomorphism of A^-Banach algebras. 
For a uniform fc-Banach algebra A, it is well-known that the map 

Hom(;t.Banach)(A:{ri,rf^},A) ^ A 

is injective and its image coincides with the subset {/ e | ||/|| = ||/~^|| = 1} c A. □ 
Lemma 1.5.5. The set-theoretical map 

HonHk.Banachmd^'^-'T,d^-'^T-'},ks) ^ { f ^ k^"' \ \\fn\s < dfK'^i = l,...,m, V = ±1 ) 

^ (0(ri),...,0(rj) 

induce the canonical bijective maps 

Hom(S,A';:(d^-'\d^'^)) ^ ( / e | < ^S"\''/ = 1, • • • ,m, V = +1 ) 

and 

Hom{SX{d^~'\d^'^)) ^ { / e A:^! H/HIr < ^"Vi = 1, . . . ,m, V = ±1 j , 

w/iereA;^(j(-i>,J(i>)anJA^(J(-i>,J(i))flre?/jeamM//^(A:{jf^ \i=\,...,m]) 
and lira ^{k{d'l^^~^Ti,df~^^T7^ \ i = 1, . . . ,m}) respectively, and where d'^~^^ anddf^^~^ 

in the limit run through all pair {df~^^ , df^^~^) G (0, oof such that d'f^^ < df~^^ < d'S^^~^ < 
df'-\ 

Corollary 1.5.6. The bijective maps above induce the canonical bijective map 

Hom{S, Qm,k) = kg, 
where Gm,k is the open torus U^(k{d'^Ti,d'T^^]). 
Proof. Trivial because 

G^,fc= lim ^(k{d-^Tud'Ti^}). 

0<d'<d 

□ 

We want to determine the multiplicative group k'^ and k°^'^ for a /c-affinoid simplex 
S k- We prepare some basic facts. In order to determine the unit group of a /:-Banach 
algebra A with a multiplicative norm, we often use the reduction functor A A, but 
what we want to analyse is a uniform ring ks , whose Gauss norm is not a multiplicative 
one. Moreover, although the reduction functor is sometimes used if we only see A°^, the 
reduced algebra A is not necessarily so good one. We only deal with a thick polytope 
now. If one wants to deal with an affinoid simplex associated with a polytope which is 
not thick, it is suffices to fix an isomorphic integral affine map. 
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Lemma 1.5.7. Let S <z W be a thick polytope containing (0, . . . , 0) e R". Then the 
residue ring ks is isomorphic to a k-algebra of the form 

A := k[T^ I X e Ek,„]/(Ti - 1, T^Ty - a^,yT^ \x,ye 

where a : Ek,n X Ek^„ k is a map satisfying a^^y = ay^^ and a^^a^^y = Ux^yzOy^z for (^^y 
x,y,z e Ek^n, and a^^y = unless \\x\\s,\\y\\s e Ik^'l and\\xy\\s = \\x\\s\\y\\s. 

Proof. Since S contains (0, . . . , 0), we know \\x\\s > \x(0, . . . , 0)| = 1 for any x e £'^_„. 
Fix a system c: Ek,„ k: x c^ such that |cj| = \\x\\s e [1, oo) if ||x||5 e \k^\ and Cx = 
if\\x\\s i n. Seta,,, := c^^c^c, e 'kifWxhAlyWs e n and \\xy\\s = \\x\\s\\yh, and 
cix,y = if else. The map a satisfies the given condition. Define the ring homomorphism 
(f>: A:° ^ Aby 



The kernel of <p coincides with Obviously <p is surjective, and hence we have done. 

□ 

The reduction ks is not so simpUfied. Instead of it, we introduce the new idea of the 
reduction. 

Definition 1.5.8. Let S cW be a thick polytope. Then the strict residue ring ks ofks is 
a k-algebra 

ks ■=(ksrK(ksy° + (k°°)s), 

where {k°°)s is an ideal {/ e {ksT \fxek°°,xe E^J c 

Definition 1.5.9. Set Ei := {x e Ek,i \ \x(l)\ = 1}. Note that for a thick polytope S cW 
containing (0, . . . , 0) e R", one has 



{E,f = [xeEk,n\\x(t)\ = l/teS] 

= [xeEk,n\\\x\\s=\\x-% = l]. 



Lemma 1.5.10. Let S c W be a thick polytope containing (0, . . . , 0) G R". Then the 
strict residue ring ks is isomorphic to a k-algebra of the form 

A := k[Tx I X G (E,ry(T, - 1, TxTy - Txy \ x,y e {E,T) 

by the canonical homomorphism 

(ksT^A-.f^ YjIxTx. 

The homomorphism makes sense because the right hand side is an essetially finite sum 
of elements of the form fxTxfor an element x e (Ei)". Remark that 1/11^:115 > 1, thenfx = 
£k because \\f\\s = 1. 
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Proof. The homomorphism is surjective and the kernel of the given homomorphism is 
obviously fer + □ 



Using the idea of the strict reduction ks ks, the unit group of ks is easily calculated 
as below: 

Proposition 1.5.11. Let S <z W be a thick polytope containing (0, ...,0) e R". An 

element f e (ksT is invertible in (ksY if and only if there uniquely exists an element 
X e Ef^n such that = 1, \\A\s = lU^lls = 1. (^nd Wf^^x'^ f - l\\s < 1. In other words, 
the canonical homorphism 

r^x(£irx(i + fcr) ^ fcr 

(a,x,\+g) ^ ax(\ + g) 

is an isomorphism. Moreover if the valuation of k is discrete and the residue field k is 
perfect, one has 

[^x]x(£i)«x(i + (;t5r) = {ksr 

{a,x,\+g) ax{l+g), 
where [•] : k^ k°^ is the Teichmuller embedding. 

Proof. The sufficiency is trivial because ks is complete. Take an arbitrary / 6 (^5)°^. 
Since / is invertible, its image / by the strict reduction map {ksY ks is invertible in 
^5 =1 A. There exists some x e E^^n such that |/^| = 1, ||;c||5 = ||a:~'||s = 1, and either 
l/yllljlls < 1 or |/,,| < 1 for any y x e because A^ = {aT^ £ A \ a ek^,x,x'^ £ Ms}. 
Set F := {y e Ek,n I \fy\\\y\\s = !}• Since limj,6£,„ |/vllly||s = 0, we know F is a finite set 
containing x. Let M c be the Z-submodule generated by F, and fix a total order 
of M compatible with its group structure as we have done in the proof of Proposition 
I1.1.39I We want to prove the cardinarity of F is 1. Assume F has two or more elements. 
A total order is a total order also with respect to its reverse order, and therefore we may 
and do assume x is not the greatest element of F without loss of generality replacing its 
total order to its reverse order. Let x' > xhe the greatest element of F. Denote by g 
the inverse element 6 (^5)°^, and set G := {y e Ek,n I l^yllblls = !}• The finite set 
FG := {yz\y £ F,z £ G} contains 1 because x~^ e G. Since x' > x, one has x'x~^ > 1 e 
FG. Since (fg)x'x-' = ^x'x-' = 0^ there exists another element xi e F than x' such that 
x'x~^x^^ 6 G. Then one has x'^x'^x^^ > jc'jc ' > 1 e FG. Repeating this process, there 
exist some X2,xt,, . . . < x' e F such that x'^^x'^x'^x':^ ,x'^x~''x~yX'^ , ... e G. Then one 
has a non- stable increasing sequence 1 < x'x'^ < x'^x'^x^^ < x'^ x~^ x~,^ x':^ < ■ ■ ■ e FG, 
and it contradicts the fact FG is a finite set. It follows F has no more than one element x. 
We have done. □ 

Corollary 1.5.12. The set-theoretical bijective map 

Hom^k-Banach)(k{Ti,Ti^},ks) (ksT'' 
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and the canonical isomorphism 

k°''x(E,rxii+(ksr) ^ fer 

(a,x,\+g) ^ ax(l + g) 

induce the canonical bijective map 

HomiS,Alil, 1)) ^ X X (1 + (ksD. 
Moreover if the valuation ofk is discrete and the residue field k is perfect, one has 

[B] X (Elf X (1 + (ksD = Hom{S,Al(h 1)). 

In particular the unit group of (fc[o,i]")° has bee calculated. In order to determine the 
unit group (fc[o,i]'0^5 one has to repeat a similar but much more complicated process. 

Proposition 1.5.13. Suppose dimqVI^^I < oo- Let S c R" be a thick polytope containing 
(0, . . . , 0) 6 R.". An element f & ks is invertible if and only if there uniquely exists an 
X £ Ef^n such that |/;c|||x||5 = II/II5 and \\f^^x~^ f - \\\s < 1. In other words, the canonical 
homorphism 

Fx£,,„x(i + fer) ^ {ksT 

ia,x,\+g) ^ axil^-g) 

is an isomorphism. Moreover if the valuation of k is discrete and the residue field k is 
perfect, one has 

[^x]x;r^x£,,„x(l+fer) = {hT 

{a, x,l+g) ^ a<x(l + g). 

Proof. The sufficiency is trivial because ks is complete. Take an arbitrary / e (^5)^. To 
begin with, we prove there uniquely exists an x e Ek,n such that |/v| = maxj,g£-j„ \fy\ and 
I/yI > \fy\ for any y x £ Since S contains (0, ... ,0), we know \\x\\s > 1 for any 
X 6 Ej^n- By the definition of kg, one has lim^gfij,, \ fx\ < lim^eEk,, \ fx\\\M\s = 0- Therefore 
the subset {|/v| | x e Ei, „} c [0, 00)} has a non-zero greatest element because f 0. Set 
F := {x e Ek,n I \fx\ = maxyg^j,, |/v|}, and then F is a finite set. Similarly, set g := 
and G := [x e Ek,n I l^.vl > (maxj.e£,„ |/vl)"M- Since fg= 1, we know I e FG := [xy \ 
X £ F,y e G}. Indeed, if 1 ^ FG, then \fA\gx-i\ < (max,g£,„ |/,.|)(maxj,g£,„ \fy\)-^ = 1 
for any x £ and hence 1 = |1| = | 2;te£,,„ fxgx-'\ < 1 because lim.,g£,„ f^g^-i = 0. It 
is a contradiction. Take an x £ F satisfying x~^ £ G. Fix a total order of the finitely 
generated (free) Z-submodule M c „ generated by F and G compatible with its group 
structure as we did in the proof of Proposition 1 1.1. 391 Let x' > x £ F and x" > x~^ £ G 
be the greatest elements. For any {y,z) + {x! ,x") £ Ek^n x E^^n satisfying = x' x" , one 
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has _y ^ or z ^ G by the choice of x' and x" , and hence l/^llgzl < l/^'llgx"!- It implies 
= \{Sg)^A = l/;t'llg;t"l > 0, i.c. x' x" = 1 = xx~^ . Therefore x' = x and x" = x~^ 
by the choice of xf and x". On the other hand, take the least element x"' < x e F and 
x"" < x~^ e G. By the totally same argument, one obtains x'" = x and x"" = x~^. Hence 
F = {x} and G = {x^}. In addition by the argument of the absolute value of coefficients 
above, one has obtained the equality = 1. 

Now we prove \f;'x-'f - l\s < 1, i.e. |(x-V),|||3;||5 = \U\\y\\s < \fA = \(x-'fh\ for 
any y ^ 1 e Ek,n- Embedding ^5 into Cs and repelacing k to C, we may and do assume k 
is algebraically closed and £'yt „ is a Q-vector space. Remark that the second implication 
of this proposition directly follows from the first implication, and hence one does not 
have to warry about the fact that C is not a discrete valuation field. 

Assume raw^y^i^E,Jfxy\\\y\\s > \fx\ , and set U := {y € E^^„ \ y ^ 1, I/q^IUjUs = 
maxy6£,„ l/xy'lll/lls} 0. Then [/ is a finite set because |/xzll|z||s = ^ 0- 

Since \fxy\ < \fx\, one has \\y\\s > 1 for any y e U. Take a yo £ U such that \f„.^\ = 
maxyeu \fxy\- Set V := {y £ Eu^^ \ \\y\\s = 1}, and fix a Q-basis {ji U e A} of V. Take a 
complementary space W e E^^^n of ^ containing jq. Since dimQ-^i^ < 00, W is of finite 
dimension. Take a Q-basis {yo> • • ■■>yk} of ^ containing y^. The system {j^ | /I e A' := 
A U {0, . . . ,^}} forms a Q-basis of Set U' := {z £ U \ |^| = £ V] = 

{yo, zi, . . . , Zm), and n = y'' := 11)^^' by the unique multi-index /,• = {IiA)AeK' e Q®'^'- {Uo = 
1 and 7,1 = • • • = 7,^ = by the definition of U' .) Then the set L := e A i la + 0, = 
1, . . . , m} is a finite set, and set L = [h, Ij} and 7; = (Jn, Jij) := (4i , . . . , 4,) e Q^ 

so that Zi = yoyf '■= JoJ^'' • • • for each i = 1, . . . ,m. Since z,'s are distinct, so are the 
multi-indices 7;'s. Consider the polynomial 



P(Tu 



m r m J. 



Since = • • • = I/;^,^/;^^,! = 1, the residue P e k[Tu Tj] is the sum of m distinct 

monomials. Since k is algebraically closed, it is an infinite field. Hence there exists some 
u = (m7, . . . , u^) e k such that P(u) ek, and take a lift u = (U], . . . , m,„) g k°^ of m. By 
the choice of w, one has \P(u)\ = 1. Now the image of algebra homomorphism 



(p-.ks ^ k[[T^\i = 0,...,m,qeQ]] 



/ 



is contained in the fc-subalgebra 



k{W] := {F(ri, . . . , € A:[[rf |i = 0, . . . ,m,^ e Q]] I lim |F;|||>;J • • - jj^ls = 0}, 

\I\->oo 

Jil. 

, 'l 



where y^ and w^' are the essentially finite products H^eaJ^ and H^^w,. '' . Equiping k{W] a 
power-multiplicative norm 

\\-\\s:k{W} ^ [0,cx,) 
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^ max|F,|||);J•••3;J^ 



IS, 



we regard k{W} as a A:-Banach algebra and as a bounded ^-homomorphism restricting 

its codomain. Set F := (P(x-'f) e %^}^ and then = |F(i,o,...,o)lll>'olLv = lUJboWs > 
\fx\ = l^(o,...,o)ll|l||s- Indeed, for any z e yoV\U' one has either |/;tzllboll5 = \f.M\s < 
\fxyo\\\yo\\s or I/,, I < by the definition of U and U'. It follows \f:cyoy'U^'\ < If^yJ for 
any J e Q®^ satisfying ygy' t U' . On the other hand, by the definition of u, one has 



= l/;cyo^(")l = l/;cyoll^(")l = Ifxyol 



and hence 



l^(i,o,...,o)l - 



^ fxyoyJH'' 



Ibolls = l/xyollbolls 



Furthermore, one has 



l%...,o)ll|l|ls = 



lis = 



fx+ ^ /V"'^ 



= l/.l 



and 



lly^••3'^1ls<max|/.o...,vlll3'o 



I4y..y?/iiirf • • •3'?/ II ^ ii^"7iis = i^oiiboii 



•3'?ll^ 



for any / e 



We conclude \\F\\s 



(1,0,. ..,0) 



\\\yo\ 



\fx.J\yo\\s > = 



((),...,()) I 



Now replacing S to its convex closure, we assume S is convex and arcwise connected. 

Since |F(i,o,...,o)lllyolls = l/xvoHNIIs > \fx\ = l^(0,...,0)ll|l|ls > l/;cyol = l/;cyol|xyo(0,...,0)|, 

there exists some point t e S such that = o,...,o)llyo(OI = l^/lbo ' ' '^k^^^^ some 
l^(l,0,...,0)e Q*^"^\ where is given by the bounded multiplicative norm 



\r.k{W} ^ [0,cx,) 

F' ^ max\F'j\\y'^---yf{t)\. 



Denote by k{W}t the completion of k{W} with respect to the valuation || • ||(. Then F e 
because F e k{W}^. Fix a sufficiently large algebraically closed extension C/k of 
complete non-Archimedean fields equiped with a surjective valuation | • | : C ^ [0, oo), 
and take a group-theoretical section ^ : s of the valuation. Then 



70 



p-iog\„m\<F 6 Q{C{W]tT is invertible in 2(C{W^},)° because || • IL is a valuation, where 
Q{C{W}t) is the field of fraction of C{W]t, and therefore the image of p-^»s\pm\>F in the 
residue field Q{C{W}t) is also invertible. The C-homomorphism 

Q{C{W]d^C[Tl\i = Q,...,k,qem 
induced by the surjective homomorphism 

C{W]° ^ C[rf I / = o,...,fc,^eQ] = Urn C[ro%ro r;,r/] 

reN+ 

F' ^ max ^-y^oi jh . . . jh 

is an isomorphism. However, the image of p'^^swWWtp in the residue field C[r^^ | / = 
0, . . . ^ 6 Q] is not a monomial because of the condition ||F||, = o,...,o)lljo(OI = 
l^/lbo ■ ■ (^)l' ^'^^ hence not invertible. It's a contradiction. Therefore we conclude 

maxj.^ig£,„ IA,,|||3^||5 < lA-l, and we have done. □ 

Corollary 1.5.14. Suppose dimQVI^^I < The bijective maps above induce the canon- 
ical bijective map 

Hom(S, G„,,,) = fcj = F X X (1 + {ksD. 
Moreover if the valuation ofk is discrete and k is perfect, then one has 

[^^] X X Eu,n X (1 + {ksD = Hom{S,Qm,k), 
where tt^ & k is a uniformizer ofk. 
We finish the examples. 

2 Overconvergence 

In this section, we deal with overconvergent analytic functions. There seems to be two 
ways of considering an overconvergent structure of a rigid analytic space: arranging the 
information of the underlying topological space of an analytic space, or arranging the 
infomation of the structure sheaf. The first one is the idea of the use of a k-germ defined 
in [IBER2II . A fc-germ has an information of a neighbourhood of its underlying space, 
and therefore it is easily equiped with the overconvergent structure in a natural way: just 
consider analytic functions which can be extended to a neighbourhood of the domain. 
There is a fully faithful functor from the category of ^-analytic spaces to the category of 
^-germs. The image of a closed analytic space (i.e. an analytic space with no boundary, 
HBERIH ) by the functor seems to have the required overconvergent structure, but images 
of affinoid spaces are different from what we want even if they are rig-smooth. For exam- 
ple, the image of the closed unit disc is the ^-germ [D^, D^], but what seems to be an 
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intuitively collect object is the k-germ [A],, Dl]. We failed to construct good overconver- 
gent struucture of ^-germ resolving this "non-closed case problem". The other one is the 
idea of the use of a ^-daggaer space, which is introduced by Elmar Grosse-Kloenne in 
HKLOIL A ^-dagger space is a G-topological space whose underlying topological space 
is that of a rigid fc-analytic space in the sense of HBGRI and which is equiped with a 
dense subsheaf of a finitely generated weakly complete /:-algebra of the structure sheaf 
as a /:-analytic space on what is called the strong G-topology of it. For the terminology 
of a ^-dagger space and a general weakly complete fc- algebra, see HKLOIL We intro- 
duce more general definition of ^-dagger space corresponding to a (not necessarily strict) 
^-analytic space, and distinguish it from the previous one, which we will call a strict k- 
dagger space. There is a fully faithful functor from the category of strict ^-dagger spaces 
to the cateogry of rigid analytic spaces. The category of partially proper strict A:-dagger 
spaces is equivalent with the category of partially proper rigid analytic spaces by [IKLOlll , 
2.27, and the category of paracompact Hausdorff strictly /^-analytic space is equivalent 
with the category of quasi- separated rigid ^-analytic spaces which admit an admissible 
aflinoid covering of finite type by [ BER2II . 1.6.1. Note that rigid Stein spaces and closed 
rigid analytic spaces are partilly proper, and therefore we can regard a Hausdorff strict 
^-analytic space which is a Stein space or a paracompact smooth space as a ^-dagger 
space. For more detail, see HKLOIL [IKL02L and [IKL03L 

2.1 Weak completeness 

In this subsection, we introduce the notion of weak completeness of a normed /^-algebra. 
The original notion of weak completeness is refered to for an abstract algebra called "an 
{R, /)-algebra" by P. Monsky and G. Wachnitzer in [IMWi . and such an algebra is canon- 
ically endowed with the structure of a topological ring regarded as an adic ring in the 
sense of HHUBL Roland Huber used an adic ring in a certain class, called an aflinoid 
ring in his works. Of course the term "affinoid ring" indicates the object difl"erent from 
the affinoid algebra we are dealing with in this paper, but is heavily related with it. For 
the terminology of an adic ring, see flHUBl . Now, we want to make use of the notion 
of weak completeness for a normed fc-algebra. Though an adic ring over (k, k°) does not 
necessarily admit a structure of a normed ^-algebra, an affinoid ring (A, A^) satisfying the 
following handy conditions is naturally regarded as a uniformly normed fc-algebra. The 
conditions are that A is a Hausdorff topological ^-algebra, that A° C\k = k° , that A° c A 
is open, that A^ = A°, and that A°° c A° is an ideal of the definition of A. Therefore 
we extend the notion of weak completeness to the class of uniformly normed fc-algebras. 
The condition for the weak completeness makes sense if one rejects the assumption of 
the uniformity, and hence we state the definition of the weak completeness of a normed 
fc-algebra. To begin with, before extending the notion of the weak completeness to the 
class of normed fc-algebras, we introduce the most basic example of an weakly complete 
normed algebra called a Monsky -Washnitzer algebra, which is deeply studied in the vari- 
ous works by Elmar Grosse-Klonne. We will not prove lemmas for the well-known facts 
and the straightforward facts about weak completeness and dagger algebras. Almost all 
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properties of weak completeness of a normed ^-algebra is verified in the totally same way 
as that of an (R, 7)-algebra. 

Definition 2.1.1. For an integer m e N and a parametre r = (ri, . . . , r^) e (0, 00)"*, set 
kir-'T}"^ = k{r\'Tu r-jTj := Urn k{r'-'T}, 

where the limit is the direct limit of the underlying k-algebras. By the exactness of the 
direct limit, the canonical k-algebra homomorphismk{r'^T]'' k{r~^T} is injective, and 
regard k{r~^T}^ as a k-subalgebra ofk{r~^T]. Endow ^{r~'r}^ c ^{r~'r} the restriction 
of the Gauss norm ofk[r~^T}. Call k{r~^T}^ a general Monsky-Washnitzer algebra. If 
r = (1, . . . , 1), then write k{T}^ = k{Ti, . . ., T^}^ instead ofk{r~^T}^ for short, and call 
k{T}^ a Monsky-Washnitzer algebra. 

This notation k{r~^T}^ does not imply the existence a "dagger" operator A ^ from 
an affinoid algebra to an weakly complete algebra. For example, if an affinoid algebra 
A has two distinct presentation k{r~^T}/I and k{r'~^T'}/r, the two associated /:-algebra 
yt{r-ir}V(/ n k{r-^T}^) and A:{r'-ir'}V(/' n k{r'~^T'}^) possibly differ from each other. 
Now such an algebra is endowed with two topologies. One is the relative topology of 
k{r~^T}, which is the topology given by the Gauss norm. The other one is the underlying 
topology of the direct limit as a topological A:-algebra. Be careful about the treatment 
of the direct limit. One has to distinguish the direct limits in the ten categories of k- 
algebras, of topological spaces, of topological vector spaces, of topological A;-algebras, 
of seminormed A;-algebras, of normed A;-algebras, of A;-Banach algebras, of uniformly 
seminormed ^-algebras, of uniformly normed ^-algebras, and of uniform fc-Banach alge- 
bras from each other. 

The categories of seminormed /c-algebras, normed fc-algebras, and fc-Banach algebras 
do not admit the direct limit along an arbitrary direct system, while the other categories 
do. Consider the case the direct limit exists for a direct system. The underlying k- 
algebras of the direct limits in the categories of topological ^-algebras and of uniformly 
seminormed ^-algebras coincide with the direct limit of the underlying ^-algebras. The 
underlying fc- vector space of the direct limit in the category of fc-algebras coincides with 
the direct limit of the underlying topological ^-vector spaces, and the underlying set of 
the direct limit of the underlying ^-algebras coincides with the underlying set of the di- 
rect limit of the underlying topological space. However, the underlying ^-algebra of the 
direct limit in the other categories do not coincide with the direct limit of the underlying 
^-algebras in general. The direct limit of uniform ones in the category of not necessarily 
uniform ones is uniform and hence coincides with the direct limit of them in the category 
of uniform ones. Each of the underlying topology of the direct limit in the category of 
topological A:- vector spaces, the underlying topology of the direct limit in the category of 
topological fc-algebras, and the direct limit topology, which is the topology of the direct 
limit in the category of topological spaces, is much finer than the underlying topology 
of the direct limit in the category of uniformly seminormed algebras. One marely uses 
the direct limit topology because it does not guarantee the continuity of the addition and 
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the multiplication. Similarly the topology as the direct limit in the category of topologi- 
cal ^-vector spaces is not interesting. The topology as the direct limit in the category of 
topological A:-algebra works well, but it is hard to handle and analyse. Therefore the most 
suitable topology is given by the direct limit seminorm. Now there is a canonical surjec- 
tive /:-algebra homomorphism from the direct limit of the underlying /:-algebras to the 
underlying A:-algebra of the direct limit in the category of uniformly normed ^-algebras, 
which is not injective in general. It is injective if and only if the direct limit seminorm, 
which is the seminorm of the direct limit in the category of uniformly seminormed k- 
algebras, is a norm. Then the direct limit seminorm coincides with the direct limit norm, 
which is the norm of the direct limit in the category of uniformly normed /:-algebras. 

The ^-algebra k{r~^T}'^ is the direct limit of the underlying A:-algebra of multiplicative 
^-Banach algebras, and it coincides with the underlying fc-algebra of the direct limits in 
the categories of topological ^-algebras, of seminormed A:-algebras, of normed A:-algebras, 
of uniformly seminormed ^-algebras, and of uniformly normed /:-algebras. It does not 
coincide with the underlying /:-algebra of the direct limits in the categories of /:-Banach 
algebras or of uniform ^-Banach algebras in general. The direct limit seminorm and 
the direct limit norm coincide with the restriction of the Gauss norm of k{r~^T}. As 
we mentioned, the topologies other than the one given by the direct limit seminorm are 
bothersome. Therefore we endow k{r~^T}^ with the topology given by the Gauss norm. 



Definition 2.1.2 (formal partial differential). For integers n,i €.N satisfying 1 < i < n, 
define the partial differential d/dTi : A:[[r]] k[[T]] = k[[Ti, . . . , T„]] by setting 



for each F = ^/gjj F[T' 6 A:[[r]], where Si € N" is the vector whose all entries except the 
i-th entry are and whose i-th entry is 1. 

Lemma 2.1.3 (Leibniz rule). For integers n,i €N satisfying I < i < n and formal power 
series F,G € k[[T]] = k[[Ti, . . . , one has 



dTi dTi 



dFG 




dTi 



Proof. Note that k{{T~\~\ is an integral domain. One has 
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and it follows 



lew ) V/eN" / V/€N" / KjeW 



V/eN' 

dG dF 
dTi ' dTi ' 



dFG _ ^dG_ ^ 
"577" &Ti^&Ti ■ 



Lemma 2.1.4. For pammetres r = (ri, . . . , r„) 6 (0, oo)", the partial differential pre- 
serves the k-subalgebras k{r~^T)^ c k{r~^T} c /:[[r]] = k\\Ti, . . . , T„]]. The restrictions 
d/dTi'. k{r~^T}^ k{r~^T}^ and d I dTi'. k{r~^T} k{r~^T} are bounded k-linear homo- 
morphism of operator norm 1. 

Proof. Take a formal power series F = 2/eN« Fi^' G k[[T]i] and suppose F e k{r~^Ty or 
F G k{r~^T}. For any i = l,...,n, one has 

\Fi^s.(I. + 1)1/ < \Fj^sy 

and hence dF/dTi e k{r'^T}^ or dF/dTi e k{r~^T} respectively. The operator norm is 
obviously 1 by the estimation above. □ 

Lemma 2.1.5. The k-subalgebra k{r~^T]^ c k[r'^T} is the subset of a power-series 
F = Zi/eN"- FiT' £ k{r~^T] such that there exists some 6 e (0, 1) such that \Fi\r' < 6^'^ for 
sufficiently large I G N"". 

Lemma 2.1.6. The subset k{r~^T}'^ c k{r~^T} is the k-subalgebra generated by power- 
series F G k{r'^T} satisfying that there exist parametres 6 G (0, 1) and A G (0, oo), and a 
sequence (Pd)d€fi ^ k[T]^ of polynomials such that deg < A(d + 1) and \\Pd\\ < S'' with 
respect to the Gauss norm o/^{||/ir^r}/or each d €N and F = X<i€N Pdif) ^ k{r~^T}. 

Corollary 2.1.7. Thefollwing are equivalent for a normed k-algebra A: 

(i) for any m G N and for any f = (f, . . . ,fm) £ iA\{0})'", the k-algebra homomor- 
phism k[T] ^ A: T f is uniquely extended to a bounded k-algebra homomor- 
phismk{\\f\\-^T}^ ^ A; 

(ii) for any m G N, for any f = (f, . . . ,f„) G (A\{0})'", for any 6 G (0, 1), and for 
any powerseries F = 'Zj^^m FjT' G A:{||/|r^r} = A;{||/iir^ri, . . . , ||/;„||r;„} such that 
\Fi\\\f\\' < ^'^ for each I G N'", the infinite sum E/sn- Fif = E/eN- Fifl' ■■■ft 
converges in A; and 

(Hi) for any m G N, for any f = (f, ...,fm) € (A\{0})'", for any 6 G (0, 1), for any 

A e (0, oo), and for any sequence {Pd)dm ^ k[T]^ = k[Ti, . . . , T,„]^ of polynomials 
such that degPd < A(d +1) and \\Pd\\ < 5"^ with respect to the Gauss norm of 
k{\\f\\~^T] for each J G N, the infinite sum YidmPdif) converges in A. 
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Moreover, if the valuation ofk is non-trivial and if A is uniform, the conditions (i)-(iii) 
are equivalent with each of 

(i) ' for any m 6 N and for any f = (fi, . . . ,/„,) 6 (A°)'", the k-homomorphism k[T] 

A: T f is uniquely extended to k{T}^ A; 

(ii) ' for any m 6 N, for any f = (/i, . . . , f^) e (A°)'", for any 6 e (0, 1), and for any 

powerseries F = Z/sn™ P^i^' e ^{7^} = k{Ti, . . . , 1^} such that \Fi\ < 5'^' for each 
I e N™, the infinite sum Yjiew Fif' = H/eN" Fifi ' ' ' fm converges in A; and 

(Hi)' for any m e N, for any f = (/i, . . . ,fm) 6 {A°)"\ for any 6 e (0, 1), for any 
A 6 (0, oo), and for any sequence (Pd)deN 6 k[Tf^ = k[Ti, . . . , Tmf"^^ of polynomials 
such that degPd < A(d + 1) and \\Pd\\ < 5'^ with respect to the Gauss norm ofk{T} 
for each d eM, the infinite sum 2rfeN Pd(f) converges in A. 

Note that the conditions (ii) and (iii) are requivalent for a seminormed fc-algebra. Us- 
ing these equivalent conditions, we define the notion of weak completeness of a normed 
fc-algebra. 

Definition 2.1.8. A seminormed k-algebra A is said to be weakly complete if it satisfies 
one of the conditions (ii) and (iii) in the previous lemma. A weakly complete seminormed 
k-algebra is said to be an weakly complete k-algebra if it is a normed k-algebra. If in 
addition p(A) c Vl^^l U {0} c [0, oo), we say A is an weakly complete strict k-algebra, 
where p is the spectral radius 

p: A [0, oo) 

/ ^ p(/):=lim||/"ir/". 

neN 

By the previpus lemma, a normed ^-algebra is weakly complete if and only if it 
satisfies one of the conditions (i)-(iii). 

Definition 2.1.9. An weakly complete k-algebra A is said to be a finitely generated weakly 
complete k-algebra if there exist an integer m 6 N and elements f = (f\,. . ., fm) 6 
(A\{0})'" such that for any g e A, there exist and a powerseries F = TjieW'FiT' 6 

^{||/ir^r}t = k{m-'Tu...,\\fn\\-'T,n]^ such that g = Z/eN-i^// = Zleir' F,f' = 
Z/eN'" Flf\ ' ' ' fm 6 A. 

A fc-Banach algebra is weakly complete. By the criterion for strictness, nBERll . 
2.1.6, an affinoid algebra is an weakly complete strict fc- algebra if and only if it is a strict 
A:-affinoid algebra. 

Lemma 2.1.10. A k-algebra of the form k{r~^TY is a Noetherian ring, and any ideal 
I c k{r~^T}^ is closed. 

Definition 2.1.11. For a proper ideal I 5 k{r~^T]\ endow k{r~^T]^ jl the quotient semi- 
norm. By the previous lemma, the quotient seminorm is a norm and hence k{r~^T]^ jl is a 
normed k-algebra which is a dense k-subalgebra of the k-Banach algebra k{r~^T}/k{r~^T}I. 
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Lemma 2.1.12. A k-algebra of the form k{r ^T]^! is a finitely generated weakly com- 
plete with respect to the quotient norm. 

Proof. To begin with, we verify that A := k{r'^T]^ II = k{r~^Ti, r'^Tn)^ jl is weakly 
complete. Take an integer m G N and elements f = (fi,.. .,fm) s (A\{0})'", a parametre 
6 e (0,1), and a powerseries F = Zi^n-FiT' e ^{||/||-ir} = k{m\-'Tu . . . ,\\fm\\T^} 
such that < (J'^' for each / G N*". Fix a representative 



7eN" 



7eN" 



of fi such that \\fi\\ < \\fi\\ < S'^'^WfiW for each i=l,...,m. Then one has 



M<\I\<M' 



M<\I\<M' 1=1 V7eN" 

m Ij n 

M<\I\<M' f^iwy 1=1 j=l ;=1 

' m li ^ 

Jeir \m<\I\<M' J^l+-+J^m=J '=1 i=i ' y 



Z 

M<|/|<M' 



< 
< 

M,M'^°° 



z z z nn^^,, 

/eN" VM<|/|<M' ^1+-+ Jm=J 1=1 7=1 

m 7; 

sup max max | /j \r^ 

/6N" M<|7|<M' ^i+-+^„=7 1^1 —A; 

m /, 

1=1 \]=i 

m ( li 

max sup max \ \\fi \r'^''' 

M<|7|<M' yeN" A=-/ y A A f -A; 

'<7<M' 1 1 — M<7<M' 1 1 



max sup max \Fj 

M<\I\<M' J^-^n _/l+- + /,n=J 



\ \ 

/ 



M<|7|<M' 

;=1 

max ^1^1/2=5^^/2 

M<\l\<M' 





and hence the infinite sum Y^i^^nFjf converges in k{r ^7}. Now the infinite sum is 
presented as 



z^'/'=zz^' z nn^^„ 

7€N» Jew \leW Ji+-+ /,n=J i=l 7=1 
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Take parametres 6' e (0, 1) such that ^ 6 k{6'h-^T} c kir^T}^ and the norm ||^||' of ^ 
in k{6'^r~^T} satisfies \\fi\\' < 6'^\\fi\\ for any / = 1, . . . ,m. One obtains 



lim 

\J\-^oo 



lim max|F/| 

\J\-^oo /eN" 



max 



g'\J\-2\J\j.J 



- — ' =1 7=1 

^ (=1 j=i ) 

< lim ,5'l^lmax|F;inn max i\fi \5'-^\^'\rA 

i— 1 J — 1 

m m 

< lim 5'!^ max Ff ||/;ir^' < lim max U 6-'''^\\M'^ 

\J\-^oo /€N" 1 1 — \J\^oo /eN" 1 1 

i=l i=l 

m 

= lim max r'^l^^j^^i O y < ^'1^1 max 6^'^'^ 



!=1 

= lim = 0, 

and hence the infinite sum H/gn'"^//' is contained in A:{5'r~^r} c A:{r"^r}^ By the 
continuity of the admissible epimorphismfc{r~^r}^ -» ^:{r~^7'}V/ = A, it follows that the 
infinite sum E/eN™ ^//^ converges in A. 

The weakly complete A^-algebra A is finitely generated, because the images ofTi,...,T„£ 
k{r~^T]^ in A are obviously generators. □ 

Definition 2.1.13. A normed k-algebra is said to be a k-dagger algebra if it admits an 
admissible epimorphism from a normed k-algebra of the form k{r~^T}K By the previous 
lemma, a k-dagger algebra is a finitely generated weakly complete k-algebra. If we can 
set r = {\, . . . ,\), then we say the k-algebra is a strict k-dagger algebra. 

Definition 2.1.14. Let A be a normed k-algebra, and denote by A the completion of A. 

Define c A the subset of elements a e A such that there exist an integer m € N, 
elements f = (/i, . . . ,f„) e (A\{0})"', and a powerseries F = E/eN™ ^i^' ^ HWfW'^T}^ 
such that € hat A. Call the weak completion of A. Similarly for 

a seminormed k-algebra A, define its weak completion as the weak completion of the 
normed k-algebra A/Ia endowed with the quotient norm with respect to the quotient by 
the support ideal Ia '■= {a e A \ \\a\\ - 0}. 

Lemma 2.1.15. The subset A'^ <z Ais a weakly complete k-subalgebra with respect to the 
restriction of the norm of A, and A is dense in A^. Moreover, c A is the minimal weakly 
complete k-subalgebra containing A, which is the intersection of all weakly complete k- 
subalgebra of A containing A. 

Lemma 2.1.16. For a bounded k-algebra homomorphism (p: A ^ B between normed 
k-algebras, denote by A B the unique bounded extension of (p. Then one has 
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0(Af ) c B"^. The restriction (j)^ := : ^ B"^ of^ is the unique bounded extension of 

Lemma 2.1.17. The completion of an weakly complete k-algebra is a k-affinoid algebra. 

Definition 2.1.18. Denote by (k-NAlg) and (k-WBanach) the categories of normed k- 
algebras and weakly complete k-algebras respectively whose morphisms are bounded 
k-algebra homomorphism. 

Definition 2.1.19. Define the functor t : (k-NAlg) {k-WBanach) by the correspon- 
dences A -vv^ and (0 : A ^ 5) ^ (0^ : A^ — > B^), and call it the weak completion 
functor or the dagger functor 

Lemma 2.1.20. The completion functor (•): {k-Alg) — > (k-Banach) uniquely factors the 
weak completion fanctor f: (k-NAlg) (k-WBanach). Denote also by (■) the unique 
extension (k-WBanach) (k-Banach) of (•) : (k-Alg) (k-Banach), and call it the 
completion functor. 

Lemma 2.1.21. The weak completion functor^: (k-NAlg) (k-WBanach) and the com- 
pletion functor (■): (k-WBanach) (k-Banach) are the left adjoints of the fully faithful 
forgetful functors (k-WBanach) (k-NAlg) and (k-Banach) (k-WBanach) respec- 
tively. In other words, one has the canonical functorial bijective maps 

Hom(k-NAlg)(A, B) = Hom^k-WBanach)(A\ B) 
and Hom(k-WBanach)(B, C) = Hom(k-Banach)(B, C) 

for a normed k-algebra A, an weakly complete k-algebra B, and a k-Banach algebra C. 

Definition 2.1.22. For an weakly complete k-algebra A, denote by ^(A) the set of 
bounded multiplivative seminorms of A, and endow it the weakest topology with respect 
to which the map \ f\ : (A) ^ [0, oo) : ? 1/(01 ■= Kf) is continuous for any element 
f e A. For a bounded k-algebra homomorphism (p: A ^ B between weakly complete 
k-algebras A and B, the set-theoretical map 

J^(^) = f : J^(B) J^(A) 

t ^ (to(p: f^t(cp(f))) 

is a continuous map. These correspondence determines the functor 

(k-WBanach) —> (Top). 

For an weakly complete k-algebra A, the canonical isometric embedding A A induces 
the canonical homeomorphism ^(A) ^(A), and hence identify ^(A) = j^(A). 
Note that the functor ^ : (k-WBanach) (Top) coincides with the composition of the 
analytification functor (■) : (k-WBanach) (k-Banach) and Berkovich's spectrum func- 
tor ^ : (k-Banach) (Top). 
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We verify that some basic operations for seminormed algebras preserve the weak 
completeness and that a universal property holds if one replaces the corresponding func- 
tor from the category of seminormed algebras to the composition of the forgetful functor, 
the corresponding functor, and the weak completion functor. 

Lemma 2.1.23 (subalgebra). Let A be an weakly complete seminormed k-algebra, and 
B <z A a closed k-subalgebra. Then B is weakly complete with respect to the restriction 
of the seminorm of A. 

Proof. Obviously the topological condition (ii) is inherited by a closed A:-subalgebra. □ 

Lemma 2.1.24 (quotient). Let A be an weakly complete seminormed k-algebra, and 
J ^ A a proper ideal. Then the quotient A/ J is weakly complete with respect to the 
quiotient seminorm, and satisfies the universality of the quotient, namely the homomor- 
phism theorem holds in the category (k-WBanach). 

Proof. Take an integer m e N, elements / = (/i,...,/m) e (A/J\{0})'", a parametre 
6 e (0,1), and a powerseries F = Y,tew,F,T' G k{\\f\\-'T} = /:{||/iir^ri, . . . , ||y;„||r^} 
such that IF/lll/lK < ^1^1 for each / G N'". Fix representatives f = (f,...,f ) g (A\{0})'" 

— — 1 — m 

such that mi < II/.II < \6\-'/^\\fi\\. Then one has \Fj\\\f\\' < \6\-\'\'^\Fj\\\f\\' < 6^'^'^ for 

each / 6 N™. Since A is weakly complete, the infinite sum ^/gf^m F[f' converges in A. 
Therefore by the boundedness of the canonical projection A A/ J, the infinite sum 
Z/eN" P^if' converges in A//. The universal property is trivial. □ 

Lemma 2.1.25 (direct limit). Let (A;);g/ be a direct system of weakly complete k-algebras 
whose transitive maps are contraction maps. Then the direct limit lim A, exists in (k- WBanach). 
Its underlying k-algebra is the quotient of the direct limit of the underlying k-algebras by 
the support of the direct limit seminorm, and its norm is the quotient norm of the direct 
limit seminorm. 

Proof. It suffices to show that the direct limit of the underlying ^-algebra is weakly com- 
plete with respect to its direct limit seminorm. It is trivial because any ^-algebra homo- 
morphim from a finitely generated fc-algebra k[T] fuctors through the weakly complete 
^-algebra A, for some i e L □ 

Corollary 2.1.26. A direct system of uniform weakly complete k-algebras is represen- 
tative in (k-WBanach) by a uniform weakly complete k-algebra, and a direct system of 
weakly complete k-algebras whose transitive maps are isometric admits the direct limit 
whose underlying k-algebra is the direct limit of k-algebras and whose norm is the direct 
limit seminorm. 

Corollary 2.1.27. The normed k-algebra k is weakly complete. 

Lemma 2.1.28 (direct product). A family (A,),67 of weakly complete k-algebras admits 
the direct product Ylisi^i category (k-WBanach). It is the weakly complete k- 

subalgebra of the direct product Oie/ A,- in the category (k-Banach) consisting of elements 
whose entries are contained in the algebraic direct product Yiiei of the underlying k- 
algebras |A,|. 
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Lemma 2.1.29 (tensor product). For weakly complete k-algebras Aq, A\, and A2, and 
for bounded k-algebra homomorphims Ao ^ Ai and Aq A2, denote by Ai (g)^^ A2 the 
weak completion of the image of the algebraic tensor product Ai ®Aq A2 in the k-Banach 
algebra Ai'S>AgA2. Then the bounded k-algebra homomorphisms Ai A^ ^2 
Ai (gi^^ A2 and A2 Ai (8)^^ A2 ^ Ai (81^^ A2 satisfy the universality of the colimit in the 
category (k- WBanach). In particular, the operation ®^ is commutative and associative. 
Call A I A2 the weakly complete tensor product of Ai andA2 over Aq. 

Proof. Trivial by the universalities of the algebraic tensor product and the weak comple- 
tion functor. □ 

Corollary 2.1.30 (direct sum). For weakly complete k-algebras Ai,... ,Am, the weakly 
complete tensor product Ai ®l ■ • ■ ®l A„, satisfies the universality of the direct sum in the 
category (k-WBanach). 

Similar with affinoid algebras, dagger algebras are used to construct a geometric ob- 
ject called a dagger space. Since the completion functor sends a ^-dagger algebra to a 
fc-affinoid algebra, one obtains the analytification functor from the category of dagger 
spaces to the category of analytic spaces. Conversely, there is a canonical functor from 
the category of algebraic varieties to the category of dagger spaces. The composition of 
this functor and the analytification functor coincides with the Berkovich's analytification 
functor. In this paper, we do not define what is a dagger space and what structure a dagger 
space possesses. For more detail of a dagger space, see [.KLQlil . 

Definition 2.1.31. Denote by (k-Dg) the category of dagger spaces, and by (•) : ik-Dg) 
(k-An) the analytification functor 

Definition 2.1.32. For a dagger space X, denote by \X\ the underlying topological set, 
by 0\ the overconvergent structure sheaf, and by Ox the completion of the overconver- 
gent structure sheaf, which coincides with the pull-back of the structure sheaf Ox of the 
analytification X. 

2.2 Ring of overconvergent analytic functions 

Definition 2.2.1 (ring of overconvergent analytic functions). Let S G W be a polytope. 
Denote by fc^ the weak completion ofk[Eic^n] with respect to the Gauss seminorm \\-\\s. The 
weakly complete k-algebra is the minimal weakly complete k-subalgebra ofks containing 
the image ofk[Ek „] by the definition of the weak completion. Call an element f e k^^ an 
overconvergent analytic function on S , or just say f is defined on a neighbourhood ofS. 
Since the image ofk[Ei^n] in ks is dense, is a dense k-subalgebra ofks. 

Definition 2.2.2. Formally set k^ := and \\ ■ \\q := 0: k^ ^ [0, 00). For each polytope 
S , associate the unique embedding (d S with the bounded k-algebra homomorphism 
0:kl^kl:f^O. 
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Be careful about the fact that does not coincides with the direct limit 

lim kr c ks 

ScIiit(T) 

of the rings kr of analytic functions on a polytope T such that S c Int(r), because an 
element x e such that |x'^^^(l)| = • • • = |x'^"^(l)| = 1 is a bounded analytic function on 
R", which has no analogous holomorphic function on C" by Liouville's theorem. When 
S is thick, then an element of the weakly complete algebra kl is uniquely presented by 
its coefficients as an element of ks through the embedding ^5 Similar with ^5, 



the image of kl is discribed by a certain condition about limit. 



Proposition 2.2.3. Let S (Z W be a thick polytope. Then the image of k\ by the em- 
bedding ks k^''-" coincides with the k-vector subspace of sequences (fx)x€Ekn ^ 
satisfying that there exist an integer m G N, elements x = (xi, . . .,Xm) G £'^„, and an 
overconvergent power series 

F=J] FiT' € kiWxWs'T}^ = kiMs'Tu Wx^WS'Tm}^ 
such that fy = Ofor any y e Ek^„\:)^ H + ^ and 

y = x' 

for any y e x^ -\ + x^,orin other words, f is presented as 

Proof Take an overconvergent analytic funtion f e kl. By the definition of the weak 
completion, there exist an integer m' G N, elements g = (gi, . . .,gm') & (^[£^*,n]\{0})'"' c 
(^5 \{0})'"', and an overconvergent power series 

such that / = Z/eN"'' Gjg''. Let EJi Ek^n be the set of all elements y e E^^n such that 
gj^y 4^ for some 7 = 1, . . . , m'. Since g\, ...,gm' £ k[Ei^n]^ all but finitely many entries 
of their coefficients are 0, and hence S is a finite set. Set m := #E, and fix a bijective map 
X = (xu- ■ ■,x,„): {1,. . .,m} ^ 2: / 1-^ x,-. Then one has g^- = g^jXi + • • ■+gj,mXm for any 
7 = 1, . . . ,m', and 

m' ( m 
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2 ^(■^j.i+-+^y,».)}Li n 



j=\\ ^i'l- ,= 1 



2 <^('^.i+-+^.«.)-Li n 



m \ m 

!=1 / 1=1 



2 ^^C-^,! +-+^7^)7=1 



.^1 + ■ ■ ■ + = 7 



n7=i(^,u + --- + ^.j! 
nr=i nT=i^.-! 



V!=l 7=1 ) 



Note that the sum in the big blacket in the last equality is a finite sum. Consider the 
formal power series 



F = J]FjT' 



/eN™ 



n7=i(^,i + --- + ^.j! 

V J^-i + • • • + J^-^' = 7 



f m m' \ 
V!=l 7=1 / 



It suffices to show that F e ^{||x||^'r}''' = ^{||xi||^'ri, . . . , I|x,„||^^r;„}'''. Take a parametre 
6 e (0, 1) such that G 6 fc{J||g||-ir} c ytdlgir^ri^ Then one has 



y ^ ^ n7=i(^;U+--- + ^7>)! 

J! g (J^m)/./ 1 1(=1 1 1 J=l ^7.! • 



i=l 7=1 / 



+ ■ • ■ + = 7 



max |G(jr +...+^ y" 

J^l + • • • + ^;„' = / 



n7:i(^i,i + --- + ^,>)! 



nr=i 07=1 ^.-i 

m m' 



V(=l 7=1 



<5-i'i||x|K 



^1 + • • • + ^m' = / 



;=1 j=l 



max |G(^,.,...,^,„)™ , l^^'l f] f] 



I + • • • + = 7 



1=1 7=1 
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Ill 

max , |G,^,,...,,,^„„)--,j5-l^l W Wgjf/'-''^'" 



+ ■ ■ ■ + .A,' = / 



max |G(^^,,...,^^,„)», ,1(5-1^1 fj = sup |G,,|||g||^ 

■ye(n"T ' ' \J\>\I\ 

,+••• + ,y,„. = / 



,1^ 



and it implies that F e k{\\x\\^^Ty. □ 

Corollary 2.2.4. Let S c R" be a polytope. For an overconvergent analytic function f e 
k\, there exist an integer m e N, elements x = {xy, ■ ■ ■ , Xm) e and an overconvergent 
power series 

such that f is presented as the limit of the image of the sum 

^ Fix' 6 k[Ek,n] 

\I\<M 

by the canonical k-algebra homomorphism klEj^ n] k^ with respect to the upper bound 
M ^ oo. 

Proof. We have already verified it in the case S is thick. In general, take a thick polytope 
T c R'" and an isomorphic integral affine map a: S ^ T, and let (A,b) e M(m, n;Z)xZ'" 
be its presentation. Then a*{x) = x(b)x^, \\x\\t = \\a*(x)\\s < \x(b)\\\x^\\'^, x(b) e k, and 
x^ 6 E^^n for any x e Ek^,„. For an overconvergent analytic function f e k\, present 
(a*)~^(/) = YiieH'Pi^^ by an integer / e N, elements x = {x\,...,xi) 6 E[^^^, and 
overconvergent power series 

F = Y^ FjT' 6 fc{|U||^'r}+ = killxAlr'Tu Mlr'TijK 

lehV 

Set 



an 



G:=J] Fix\b)T' 6 k[[T]] = k[[T,, m. 



/eN' 



Then obviously one has G e k{\\x^\\'s T}'' by the inequality \\x\\t < \x{b)\\\x^\\'^ and 
G(x^) = f. □ 

In this section, we just replace ks to kl and repeat the totally same process in §[T] 
Therefore we otfen omit the proof of the corresponding proposition of what we have 
already verified in the case of ks . 
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Proposition 2.2.5. Let a: S T be an integral affine map between polytopes S and 
T. Then the associated bounded k-algebra homomorphism a* : kr ks sends k^j, to kl. 
Therefore it induces the bounded k-algebra homomorphism a* : k^j. k^. In particular 
for polytopes S < T, the restriction map kj ks induces the injective bounded k-algebra 
homomorphism k^j. — ^ k^. 

Proof. Trivial. A bounded A:-algebra homorphism kx' kj between the A:-Banach al- 
gebras associated with polytopes T c R'" and T' c R™' which is a unique bounded 
extension of a A;-algebra homomorphism k[Ek^n'\ ^[£^;t,m] always sends k\., iok\.. □ 

Corollary 2.2.6. If k is algebraically closed, then an affine map a: S ^ T induces 
the bounded k-algebra homomorphism a* : k^ — > k^ which is a contraction map in the 
similar way. 

Corollary 2.2.7. Let a: S T be an isomorphic integral affine map. Then a* : kj ^ k^ 
is an isometric isomorphism. Ifk is algebraically closed, the same holds for an isomor- 
phic affine map. 

Corollary 2.2.8. Let S c R" be a polytope. Then there exist the unique integer m < n eN 
and a thick polytope T <z W" such that kl is isometrically isomorphic to k\ through the 
isomorphism associated with an isomorphic integral affine map S ^ T. 

Proposition 2.2.9 (ground field extension). Let S be a polytope, and K/k an extension 
of complete non-Archimedean fields. The canonical bounded k-algebra homomorphism 
kl (SiIk ^ kI is an isometric isomorphism onto the image. 

Proof. It is the restriction of the canonical bounded A;-algebra homomorphism ks®kK- 
Ks , which is an isometric isomorphism onto the image. □ 

Definition 2.2.10 (fibre product). For polytopes Si,...,Sm and S := S i x • • • x S m, the 
bounded multiplication ^Si<S)i • • • 'S>kks„, ks determines the bounded multiplication 

and gives the non-commutative ring structure of 

oo 

n=0 

Proposition 2.2.11. For polytopes S i, . . . ,S ,„ and S .= Si X • • • X Sm, the canonical 
bounded k-algebra homomorphism kl®\-- -fS)^^! kl is an isometric isomorphism. 
In particular one has the canonical isometric isomorphism 

oo oo ^ 

n ^fo.i]" n Wo,i]) 

n=0 n=0 

of non-commutative k-algebras. 
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Proposition 2.2.12 (Galois representation). The Galois representaion Ks x G/, ^ Ks 
sends kI x Gk to kI for any Galois extension K/k of complete non-Archimedean fields 
contained in C, and hence it induces the isometric Galois representation x Gk ^ K^. 

Proof. Trivial. A bounded fc-algebra homorphism Kj' Kj between the fc-Banach 
algebras associated with polytopes T c R'" and T' c R'"' which is a unique bounded 
extension of a fc-algebra homomorphism K[EK,m'] K[EK,m] always sends K^, to K^. 

□ 

Lemma 2.2.13. Let a: S T be an integral affine map between polytopes S and T. 
Then the associated bounded k-algebra homomorphism a* : C\ ^ is Gk-equivariant. 

Proof. It is the restriction of the G^-equivariant homomorphism a* : Ct ^ Cs ■ □ 

Proposition 2.2.14. Suppose k is a local field, i.e. a complete discrete valuation field with 
finite residue field, and let K/k be a finite extension contained in k. For a poly tope S , the 
Gx-invariants (kl)^'^ of the GK-representation k^ coincides with k <z k\. In particular 
{klf' = k. 

Proof. Just see the inclusion k c (fcj)*^* c fc^* = k. □ 

Corollary 2.2.15. In the same situation above, if K/k is a Galois extension, the Gk- 
invariants (^])*^* of the Gk-representation Ks coincides with the k. 

Corollary 2.2.16. In the same situation above, the Gk-invariants (k^ fc)*^* of the Gk- 
representation kl k coincides with k. 

Proposition 2.2.17. For a polytope S, the weakly complete k-algebra k^ is a uniformly 
normed integral domain. 

Proof. It is a normed subring of the uniformly normed integral domain ks . □ 

Lemma 2.2.18 (involution). The involution * : k[o,m] ^[o,m] sends kj^^ to kj^^ and 
hence it induces the isometric isomorphism * : k^^^^^^^ ^lomy 

Proof. The involution * : fc[o,m] A:[o,,„] sends k[Ek,\] to k[Ekj] by the definition. □ 

2.3 Non-Archimedean dagger realisation of a polytope 

Proposition 2.3.1 (universality of a rational domain). Let S be a polytope, A a k-dagger 
algebra, V c ^ (A) a rational domain ( l\KL01^ ), andi//: A ^ k^ a bounded k-homomorphism. 
If the image if/*(\Sk\) c \M{A)\ by the continuous map \/t* : |5yt| ^ \^{A)\ associated with 
i//: A ^ ks is contained in \V\ c \^{A)\, the homomorphism i/j : A ^ ks uniquely factors 
through the canonical homomorphism A ^ Ay of dagger algebras. 
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Proposition 2.3.2 (universality of a Weierstrass domain). Let S be a polytope, A a k- 
affinoid algebra, V c ^(A) a Weierstrass domain ( hBERH ). andij/: A ^ ks a bounded 
k-algebra homomorphism. If the image il/*{\S\) c |^(A)| of the underlying polytope S c 
Skby the continuous map if/*: \S k\ \^{A)\ associated with if/: A ^ ks is contained 
in \ V\ c \^(A)\, the homomorphism if/: A ^ ks uniquely factors through the canonical 
homomorphism A Ay ofaffinoid algebras, and hence the image il/*{\Sk\) c \^{A)\ is 
contained in \ V\ c \^{A)\. 



Proposition 2.3.3 (Tate's acyclicity). Let S ,S i, . . . ,S ^ be polytopes such that S = S lY. 



y S,„. Then the restriction maps kl ^1 induce the admissible exact sequence 



0^kl^\\kl^\\kl 



iASj 

i=l ij=l 

of k-Banach algebras. 

Proof. These propositions are easily verified in the totally same way in the proofs of 
Proposition 11.2.171 Proposition 11.2.191 and Proposition |1.2.29[ Note that we used Ba- 
nach's open mapping theprem in the proof of the admissibility of the ecat sequence in 
Tate's acyclicity, Proposition 11.2.291 but one does not have to extend Banach's open 
mapping theorem to weakly complete ^-algebras. The sequence 



^ ^5 ^ ]~~[ ^5; ^ ^5;ASy 
!=1 !j=l 

is isometrically embedded in the admissible exact sequence 



O^ks ^Yl'^S'^Vl'^S.^Sy 

i=l i,j=l 



□ 



Corollary 2.3.4. Let S ,S i, . . . ,S m be polytopes such that S = 5 1 V . . . V and A 

a weakly complete k-algebra or a k-algebra. The exact sequence of Tate 's acyclicity, 
Proposition \2.3. 3\ induces the set-theoretical exact sequence 

m m 

* Homg,.wBanach)(A,h) ^ |~~[ ^Om(<-.w,Ba„„c/!)(^' ^S, ) ^ Y\Hom(k.WBanach)(A,ks ,^S ) 

i=l i,j=l 
m m 

or * ^ HomQ,.Aig)iA, ks) Hom^^-AigM, ks,) ^ Y\ Hom(k.Aig){A, ks^^Sj) 

!=1 ij=l 

respectively. 
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Definition 2.3.5. Let S be a polytope. Endow S k the overconvergent structure presheaf 



: (S k,Ts,Covs) (k-WBanach) 

n H'{T,,Ol):=kT 
(i: T, ^ T[) (f: 4, ^ 4), 

which is a sheaf of weakly complete k-algebras by Tate 's acyclicity, Proposition \2.3.3\ 
Denote also by S k the G-ringed space (S k, Ts, Covs,Ol) endowed with the overconver- 
gent structure sheaf of k-Banach algebras on the G-topology, and call it the dagger 
spectrum ofk\ or the non-Archimedean dagger realisation ofS. 

Definition 2.3.6. A k-dagger simplex is the dagger spectrum S kfor some polytope S. 

2.4 Analytic path from a dagger simplex 

We define a morphism from a dagger simplex to a dagger space in the same way as we did 
in ^1.4[ Tlie categorical general nonsense in 9 1.31 works, and we omit the corresponding 
straightforward proofs and explanations to avoid annoying repetitions from ^1.4[ 

Definition 2.4.1. Denote by =2^'^ the family of all k-dagger algebras of the form k{T\, . . . ,T„} 
for an integer n 6 N and a proper ideal I ^ k{Ti, . . . , r„}^. Note that j^/j^ is not a proper 
class in the sense of Von Neumann-Bernays-Godel set theory, and represents all isomor- 
phic classes of k-dagger algebras. 

Definition 2.4.2. Let S tbe a k-dagger simplex and X a k-dagger space. Set 
Hom(S,j2/^,X) := |^ Hom(k.wBanach){A,kl) x Hom^k-Dg)(^(A),X). 

k 

For an element y e Hom(S, £/^,X), let Ay 6 be the unique k-ajfinoid algebra such 
that 

y 6 Homik.WBanach){Ay,kl)XHom(U.Dg){-^{Ay),X). 

Denote by y^^^ : 4 <^nd y^'^ : ^{Ay) X the unique bounded k-algebra homo- 

morphism and the unique morphism such that 

y = 6 Hom(^k-WBanach){Ay,kl) X Hom^k-Dg){ Ji^ {Ay),X). 

Definition 2.4.3. For two elements yo, Ti e Hom(S, ^3^^, X), we write yo ~ yi if there exist 
an element yo 5 6 Hom(S, =2^^, X) and bounded k-algebra homomorphisms 0o.5.o '■ ^yo 
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A^Qj and 0o.5,i '■ ^yos ^^^^ ^^'^^ diagrams 



kl ^ 



t ^1 



^5 - 



1^0.5,0 

ro.5 

^^0.5,1 



^(i^0.5,0) 



ro.5 



yd) 

) ^ Z 



ri 



) -^x 



commute. 

Lemma 2.4.4. The binary relation ~ on Hom(S, s^^, X) is an equivalence relation. 

Definition 2.4.5. Set Hom(S,X) := Hom{S,s^^,X)l ~. Call an element y e Hom{S,X) 
a morphism, and write y: S X. 

Definition 2.4.6. When S is the cube [0, 1]", the standerd simplex 

A" := { (^0, . . . , r„) e I ?o + • • • + = 1, < < 1/i = 0, . . . , n ) , 
or something like them, then call a morphism from S a dagger path. 
Recall that one has analytification functors 

(•) : (A:-WBanach) ^ (^-Banach) 

and 

(•): (k-Dg) ^ (k-An). 
We verify they induce the analytification map 

(•): Hom(5,X) ^ Hom(5,l). 
Proposition 2.4.7 (analytification). For an element y G Hom(S, ^^,X), set 

J ■■= (/°),y^i)) e Hom(k.Banach){Ay,ks)xHom(k.An){^,X) c Hom(S,^k,X) 
This correspondence 

C): Hom{S,s/^,X) Hom(S,s/k,X) 
y y 

is invariant under the equivalence relation ~, and hence it determines a set-theoretical 
map 

C):Hom(S,X) Hom(S,X). 
Call it the analytification map. 
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Now we repete the corresponding propositions in ^1.41 just replacing the terms "an 
affinoid simplex", "an affinoid space", and "an analytic space" to the terms "a dagger 
simplex", "an affinoid dagger space", and "a dagger space". Each proposition is verified 
in the totaly same ways. 

Lemma 2.4.8. For an element y 6 Hom{S, s^/j^ , X), set 

GlXr) :=y'')o //«(-, Gl)(y»)://«(X,0l) A, ^ kl 

This correspondence 

Gl) : Hom{S , , X) ^ Hom^k-Aidf^(X, O],), kl ) 

r ^ //"(-, Gl)(r) 

is invariant under the equivalence relation ~, and hence it determines a set-theoretical 
map 

lf{-,Gl):HomiS,X) ^ Hom^k.Aig^{lf(X,Ol),kl) 
y ^ lf{-,Gl){y). 

Lemma 2.4.9. For an element y 6 Hom(S, s^^, X), set 

y« :=yi)»o^(y(0))«. 15^1 ) \^(Ay)\ — ^ \X\. 



This correspondence 



tHom{S,s^lX) ^ Hom^Top)i\Skl\X\) 



y — > y^ 

is invariant under the equivalent relation ~, and hence it determines a set-theoretical 
map 

l.Hom{S,X) ^ Hom(Top)(\Sk\,\X\) 
y — > y^ . 

Call the image y*: \S k\ \X\ of a morphism y: S ^ X the underlying continuous map 

ofy- 

Proposition 2.4.10 (adjoint property). Let S t be a k-dagger simplex and M{A) a k- 
affinoid dagger space. The canonical map 

Ifi-Gl): HomiS,^{A)) ^ Hom^t-AigM,kl) 

defined above induces a set-theoretical bijection 

lf{-,Gl): Hom(S,^(A)) ^ Hom^k-wBanach){A,kl). 
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Denote by 



Hom(k-wBanach)(A,kl) Hom(S,^(A)) 



the inverse map. 

Proposition 2.4.11. Let S k and be k-dagger simplices, and X and Y k-dagger spaces. 
The maps 

Hom^polytopes) (S,T)X Hom(k.wBanach){A, k],) Homg,.wBanach)(A ) 

(a, (p) <p o a* 

and 

Hom^k-Dg)(-y^ (A), X) x Hom^k-An)(X, Y) Hom(^t-Dg)(^ (A), Y) 

for a k-dagger algebra A G induce the composition map 

Hom^p^lyjgpg^iS , T) X Hom(T, X) x Hom(k-Dg)(X, Y) Hom(S , Y) 

(a,(f>,i/f) i/f o (po a 

Note that these correspondences are compatible with the analytification. The un- 
derlying continuous map of a morphism to a dagger space coincides with that of the 

analytification, the completion of the bounded homomorphism between global sections 
associated a morphism to an affinoid dagger space is the bounded homomorphism be- 
tween global sections associated with the analytification, and so on. 

Proposition 2.4.12. Let S j, and be k-affinoid simplices, and ^(A) and ^(B) k- 
affinoid dagger spaces. The diagram 

oxo 

Hom(Poiy,ope){S , T) X Hom{T, (A)) x Hom(k-Dg){^ (A), ^ (B)) > Hom(S , (B)) 



Hom(k.wBanach)(kp,kl) X Hom(k-WBanach)(A,k\) X Hom(k-WBanach)(B , A) Hom(k-WBanach)(B , ks) 

commutes. 

Proposition 2.4.13. The map 

o : y Hom(S, ^(A)) x HomQ,.Dg){J^{A), X) Hom(S, X) 



induced by the composition 

o : Hom(S, ^(A)) x Hom(k-Dg)(^(A), X) Hom(S, X) 

(y, 0) 1-^ (poy 

is surjective. 
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Definition 2.4.14. For a morphism y: S ^ X, let A(7) be the collection of pairs (T, V) of 
a subpolytope T < S and an analytic domain V cX such that there exist a representative 
y G Hom(S, ■s^j^,X) ofy and a ratinal domain W c ^{Ay) such that ^(y^^^)K\Tk\) c 
\W\ c \^(Ay)\ and y^^H\W\) c |y| c 

Proposition 2.4.15. For a morphism y: S X, there is a canonical functorial system 
(Tt y)(7',y)eA(7) of k-algcbra homomorphisms y^y' ^(K O^) satisfying the follow- 
ing properties: 

( i) for pairs (T, V), (T', V) 6 A(7) satisfying T' < T and V c V, the diagram 
commutes. 

(ii) for pairs (T, V), (T', V) e A{y) satisfying T' < T and V c V, the diagram 

4 <^ H^{V',0\) 

commutes. 

(Hi) for a pair (7, V) G A(7), the diagram 

\u — \y\ 

commutes. 

(iv) for a pair (T,V) G A(7) satisfying that V c X is a special domain, the k-algebra 
homomorphism y^y'. Ay = I^(V, O]^) 4 bounded. 

Proposition 2.4.16 (ground field extension). Let K/k be an extension of complete non- 
Archimedean fields, Ska k-dagger simplex, and X a k-dagger space. The ground field 
extensions 

(■)k- Hom(k.wBanach){A,k\) Hom{K-WBanach){^K, K^s^ 
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and {■)k: Hom(t.Dg)(-y^(A),X) Hom(K-Dg)('^(A)K,XK) 
for a k-dagger algebra A e induce the correspondence 

(■)k: Hom(S,X) Hom(S,XK). 
Also call it the ground field extention. 
Proposition 2.4.17 (Galois action). The Galois action 

Honii^k-WBanach) (A,kl) X Gk Hom(^k:-WBanach) > ^5 ) 

for a k-dagger algebra A e induce the Galois action 

Hom(S,^^,X)xGk Hom(S,^^,X) 

(7,8) ^ 7° 8 '■= (8~^ ° y^^) 

which preserves the equivalence relation ~. Therefore it gives an well-defined Galois 
action 

Hom(S,X)xGk Hom{S,X) 
(7,8) ^ 7°8- 

Proposition 2.4.18 (universality of the fibre product). Let St be a k-dagger simplex, X, Y 
k-dagger spaces, and ^{A) a k-affinoid dagger space. For any morphisms (p: X ^ 
^{A) and iff. Y ^ ^(A), one has the canonical functorial set-theoretical bijective map 

Hom{S,X) XHom{s,^(A)) Hom{S, Y) Hom(S,Xx^^A) Y). 

Proposition 2.4.19 (universality of the direct limit). Let I be a directed set, S^a k-dagger 
simplex, X a k-dagger space, and W . I ^ (k-Dg) : i Wi a direct system of k-analytic 
domains ofX whose transitive map Wi Wj is the inclusion W, Wj Xfor any 
i < j € L Suppose W converges to X and determines a topological covering ofX. Then 
the canonical set-theoretical map 

limHomiS, Wd Hom(S,X) 

induced by the composition Hom(S, Wi) Hom(S,X) of the embedding Li'. Wi X is 
bijective. 

Corollary 2.4.20 (universality of the fibre product). Let Skbe a k-dagger simplex, and 
X, Y, Z k-dagger spaces. Suppose Z admits a direct system W: I ^ (k-An) : i Wi of 
k-affinoid domains ofZ satisfying the conditions that the transitive map Wi Wj is the 
inclusion Wi Wj '-^ Z for any i < j G I, and that W converges to Z and determines 
a topological covering ofX. For any morphisms (p: X ^ Z andi/f. Y ^ Z, one has the 
canonical functorial set-theoretical bijective map 

Hom{S,X)XHom(s,z) HomiS, Y) ^ Hom(S,X Xz Y). 
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Corollary 2.4.21. Let S^be a k-dagger simplex, {S u, . . . , S^/t) ^ Covs(S k), and X k- 
dagger space. Suppose X admits a direct system W: I ^ (k-Dg) : / W, of k-affinoid 
domains ofX satisfying the conditions that the transitive map Wj is the inclusion 

Wi "-^ Wj ^ X for any i < j e I, and that W converges to X and determines a 
topological covering ofX. Then the sequence 

m m 

* ^ Hom(S,X) ]^//om(S„X) ^ ]^//om(S, A Sj,X) 
1=1 ij=i 

is exact. 

Proposition 2.4.22 (universality of a rational domain). Let S t be a k-dagger simplex, A 
a k-dagger algebra, V c (A) a rational domain, and y: S ^ ./^ (A) a morphism. If 
the image 7*'(|5^:|) c |^(A)| is contained in \V\ c \^{A)\, the morphism y: S ^ ^(A) 
uniquely factors through the embedding V ^(A). 

Proposition 2.4.23 (universality of a Weierstrass domain). LetSk be a k-dagger simplex, 
A a k-dagger algebra, V c ^(A) a Weierstrass domain, andy: S ^ (A) a morphism. 
If the image y^d^l) c \^(A)\ of the underlying polytope S c is contained in \V\ c 
|^(A)|, the morphism y: S ^ ^{A) uniquely factors through the embedding V 
Ji{A). 

Definition lA.'lA. Let X be a k-dagger space. An analytic domain U c X is said to be 

a ratinal domain (or a Weierstrass domain) if for any morphism (p: ^(A) X from a 
k-afftnoid space the pull-back (p'^iU) c ^{A) is a ratinal domain (resp. a Weierstrass 
domain) of the affinoid dagger space ^(A). 

Proposition 2.4.25 (universality of a rational domain). Let S k be a k-dagger simplex, X 
a k-dagger space, V c X a rational domain, and y: S — > X a morphism. If the image 
y\\S k\) c 1X1 is contained in \ V\ c 1X1, the morphism y: S ^ X uniquely factors through 
the embedding V X. 

Proposition 2.4.26 (universality of a Weierstrass domain). Let S^be a k-dagger simplex, 
X a k-dagger space, V c X a Weierstrass domain, and y: S X a morphism. If the 
image y^d^l) c |X| of the underlying polytope S c is contained in \V\ c |X|, the 
morphism y: S ^ X uniquely factors through the embedding V X. 

Definition 2.4.27. A k-dagger space X is said to be Stein if it admits an increasing filtra- 
tion Xq c Xi c • • • c UX,- = X ofX by affinoid domains X,- such that X, c IntiXi^i /X)for 
each i e N and X,- is a Weierstrass domain o/X,+i for each i e N, where Int(Xj+i/X) is 
the relative interior Call the sequence Xq c Xi c • • • c UX, = X a Weierstrass filtration 
OfX. 

Definition 2.4.28. Let X be a k-dagger space, and U <z X an analytic domain. If U is 
Stein, call it a Stein subspace. Moreover a Stein subspace U c X is said to be a Stein 
domain ifU admits a Weierstrass filtration consisting of Weierstrass domains ofX. 
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Definition 2.4.29. Let X be a k-dagger space. An analytic domain U <z X is said to 
be a great domain of X if U has the following universality. For any k-dagger simplex 
Sk and any morphism y: S X, if the image y^(\S\) c \X\ of the underlying polytope 
S c S k is contained in \U\ c \X\, the morphism y: S ^ X uniquely factors through the 
inclusion U '-^ X. If Uk X^ is a great domain for any extention K/k of complete 
non-Archimedean fields, then we say U <z X is a universally great domain. 

Proposition 2.4.30. A Stein domain is a universal great domain. 

2.5 Overconvergent calculations 

In this subsection, we calculate the set Hom(5,Z) for significant examples of dagger 
spaces X in the totally same way as we did in ^1.51 The most essencial case is the case k 
is a local field, and hence suppose dimqVI^^I < oo throughout this subsection. 

Lemma 2.5.1. The set-theoretical map 

Hom^,.WBanachmd-'T}\ 4) ^ j / 6 (^f | ||/||, < d } 

induces the canonical bijective map 

Hom{,S,a^(d)^) ^ { / e (fcj)"' | \\f\\s <d], 

where d = {di, . . . , d,„) e (0, oo)™ cind D'^(dy is the polydisc ^(k{d~^T}^). 
Proof. We have only to show that the map 

Hom;t-WBanach(D^(Jl)^4) ^ 

is bijective, because 

fc{r^r}+ =, fcwr'T^i}^ k{d-jTj. 

It follows from the general fact of a bounded ^-algebra homomorphism between weakly 
complete algebras. For a uniform weakly complete ^-algebra A, we verify that the 
set-theoretical map 

iiom(k.wB^n^ch)(k{di^Ti}\A) A 

is injective and its image coincides with the subset {f e A \ \\f\\ < di) c A. The map 
is injective because (f>{Ti) e A determines the restriction of on the dense fc-subalgebra 
k[Ti] c kid^^Ti}"^ for a bounded ^-algebra homomorphism (p: k{d^^Ti}^ A. For a 
bounded fc-algebra homomorphism (p: kid^^Ti}'^ A, and suppose / := (p(Ti) e A 



{fekll WfWs < d, ) 
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satisfies ||/|| > di. Take a rational number ^ 6 Q such that ||/|| > > di, and present 
q = a/b by integers a eZ and b G N+. Set 



F := 



i=0 



Since ||/||* > Ip^ > 4, one has F e kid-^Ti}"^ and 



by the uniformity of A. It follows that the infinite sum 

oo oo f " \ 

2 p-"'f' = 2 p-"Wif = li^m 2 p-rf 

!=0 1=0 Vi=0 / 

does not converge in A, and it contradicts the boundedness of (p. Therefore ||0(ri)|| < 
di. We construct the inverse map {/ G A | ||/|| < di] —> Hom(k-WBanach)(k{d'[^Ti}^,A). 
Take an element / e A such that ||/|| < di, and consider the /:-algebra homomorphism 
0: k[Ti] A: Ti ^ f. The homomorphism has the unique bounded extension 
(p: k{d^^Ti}^ ^ A by the definition of the weak completeness, and hence 

one obtains a set-theoretical map {/ G A | ||/|| < di} —> llom(^k-wBanach)(k{d~^Ti}^,A). 
Obviously this is the inverse map. □ 

Corollary 2.5.2. The bijective map above induces the canonical bijective maps 

Hom(S,Af) ^ {klT 

and 

Hom(s,b';:(d)^) = { / G (klr I wfWs <d}, 

where D'^{d)^ is the open disc yJd'<d-^{k{d''^T]^) andA'^^ is theaffine space yj^{k{d'^T]^). 
Lemma 2.5.3. The set-theoretical map 

Hom^k-WBanachmT^,T^\...,T^,T-'}\kl) ^ ((4rr 

(f, ^ ((f>(TO,...,(/>(T„)) 

induces the canonical bijective map 

//om(5,A-(l,l)t)^((fcJrr, 
where A^(l, 1)^ is the torus ^(k{Tu T'K ...,T„, T'^}"^). 

Proof. It is reduced to the next lemma. □ 
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Lemma 2.5.4. The set-theoretical map 

Hom^,.Banach)im^'^-'T,d^-'^T-']\kl) ^ { / 6 (^f"' | Wf^'Ws < df\^i =\,...,m,^cr 

(P ^ {(l){T, ),..., (P{T J) 

induce the canonical bijective maps 

Hom(S,A'^(d'-'\d^'^)'^) ^ [fe (^f" | \\fn\s < df\^i = 1, . . . , m, V = ±1 ) 
and 

Hom{S,kM~'\ d'''>)^) ^ I / 6 (klr" \ W/rh < df\ = 1, . . . , m, V = ±1 ) , 

where A'^{d^-^\d^^'>y and Md^'^\ S^''^ are the annuli J^{k{df^~^Ti,d^r^^T7^ \ i = 
I, . . . ,m}^) and lim^(k{d'^^^~^Ti,d'^~^^T7^ \ i = 1, ... ,m]^) respectively, and where 

d'^~^^ and d'''^^~^ in the limit run through all pair {d'^~^\d'''^^~^) 6 (0, oo)^ such that 
d\-'' < d'^-'' < d'^''-' < 

Proof. We have only to show that the map 

nom(S,Al(d^;'\d\y) ^ { / 6 (klr I W/nis < df\'cr = ±1 ) 

is bijective, because 

^{^(iMy^, j(-i)7^-i}t k{dfy%,d^['^T;'}^ k{dl!,^-Xn,dl~'V}'- 

It follows from the general fact of a bounded ^-homomorphism of weakly complete k- 
algebras. For a uniform wekly complete ^-algebra A, we verify that the map 

Hom(^.WBanach)W4'^~^^l'^r^^^r^}^'^) ^ ^ 

^ 0(7^1) 

is injective and its image coincides with the subset {/ e | ||/°"|| < df'\ ^cr = +1} c A. 
To begin with, the image (piTi) 6 A is invertible because Ti 6 (k{df^~^Ti,d''^^^T^^}^)^ 
for a bounded fc-algebra homomorphism (p: k{Ti, T^^}''^ A. The map is injective be- 
cause (p(Ti) e A^ determines the restriction of (p on the dense ^-subalgebra k[Ti, Tj"^] c 
k{d^^'^~^Tud^~^'^T-^}^ for a bounded /t-algebra homomorphism 0: k{d\^^'^Tud'[^'^T-^}^ 
A. Take a bounded fc-algebra homomorphism 0: k{d\^^~^Ti,d^^^^T^^}^ A, set / := 
(piTi) 6 A^. Consider the composition 

k{df '-%}' ^ k{df '-%,d';''T-'}^ ^A, 

one obtains ||/|| < J^'^ by Lemma [1.5.1I Similarly one has ||/"'|| < d\~^\ and the image 
of the map Hom(5, A™(J(-^), J^^^)"^) A: (p (p{Ti) is contained in the subset {/ e | 
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||/'"|| < df \ ''cr = +1}. We construct the inverse map {/ e | ||/^|| < df\ ''(r = ±1] ^ 
}iom(^k-wB^n^ch){k{d[^^~^Ti,d[~^^T;^}\A). Take an element / e such that ||/|| < and 
II/"' II < and consider the fc-algebra homomorphism 

cf>: k[TuT2] ^ A 
Ti ^ f 

The homomorphism (p has the unique bounded extension (f>: k{d^^^~^Ti,d'^^''T2}^ 
^{||/H '7^1. 11/ '11 '7^2}^ ^ A by the definition of the weak completeness, and its kernel 
contains T1T2 - I. Therefore it uniquely factors through the quotient 

k{d^l^-'Tud^f'%} ^ k{df^-'Tud['%}KT,T2 - 1) = k{d^l^-'Tud^f''T;'}, 
and one obtains a set-theoretical map 

I / e A^ I 11/^11 < <\V = ±1 ) ^ Hom(,.wBanach)W4''"'ri, Ji-'^rr'l^A). 
Obviously this is the inverse map. □ 
Corollary 2.5.5. The bijective maps above induce the canonical bijective map 

Hom(S,Gl,) = (klr, 

where G^^ is the open torus {k{d~^T i, d' T~^]^). 

In order to determines the multiplicative groups (^^ and (^^ )^ using the result of the 
calculations of (^5)°^ and {ksT, we verify the commutativity of the operations t, °, ox, x. 



Lemma 2.5.6. 



fern 4 = {ksT 

(ksy°nkl = {ksr 

fern 4 = (kir 

kl = (kl 



(ksTnkl = (klr. 



Proof. We may and do assume that S is thick. The first and the second assertions are 
trivial, and the third one follows from the fourth one. The inclusion (^^)^ c fe)^ n kl 
is trivial. Take an element / e (ksT ^ kl, and it suffice to show that / 6 (^5)^, or 
equvalently / ' e kl. By the structure theorem of k^. Proposition 1 1.5. 13i one has 

£,,„xfe + fer) = fef, 

and hence there are unique elements x e Ek^n, u e k^, and g e (ks)°° such that / = x{u+g). 
Since Ek,n,k^ c kl, it follows that g e (kl)°°, and hence /"' = x~^u~\\ + u'^g)~^ e kl 
by the following lemma. □ 
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Lemma 2.5.7. For an weakly complete k-algebra A, one has the inclusion 

1 +A°° cA^. 

Note that it is well-known that the same inclusion holds for a Banach algebra. 
Proof. Take an element / e 1 + A°°. Since \\f - 1|| < 1, the formal power series 



!=0 



is an overconvergent power series on the closed disc of radius ||/ - Therefore the 
infinite sum 

oo 

^(/-i) = 2(^-iy 

!=0 

converges in A by the weak completeness of A, and it coincides with e A by the 
well-known fact of a ^-Banach algebra. Therefore /"^ G A. □ 



Corollary 2.5.8. Let S cR" be a thick polytope containing (0, . . . , 0) e R". An element 
f e (kly is ir 
that\U = 1,1 
homorphism 

X {Elf X 

(a, x,l + g) axil + g) 



f e {k\)° is invertible in {k\)° if and only if there uniquely exists an element x G £'jt,n such 
that\fx\ = l,lk||s = = 1, and \\f~^ x~^ f - \\\s < 1. In other words, the canonical 



X X (1 + (4)°°) ^ (4)°'' 



is an isomorphism. 

Proof Trivial because k°'',Ek,n c (A:s)° n = (4)° and (;fcs)°'' n = {k^f 
Corollary 2.5.9. The set-theoretical bijective map 

Hom^k-WBanach)(k{TuTi^}\kl) (4)°'' 

cp ^ 0(ri) 

and the canonical isomorphism 

x(£i)"x(i + (4r) ^ (4)°'' 

(a, x,l + g) flx(l -I- g) 

induce the canonical bijective map 

Hom{S,A\{\, 1)+) ^ X {Elf x (1 + (4)°°). 
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Corollary 2.5.10. Let S (zW be a thick polytope containing (0, . . . , 0) e R". An element 
f & kl is invertible if and only if there uniquely exists anx € Ek^„ such that |^|||x||s = 
and Wfx^x'^f - l\\s < 1. In other words, the canonical homorphism 

rx£,.„x(i + (4r) ^ (kir 

(a, x,l + g) ax(l + g) 

is an isomorphism. 

Proof Trivial because k"", Ek,n c 4 and {ksT = {kly° and {ksY r^kl = (/tj)^. □ 
Corollary 2.5.11. The bijective maps above induce the canonical bijective map 

Hom(S, Gl,) - (klr = X Ek,n x (1 + (4)°°). 
Moreover if the valuation ofk is discrete and k is perfect, then one has 

[F] X X Ek,n X (1 + {klD - Hom{S, GI^^), 
where nk&k is a uniformisen 
We finish the examples. 

3 Singular homology 

In this section, we introduce the notion of 2x2x2 = 8 kinds of the singular homologies. 
The eight types are distinguished by whether an object is an analytic space or a dagger 
space, whether singular simplices are cubical or not, and whether geometric points are 
reflected or not. We call them generically the analytic homologies. Remark that the 
homologies of a dagger space reflect the overconvergent structure of it. Therefore it 
has relation with the theory of integration of an overconvergent analytic function. The 
integration will help us to calculate the cubical singular homology of a ^-dagger space, 
because Stokes' theorem often tells us whether a given cycle in the homology is boundary 
or not. In this section, we do not make use of the integration, and hence many basic 
properties of the eight homologies will be simultaneously verified. 

3.1 Eight singular homologies 

In order to deal with an analytic space and a dagger space at the same time, we introduce 
a unified notation for them. 

Definition 3.1.1. The term "s^" implies "analytic" or "dagger". For example if = 
analytic, the term "a k-s^ space" means a k-analytic space. Denote by k-s^ the category 
ofk-s^ spaces. 
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Definition 3.1.2. If the residue field k is a finite field, and set qi^ := #k > 2 e M and 
Nk '■= qk - i e N+ or Nk '■= I & N+. If the residue field k is an infinite field, set 
Nk:=le N+. 

In particular if is a local field, we mainly assume Nk = qk - ^■ 

Definition 3.1.3 (analytic singular homology). Let X a k-£/ space. Let Nk/^" c R"'^^ be 
the n-th normalised simplex 

NkA" := [(to,..., tn) e I ?o + • ■ • + = A^,, ti>0,^i = 0,...,n]. 

We call a homomorphism NkA" X a singular simplex of dimension n. Denote by C^iX) 
the free Z-module generated by the set of singular simplices of dimension n. For each 
analytic path f: NkA" X, denote by [/] the image off by the set-theoretical maps 

[■]: Hom(NkA'\X)^Cf;{X). 

Define the integral ajfine maps (Definition \l.l.l6\l d'f^ : NkA"'^ NkA" for each i = 
0, . . . ,nby 

NkA"~^ NkA" 

(to, ■ ■ ■ , tn-l) ^ (to, ■ ■ ■ ,ti-\,0,ti, . . . , Sn-\). 

We also have an integral affine map 

o-ll^-.NkA" NkA"-^ 

(to, ■ ■ ■ ,tn) ^ (to, ■ ■ ■ , ti^l, ti + ?,•+!, ti+2, ■ ■ ■ ,tn) 

for each i = Q, . . . ,n — \. Then for each i = Q, . . . ,n — \ and j = 0, . . . ,n, one has 

f ^n\°'^ (ifO<j<i-l) 

(r»o5i^)= id (ifj = i,i+l) 

Define the homomorphism dn : C^(X) Cfj_^^(X) by 

n 

i=0 

for each y : NkA'^ X. The homomorphism J„ gives us the chain complex C^(X). Denote 
by Cf^(X, M) the "L-module C'^(X) ®z M for an Abelian group M, and call it the group of 
singular chains of dimension n with coefficients in M. Particularly C^(X,Z) = Cf^(X). 
We set II^(X, M) := H^(C^(X, M)) and call it the n-th analytic singular homology group 
ofX with coefficients in M. On the other hand, define the group of singular cochains of 
dimension n with coefficients in M as C" (X, M) := HomQrp(C^(X), M). Call ITl(X, M) := 
IP(CJiX, M)) the n-th analytic singular cohomology group ofX with coefficients in M. If 
the coefficient group M is Z, we write IIf^(X) and ITl(X) instead ofHf^(X, Z) and H'KX, Z) 
for short. 
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Definition 3.1.4 (analytic cubical singular homology). Let X a k-s^ space. Following 
Serre's convention in fiSERljj, we call a morphism [0,^4]" X a singular cube of 
dimension n. A singular cube y: [0, A/^t]" X of dimension n is said to be degenerate if 
there exist an integer i = \, . . . ,n and a singular cube j' : [0, A^yt]"~' ^ of dimension 
n-l such that y coincides with y' o prf' , where prf^ is the integral affine maps [0, NkT 
[0,Nk]"~^ determined by the continuous map endowsed with presentation by the natural 
projection matrix below: 

t = {t\, . . . ,t„) ^ (fi, 

Denote by Q°{X) the free "Z-module generated by the set of singular cubes of dimension 
n, and by D°{X) c Q°{X) the Z-submodule generated by degenerate singular cubes. The 
group C°(X) := Q°{X)/D°{X) of singular cubical chains ofX is isomorphic to the free 
"L-module generated by the set of non-degenerate singular cubes. For each analytic path 
f: [0, A^^]" X, denote by [/] the image off by the set-theoretical maps 

[■]:Hom([0,Nkr,X)^Q'^(X) 

and 

[■]:Hom([0,Ntr,X) ^ Q'^(X) ^ C°(X). 

Define the integral affine maps d^n"^^ : [0,^4]""^ [0,^4]" for each i = 1, . . . ,n and 
o- = 0,1 by 

it\, . . . ,tn-i) 1-^ {ti, . . . ,ti-i,NkCr,ti, . . . ,t„^i). 
Define the homomorphism dn '■ QniX) Q°-i(.X) by 

n 1 
i=\ o-=0 

for each y: [0, A^*;]^ X. The induced homomorphism dn' C^(X) C°_j(X) gives us 
the chain complex C°(X). Denote by C°{X, M) the "Z-module C°{X)®z Mfor any Abelian 
group M, and call it the group of singular cubical chains of dimension n with coefficients 
in M. Particularly C°{X, Z) = C°{X). We set H^(X, M) := //^(C°(X, M)) and call it the 
n-th analytic cubical singular homology group ofX with coefficients in M. On the other 
hand, define the group of singular cubical cochains of dimension n with coefficients in 
M as C"^(X, M) := HomGrp{C°{X\ M). Call H'^(X, M) := H"(C^(X, M)) the n-th analytic 
cubical singular cohomology group of X with coefficients in M. If the coefficient group 
M is Z, we write Hf^(X) and H"^{X) instead ofHf^(X, Z) and H"^{X, Z)for short. 
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The normalisation by the constant Nt is quite essential when we consider the inte- 
gration of a differential form along a cycle in the analytic (cubical) singular homology. 
Recall we verified the integrability of an overconvergence analytic function on [0,qk-l], 
but not on [0, 1]. The end point must he qt - I 6 R. so that Stokes' theorem holds. If we 
set the end point of an interval as 0, 1 e R, we would lack Stoke's theorem. See the proof 
of the fundamental theorem of calculus, Propo sition 14.2.321 

Definition 3.1.5. The symbol "C" (or "H") implies "C" or "C°" (resp. "H^" or 
"H° "). For example ifH = H^, the symbol "Hn(X, M) " means "H^(X, M) ". 

Recall that the etale cohomology with coefficients in Q/ for a prime number / e N is 
defined as the cohomology of a Q/-sheaf. This idea also works for the analytic homolo- 
gies, and hence only when the coefficient group M is a Q/-Banach space B, we rearrange 
the definition of the analytic homologies with coefficients in B ragarding B as the tensor 
of Q, and the pro-object B° = lim B°irB°. 

Definition 3.1.6. For groups M, N and a group homomorphism M ^ N, its tensor prod- 
uct C.(X,M) CXX,N) is obviously a homomorphism of chain complices, and hence 
associate it with the homomorphism 

H,{X,M) ^ H,{X,N) 

of homological functors. 

Definition 3.1.7. For a prime number Z e N and a Qi-Banach space B, set 
H*{X, B) := lim H*{X, B°/rB°) Xz, Q/. 

In particular set 

H*iX,qi) := lim H*iX,Z,/rZi) Xz, Qi = lim H*(X,Z/rZ) Xz, Q/. 

We mainly make use of the analytic singular homology of a dagger space, and we do 
not know whether the analytic singular homology and the analytic cubical singular ho- 
mology coincide. Maybe not. The canonical homomorphism from the analytic singular 
homology to the analytic cubical singular homology might not be surjective or injective. 
The analytic singular homology seems to have much more cycles and boundaries than 
the analytic cubical singular homology. Remark tha the existence of Mayer- Vietoris ex- 
act sequence will be easily proved for the analytic singular homology by the similar way 
as that of the corresponding fact in general topology. On the other hand, when we try 
to prove the existence of Mayer- Vietoris exact sequence for the analytic cubical singular 
homology, a homotopy between the identity and the barycentric subdivision operator can 
not be constructed as a cubical singular cube, and hence we have to extend the defini- 
tion of a cubical singular cube, which will be called a "general" analytic cubical singular 
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cube. Moreover, the canonical homotopical isomorphism between cubical one to not cu- 
bical one can be obtained as a "general" cycle. Therefore the existence of Mayer- Vietoris 
exact sequence and the comparison isomorphism to not cubical one will be verified only 
for the "generalised" analytic cubical singular homology, but not for the analytic cubi- 
cal singular homology. See Appendix, 96.11 for the theory of the "generalised" analytic 
homology. The reason why we mainly deal with the homologies of dagger spaces in 
this paper is because the integration is valid for them. The "generalised" ones do not 
work in the theory of integration by the following reason: Recall that we are regarding a 
character x e as an analytic function on [0,Nk]. The "generalised" analytic (cubical) 
singular homology is obtained regarding a formal symbol x{t") for a character x e 
and an integer n e N+ as a "general" analytic function on [0, A^^;]. A primitive func- 
tion of an exponential function a'' is an elementary function log aa'^ , but that of is 
not. Fubini's theorem help you to calculate the integral of a'^b'^ on [0, A^^]^, but not of 
a'^'-. Singular cubes correspond to fuctions such as a'' and a'^b'-, while general singular 
cubes correspond to functions such as a'^ and a'^'-. See Appendix, 96.11 for more precise 
information. 



To begin with, consider the case = \. 

Definition 3.1.8 (ground field extension of analytic singular homology). Let K/k be an 

extension of complete non- Archimedean fields. The ground field extension functors 

X Xf^ 

Sk S K 

Hom(S,X) Hom{S,X) 
induce canonical homomorphisms 

(■)k: C^(X,M) ^ C^{Xk,M) 

[y] - [tk] 

and (-h: Ht(X,M) ^ Ht{XK,M). 

Definition 3.1.9 (ground field extension of analytic cubical singular homology). Let K/k 

be an extension of complete non-Archimedean fields. The ground field extension functors 

X Xk^ 

Hom{S,X) Hom{S,X) 
induce canonical homomorphisms 



{■)k: C°(X,M) ^ C°{Xk,M) 
M - [Jk] 
and {■)k : H°{X, M) H°{Xk, M). 
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We often need the assumption that k is algebraically closed to verify some important 
properties of the analytic (cubical) singular homology. The assumption is too strong 
because we mainly want to see the case ^ is a local field. If k is not algebraically closed, 
the analytic cubical singular homology Hh.(Xc, M) may somtimes be easier to deal with, 
where C is the completion of the fixed algebraic closure k of /:.Note that the biggest reason 
why we have to deal with a local field is because we will use Fontain's />-adic period ring 
5ciR in the theory of the integration, and the proof of the integrability of a difi'erential 
form on a ^-dagger space along a cycle in the sense of the analytic (cubical) singular 
homology heavily depends on the finiteness of the residue field k and the discreteness 
of the valuation of k. Therefore when we consider the analytic cubical homology of 
a dagger space, we should not extend the base field to C. In the case, the following 
alternative notion may be helpful: 

Definition 3.1.10 (geometric analytic homology). Let X be a k-s^ space. Set 

H„(X/k, M) := lim H„(Xk, M), 

k/K/k 

where K in the limit runs through all finite extension K/k contained in the fixed algebraic 
closure k. Remark that ifk is algebraically closed, one has the canonical isomorphism 
H,(X,M)=H,(X/k,M). 



Now consider the case A: is a local field and Nk = qt - ^■ 

Lemma 3.1.11. Let K/k be an extension of local fields. Then one has N/, \ Nk- If K 

contains a NK/N^-th root of a uniformiser ofk, then one has k{ ^'^'^ifk) c K. 

Proof. Trivial by the structure of the multiplicative group fc^ = [^^]X;r^x(l+fc°°), where 
Uk &k\%di uniformiser. Note that NkINu = -1 mod.jo. □ 

Definition 3.1.12 (ground field extension of analytic singular homology). Let K/k be an 
extension of local fields. Suppose K contains a NK/N^-th root of a uniformiser of k. The 
ground field extension functors 

X -v^ Xfc 

Sk Sk 
Hom(S,X) ^ Hom{S,X) 

and the (not integral) affine maps 

Nk/NK-.NK^" ^ NkA" 

Nk 

(to, . . .,tn) ^ 7F^^0> ■■■,tn) 

induce canonical homomorphisms 

{■)k: C{X,M) ^ C%Xk,M) 
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M - [jk] 

and {■)K:Ht{X,M) ^ Ht{XK,M). 



Definition 3.1.13 (ground field extension of analytic cubical singular homology). Let 
K/k be an extension of local fields. Suppose K contains a NK/N^-th root of a uniformiser 
ofk. The ground field extension functors 

Sk Sk 
Hom(S,X) ^ Hom(S,X) 

and the (not integral) affine maps 

Nk/NK-. [0,NKr ^ [0,Ntr 

Nk 

(to, ■■■,tn) ^ ITF^^O; ■■■,tn) 

induce canonical homomorphisms 

(■)k: C(X,M) ^ (^(Xk,M) 

[r] ^ [jk] 

and (■)K:mX,M) ^ mXK,M). 

As a redear sees, the ground field extension is bother some in the case = qu- ^-^^ 
one needs the ground field extension, he or she may change the homology in the following 
way: 

Definition 3.1.14. The integral affine maps 

A" ^ fe-l)A" 

(to,...,tn) ^ (qk- l)(to,...,tn) 

and 

[0,lf ^ [0,^,-lf 

(tu...,tn) ^ (qk- l)(ti,...,t„) 

induce canonical homomorphisms from the analytic (cubical) singular homology given 
by setting Nk = qk-l to the analytic ( cubical) singular homology given by setting Nk = I. 

We have constructed the eight singular homologies: the geometric and not geometric, 
cubical and not cubical, singular homologies of an analytic space and a dagger space. We 
call them generically the analytic homologies distinguishing the other homologies such 
as the singular homology of the underlying topological space. Finally we introduce the 
notion of the analytic homology of an algebraic variety. 
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Definition 3.1.15 (analytic homology). An analytic homology implies one of the eight 
homologies defined above. 

Definition 3.1.16 (analytic homology of an algebraic variety). For an algebraic variety X 
over k and an Abelian group M, denote by H""{X, M) ( or Hl{X, M) ) the analytic ( cubical) 
singular homology group Ht{X"" , M) (resp. Ht(X\M)) of the associated k-analytic space 
X"" ( resp. the associated k-dagger space X^). 

3.2 Axiom of homology and other properties 

The analytic homologies satisfies many desired properties containing what is called the 
axiom of homology. We verify the functoriality, universal coeflicient theorem, existence 
of the long exact sequence for a space pair, dimension axiom, homotopy equivariance, 
existence of Mayer-Vietoris exaxt sequence, excision axiom, the relation between Ho 
and some kinds of connectedness, and compatibility of the two group structure of Hi of 
a group object. Be careful that the existence of Mayer-Vietoris exact sequence and the 
excision axiom hold only for the "generalised" analytic cubical singular homology of 
an space over an algebraically closed field. We will explain why such a revision is 
necessary in Appendix, §16.11 In the proof of the propositions of the analytic homology, 
we only consider the case Nk = I. Even if Nk > I, the proof is completely the same. 

Lemma 3.2.1 (functoriality). The correspondence 

H„(-,M): (k-^) (Z-Mods) 

is a covariant functor. 

Proof. The correspondence of Hom-sets is given by the composition of a morphism in 
{k-£^) to a singular simplex (or a singular cube) in a natural way as we have dealt with 
in Proposition [TATII and Proposition [2ATTJ and the functoriality holds. □ 

Proposition 3.2.2 (universal coefficient theorem). Let X be a k-s^ space. One has a 
splitting exact sequence 

^ Hn{X) ®z M ^ Hn{X, M) ^ Tor^{Hn-,iX), M) ^ 

for an integer n eN and an Abelian group M. 

Proof. It follows from the fact that C„(X) is isomorphic to the free Z-module generated 
by the set of non-degenerate singular cubes. □ 

Since we has the universal coefficient theorem, we argue only about the Z-coefficient 
singular homology Hh.(X). Now we will see several basic properties required for a ho- 
mology theory in the next subsection. 
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Proposition 3.2.3 (long exact sequence for a space pair). Let X be a k-s^ space, and 
A c X an analytic domain. Set C„(X,A) := C„(X)/C„(A) and Hn{X,A) := //„(C*(Z,A)). 
Then there exists a long exact sequence 

H„^,(X,A) ^ H„{A) ^ HniX) ^ Hn(X,A). 

Proof. Since the sequence 

^ CM) C,iX) C,{X,A) ^ 

is an exact sequence of shain complices of Z-modules by the definition of Ct(X,A), it 
induces the long exact sequence taking its homology. □ 



Proposition 3.2.4 (dimension axiom). One has 

H„(^(k)) = 



Z (n = 0) 
(n>0) 

Note that k is both of a fc-aflinoid algebra and a ^-dagger algebra, and the assertion 
holds for both of the analytic homologies of an analytic space and of a dagger space. 

Proof. We omit the dagger case. Calculate the chain complex C*(^(^)) in the following 
way: Take an arbitrary n eM. Since ^(k) is a ^-affinoid space, one has 

Hom([0, l]'\^(k)) = Hom(;t-NAig)(^, %!]'■) = 
Hom(A",^(fc)) = Hom(^:.NAig)(^,^A") = {idyt} 

by Proposition 12.4.101 It follows that the maps 

o^J;'''^): Hom([0,l]",^(yt)) ^ llom([0,l]"*\^(k)) 

and o^f■.nom{^\^{k)) Hom(A"+\ ^(/t)) 

7 y o d^^ 

map id^ i-^ idyt by the uniqueness of an analytic morphism A"+^ * and [0, 1]"^^ 
^(k). It implies that any morphism in Hom([0, l]"^\^(fc)) is degenerate, and one 
obtains 

(^(yt)) = (O^Z^Z^Z^---) 
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and 







(0 



D°(^(^)) = (0 
Q^i^ik)) = (0 



-4 > > 



-4 





1 



















(0 



(0 



> 



-4 > > 



Thus one has 



Z (n = 0) 
(n>0) 



□ 



Proposition 3.2.5 (homotopy invariance). Let X be a k-£/ space. Then there exists a 
canonical isomorphism 



resp. 



H„iX) = H,{X X, bl) = Hn(X X, Dl) = HniX x, A^) 
H„{X) = Hn(X X, bl^) = HniX Xk D\^) = H„{X x, A^^) 



for each n e N, where Dj^ (resp. Dl'^) is the open unit disc bl{l) (resp. bj^(iy''), and Dj^ 
(resp. D^'') is the closed unit disc D\{\) (resp. D\{\)^). 

Note that universality of the fibre product of the given forms holds with respect to a 
morphism from A" or [0, 1]" by Corollary [TA201 and Corollarv ri.4.20[ 

Proof. We omit the dagger case. Let Y denote the ^-analytic space , D{, or A^. By 
the canonical projection X Xj, Y ^ X, one has a homomorphisms a„ : H„(X x^ Y) 
H„(X). We verify that this is an isomorphism. The zero-section X ^ X XkY induces the 
homomorphism bn : H„(X) H„(X Xt Y), and since the composition X ^ X Xk Y ^ X 
is the identity, the corresponding composition a„ o b,, '■ H„(X) H„(X Xjt Y) H„(X) is 
the identity. Consider the other composition b„ o a,, : H„(X x^ Y) H„(X) H„(^ x^ Y) 
corresponding to the composition X Xi, Dl ^ X ^ X Xj, Y. It suffices to show that 
bn° an = id. Fix a power root system p e E^^i of p and set 



\-p 



€ k{E,,l 
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The non-cubical case: Denote by gf the the image of giti + ... + ?/) 6 fc[£'j./+i] in 



k/^i and by gf. the image of d\-'^*(gf) e k[Eki] in k^i-i for each Z e N+, z = 1, . . . , /, 

I, J I I ' 



and 



J = 0, . . . , /. Formally set := 1. Note that g\'\ = g^.[^ ^ for each j = 0, . . . ,i - I, and 
^Ij = for each j = i,...,n + I. 

Consider the case Y = dI first. We prepare notation. Take an arbitrary morphism 
y: A" ^ XX/.D],. The morphism y induces two morphisms y' : A" Xandy": A" ^ Dj, 
by the canonical projections X x^. Dj, X and X X/. Dj, ^ D|,. Thess correspondences 
induce group-homomorphisms C^(X x^ D|) ^ C^(X) : ^ ^ f and C,t(X x^ D^) ^ 
C^(X): ^ 1-^ Let 0: A" ^ D], be the constant morphism onto the ^-rational point 
e D^(^). The given morphism y coincides with y'Xty", and the morphism correponding 
to the image (b o a)[y] e C^(X X/. D^) is the morphism y' x,t 0. By Lemma [T. 5. 11 the 
morphism y" is given by a bounded ^-homomorphism H°(-, Ga)(y") ■ k{Ti} ^a"- Set 
f{y){h, . ..,tn) '•= H°(-, Ga)(y")(7'i) 6 ^a"- Consider the fc-algebra homomorphism 

f(y,i): k[Ti] k/^„+i 

Ti ^ f{y, i)(T,M, := ^Sl'V^^C/Cy)) 

for each i e N with i<n+l. Since ||/(y)|| = ||H"(-, Ga)iy"){Ti)\\ < \\Ti\\ = 1, one has 

11/(7,0(^1)11 = \\g%Y'crf:,(fiy))\\ < ||^;:;^^||||(r^i*i(/(y))|| < 1 x ||/(y)|| < 1. 

Therefore the homomorphism /(y, z) : k[T] k^„+i is uniquely extended to a bounded k- 
homomorphism /(y, z) : k{T} k^n+i, and determines a morphism ^(/(y, z)) : A""^^ 
D^. Let y{z, j} : A"+^ XXi,Dl denote the morphism 

y{U j} = 7{i, jY X, y{z, j}" := 7 o d^^^ o cr® : A"+' A A" A A"^' ^ X x, 

for each z = 0, . . . , n and 7 = 0, . . . , n + 1, and r(y)(?o, • • • , e C,'^^i(X) denote the 
singular simplex 

n n 

r„(y) := Xi(-l)'' [(r ° 1) X. ^(/(y, z))] = ^^(-l)'' [(/ ° c^^li) x, ^(^Sl V^J^(/(y)))] . 

!=0 !=0 

The correspondence y r„(y) determines a group-homomorphism r„ : C^(X) C^^i(X): ^ 
r„^. One has 

n 

4+ir„[y] = 4+i[r„(y)] = _^(-l)'4+i [(/ o (r« j) x, ^(/(y, z))] 

!=0 

n / n+1 

n i- 1 

= Xi^-^^"' - ^'j^' -^(^/"^H0(-, GJ(y{z, j}"))] 



i=l j=0 
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i=0 i=0 
n-l n+l 

+ Z Z ^-1^'"' b^'' j - ^(sfj^ax, GMi, j - 1}"))] 

(=0 j=i+2 

n~\ i 

i=0 7=0 

+ 2 [y -^(sffir))] - Z [y X, ^(gfjjiy))] 

i=0 i=0 

n— 1 n 

+ Z Z b^^' ^"J' -^(^SSh^Cn Ga)(r{^ i}"))] 

!=0 j=i+l 
n-l « 

i=0 j=0 

+ [y Xk -^{gffiy))] - [y X, ^(g2i/(r))] 
= Yu Z^-i^"'"' b^^' -^(^S+iH'C-' G«)(r{^ 7"}"))] + M - [/ x^ 0]. 

!=0 7=0 

On the other hand, one calculates 

n n 

r„_iJ„[y] = r„_i Yj^-iy [y o a'i^] = _2(-iyr„_i(y o 5«) 

y=o ;=0 

n n-l 

= Yj'-^y Yj'-^y [((7 o o af) X, ^(gSH«(., GJ((r o o 

7=0 i=0 

n n—\ 

7=0 1=0 

n-l n 

= 2 Z(-i>"' b^'' j^' -^(^Sh^C-. G«)(r{^ 7"}"))] 

i=0 7=0 

and it follows 

dn+iTniy] + r„_i4[r] = M - [/ x^ O] = [y] - o a)[yl 
Now take an arbitrary cycle ^ e C,'^(X x*. D^). By the calculation above, one has 

^-{boa)^ = d„+iT„^ + Y„_id„^ = J„+ir„^ e 4+iC^+i(Z x^ D^), 

and hence the induced homomorphism boa: H^(X x^^ D^) H^(^ Xk D^) is the iden- 
tity. We conclude that the homomorphisms a : Uf^iX x^ D^) ii^(X) and Z?: H^(X) 
Unix Xk is isomorphisms which are the inverse of the other. 

Ill 



Now consider the case Y is D| or A],. We have only to show that the composition 
boa: U^iX Y) Uf^X D^) is the identity. Take an arbitrary cycle ^ e Cf^(X x^ Y), 

and a presentation of ^ as a formal sum aiiyi] + h a/[y/] by some / e N, ai, . . . , a/ e Z, 

and yi , . . . , 7/ e Hom(A", X Xk Y). Since is compact, there exists some d 6 (0, oo) such 

that Dl(d) = j^{k{d~^T}) c 7 and the image y*{A!l) is contained in X Xj, Dl{d) for each 
i = 1, . . . , /. Since k is of mixed characteristic, the valuation of k is non-trivial. Therefore 
we may assume and do D^((i) is a strict ^-dagger space replacing J to a suitable parametre 
in \k^\. By the universality of a Weierstrass domain. Proposition 1 1 . 2 . 1 91 the morphisms 
7; uniquely factors through X Xk T)\{d). Denote by 

the restriction of y, for each z = 1 , . . . , /, and set 

Then the image of it by the homomorphism CfX^ Xk T)\{d)) C^(X Xk Y) induced by 
the inclusion X x^ D^((i) XXj^Y coincides wiith ^. Since X x^ D]^(J) is isomorphic to 
Z Xk T>1 by the strictness of D^( J), we know that boa: U'^iXXk D^( J)) ^ H,'^(X x^ D^( J)) 
is the identity. Therefore there exists an element rj € C^^^{X x^ D^((i)) such that 

Let 

77r*"eC+i(Xx, 7). 

be the image of rj by the homomorphism C^^i(X x<- D^(J)) ^t+ii^ X/t J') induced by 
the inclusion XXkTilid) XXkY, and then one has 

4.1 {rir^') = (4.1^)1^^^^ = ((f|^x*°^(^'^) -{boa) (^fx^m)f'''" = ^-(bo a)f 

It follows that the images of ^ and (b o a)^ in H^(X x<: 7) coincides with each ather, and 
we conclude the homomorphism boa: H^(X x^ Y) H^(^ x^- Y) is the identity. 

The cubical case: Take an arbitrary cycle y 6 C„(^ Xk and set y = zi\yi\ + • • • + 
Zmlym] for some m e N, zi, . . . , z„, 6 Z, and 7i, . . . , y,„ 6 Hom([0, 1]", X x^ Y). Denote by 
c„ the homomorphism Q°(X x^; Y) Q°+i(^ y^k Y) given by setting 

cmtu Ui) := [eitu . . . , t„) X, ^(H°(-, GJ(^")ai, . . . , Qg(t„^,))] e Q°^i(X x, 7) 

for each morphism ^: [0, 1]" Xx^Y. Let e„ be the homomorphism Q°(X) ^ Q°+i(^) 
induced by the canonical projection [0, 1]"^^ [0, 1]" : (ti, . . . , ?„+i) i-^ . . . , By 
the corresponding corollary of Lemma ll.5.11 the morphisms y", . . . , y^ e Hom([0, 1]", 7) 
is determined by analytic functions /i, . . . ,/„, e ^[o,i]« with suitable norms. Denote by 
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r,- e Hom([0, Y) the fibre product (e„ o a„)(yi) x^. ^(fiih, r„)g(?„+i)) for each 
/ = 1, . . . , m. One calculates 



n+l 1 



j=l o-=0 

n 1 

= 2 ° «.)(r.))lo=<r) X, ^WiihMtn))] + (-ir\(K o a„)[y] - [y]) 

j=l o-=0 
n 1 

;=1 o-=0 
n 1 

= 2 Z^~i^'""^«-i([^'lo=-]) + (-ir'((^n o an)[r] - [y]) 

;=1 o-=0 

for each i = l,...,m, where ?^,o- := . . . , tj-i,cr, tj, ?„-i), and therefore 

m n 

i=\ i=l 
m n I m 

;=1 y=l o-=0 ;=1 

(m \ / m ^ 

2 ^'f^'^ + ((^ o a) - 1) ^ zAji] 
i=l / V(=l 

= (boa)(y)-(y) 

because 7 is a cycle. We conclude that the homomorphism Z7oa : H^iXx^Y) H°(Xx^y) 
is the identity. □ 

Corollary 3.2.6. For integers n,m eN and d e (0, oo)'", one has 



H^iD'^id)) =z HniP"^{d))=zHn{A^)=z 



Z (n = 0) 
(n>0) 



Proof. It directly follows from the dimension axiom and the homotopy invariance. □ 

Before proving the existence of Mayer- Vietoris exact sequence, we have to justify the 
barycentric subdivision of a cycle. The proof of the existence of a homotopy between the 
barycentric subdivision operator and the identity totally deffers depending on whether 
one considers the singular homology or the cubical singular homology. We prove it first 
for the singular homology. To tell the truth, the cubical singular homology does not 
satisfies the existence of such a homoytopy because cubical the singular chain complex 
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has insufficient boundaries. In order to examine this fact, we will prove the existence 
of a homotopy for what is called the "generalised" cubical singular homology, which is 
the homology of the "general" cubical singular chain containg the cubical singular chain. 
The construction of the homotopy needs "general" cubical singular simplices. Well, what 
is a "general" one? Recall that we are regarding exponential-like maps x{t) e as 
analytic functions on [0, 1]. Moreover for a general dimension n e N, we deal with formal 
elements x(aiti + • • • + aj,, + c) given as exponential-like functions x(t) e of which 

the variable t is substituted by a Z- linear expression t = a^ti -\ h a„f„ -I- c of n-variables 

ti,...,tn. This definition allows one to substitute a Z-linear expressions U = at^si + 

h ai^,„s,„ + Ci for the variables of an arbitrary analytic function f{t\, ...,?„) on 

[0, 1]" and to obtain the analytic function fitiisy, . . . , 5„,), . . . , tnisi, . . . , s,„)) on [0, 1]™. 
This is the pull-back by an integral affine map. If k is algebraically closed, then the 
pull-back by a (not necessarily integral) affine map is also valid. However, one is not 
allowed to substitute polynomials for the n-variables . . . , f„ of an analytic function on 
[0, 1]" because of the lack of a function of the form x{tit2) for x e Q^. The construction 
of a homotopy between the barycentric subdivision operator and the identity needs the 
pull-back of a function by a coordinate change by polynomials which is not an affine 
map in general, and that is why we do not have such a homotopy for the cubical singular 
homology. A "general" analytic function should be defined so that it admits the pull-back 
by a coordinate change by polynomials. See Lemma [6.1.1l in Appendix the construction 
of such a homotopy for a "general" analytic cubical singular homology. 

Definition 3.2.7. For an integer n 6 N, denote by \n\ c N the subset {0, . . . , n - 1}. In 
particular, [0] = 0. 

Definition 3.2.8. For integers n 6 N and z 6 [n -I- 1], and for an injective map cr: [i] 
[n + 1], denote by a^''^ = (a'^^Q, . . . , ) 6 Q""^^ the vector whose entry a^^^'j is {n + l-i)'^ 
for any j e {n + l]\cr([z]) and is Ofor any j e cr([z]). In particular, a^?^^ = 1 6 Q. For 
integers n 6 N and i, j ^ \n + 2], and for an injective map cr: [i] '-^ [n+1], denote by 
l^'^ = Q^^^, b^^^J £ Q"+^ the vector defined as follows: If j e [z], then l^^ := a^"'^l 
Ifj£ \n+2\\\i\, then letmo-j be the (j-i)-th least element of [n+2]\cr([i]), anddefine 
b''^''j' as the vector whose entry b^^'j'j^ is 1 for k = ma-j and is Ofor any k e {0, . . . , n}\{ma-j}. 

In particular, Z?^.^"^ = 1 6 Q. For integers n e N, i e [n + 1], and j e [n + 2]\[i + I], 
and for an injective map cr: [i] '-^ [n -I- 1], denote by cr \J (j - i): [z -I- 1] + 1] 

the injective map determined by (cr U (j - z))|[,] = cr and (cr U (j - z))(z) = m^j. For 
integers n eN, i e [n], and k e [n + 1], and for an injective map cr: [z] '-^ [n], denote by 
kuo": [i+l] '-^ [^ + 1] the injective map determined by {kUcr){Q) = k, (kucr){l) = cr(Z-l) 
for any I e \i + 1]\{0} such that cr(l - \) < k, and (k U cr)(/) = cr(Z - 1) -i- 1 for any 
I e [i + 1]\{0} such that cr(l - 1) > k. For integers n eN and i e [n], and for an injective 
map cr: [z] \n-v \\, define S'^"''^(cr) e N inductively on i by the following way: When 
i = 0, then set Z'^"''^(cr) := 0. When i > 0, assume has already been defined. Set 

1J'"''\(t) := Z'^"''"^-'(cr|[,_i]) -I- /o-|[,_ij,o-(i-i), where /o-|[,_i],o-((-i) 6 N is the number of integers in 
the set i[n]\o-([i - 1])) n [cr(z - 1)]. 
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Definition 3.2.9. Suppose k is algebraically closed. Let X be a k-s^ space, n 6 N, and 
f(to, ...,?„): A" ^ Z a morphism. Define bf 6 C^{X) asfollws: 



Bf:= X (-if""^' 

a-eAut([n+l]) 



(0-) 



/ n 



f 



\ 1=0 



o-eAM?([n+l]) 



/ 



V|i,j,0' 
i« „('i,0 



/n particular when n = 0, then bf = [/]. It induces a group homomophism 

B: CtiX) ^ C,t(X) 

[/] ^ 5[/]:=5/ 
identifying C^(X) as the free Z-module generated by non-degenerate paths. 
Lemma 3.2.10 (barycentric subdivision for simplices). In the situation above, one has 

^ = BiGHtiX) 

for any ^ e ker J„. 

The proof is totally algebraic and quite formal, and is done in much the same way as 
that of the corresponding fact in algebraic topology in [IHAT|. Note that if one deals with 
the geometric analytic singular homology instead of the analytic singular homology and 
if one replaces the condition "great" to "universally great", he or she may remove the as- 
sumption that k is algebraically closed. The reason we assumed the algebraic closedness 
is because we used an affine map which is not integral in the definition of the barycentric 
subdivision operator B. 

Proof. We construct a homotopy O : Cf (X) Cf^j(X) between b and id. For each n e N 
and /: A" ^ X, define O/ e Cf^^iiX) as follows: 

n r / n+1 \ 



i=0 cr: 



E E (-1) 



r=0 cr: [!]^[n+l] 

It induces a group homomophism 



/ 



(1,0 , \ 



^ j=0 '^o-Jfi'-j 
yn i(n,i) 



J ) 



0:C„-(X) ^ C,ti(X) 

[/] ^ 0[/]:=0/ 

for each n e N identifying C^(X) as the free Z-module generated by non-degenerate 
paths. Take any n 6 N and / := A" X. We try brief calculations. Be careful that we 
regard C^(X) as a Z-submodule of C^(X, Q) by the canonical embedding. 



d 



f 



Vi=o 
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i-1 



(k-l 



n-l 



\j=o 



k=l 



\j=o 



H-iy 

{n-\ 



f 



n-l 



M n+l 



k-l 



n-l 



V;=0 



J] k=i+l 



J=0 



f 



7=0 



f k-l 

E 

a \j=o 



n-l 



(k-l 



n-l 



/ 



L V;=0 



) 



/ 



n-l 



n+l 



/fc-1 



E *r ''^ + E - E <-')'/ E "S'o + E 



V;=0 



J] k=i+l 



Vi=o 



f n-l 



f 



Zj o-j+ih 



L V7=o 

n+l 



+ + (-l)' 

fk-l 



f 



n-l 



\j=0 



n-l 



+ E(-i)'/EC'.+E''~'^ 



A:=i+1 
/n-l 



V7=0 



/ 



Zj <^J+^ J 



+ (-!)' 



j=k 



f 



/ 

n-l 



V;=0 



\j=0 l\ 
n+l r / k-l n-l 

^Zj*^ ^ •' Zj '^{o-u{k-i))\ii+uyj^ Zj'^a-uik-DJ+lh 
k=i+l L \7='+l j=k 



1=0 0-: [i]-^[n+l] 



n+(+Z("'''(cr) 



/n-l 



Vi=o 



/J 



y ^(n,0 ^. 



i=0 cr: [(]^[n+l] 



Vi=0 

1-1 



.7=0 



E E (-1) 

(=1 cr: [(]'^[n+l] 

-Z Z (-ir^"<"/|E*S;;"o+E''S-o 



n-l 



n+l 



(=0 cr: [(]'^[n+l] k=i+l 



f k-l n-l 

Zj '^(o-u(*:-o)|[i+i],/^ ^ Zj '^o-U(*:-0,7+r7 

7=0 7=* 



E E (-ir'""'"" / E'-Si.o 



(=1 cr: [i]'^[n+l] 
/n-l 



^1-1 



.7=0 



+(-!)" 



L V7=o 



j+ih 



cr: [n+l]'^[n+l] 



L V7=0 
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j=l cr: 



/ 



\j=o 



(t: [ji+l ]'-»[«+!] L V7=0 y 

L \j=o 



E E <-')' 

i=l cr: [i]^[n+l] 



+ (-!)"([/] 



n-1 



l+!+Z<"-l-''(0-)+/t 



(=0 cr: [i]^[n] k=0 



f 



^ 7=0 '^o-.y.o 'i 



^7=0 '^cr,j,k-\^i 



^j=0'^cr,j,k 



^;=0 '^cr,j,n-rj ! 



n-\ 



= E E E<-»"" 



+£<"•'■> (<:Uo-) 



n+!+S<"-'>(o-) 



!=1 0-: [i-l]^[n] /t=0 

= E E <-') 

.-. (5«D-(D5)[/] = (-!)"([/] 



/ 



/ ; ^kucr,}'-] 



f 



y ^('V) J, 



□ 

Once barycentric subdivision is justified in our homology theory, one achieves Mayer- 
Vietoris exact sequence by a totally formal argument. 

Proposition 3.2.11 (Mayer- Vietoris exact sequence). Suppose k is algebraically closed. 
Let X be a k-s^ and U,V c X great domains, Definition \1.4.29\ satisfying Int(U/X) U 
IntiyjX) = X, where Int(U/X) and IntiVjX) are the relative interior of U and V in X. 
Then there exists a long exact sequence 

Hl,(X) ^ //^(f/ nV)^ Htm ® Ht{V) ^ H^iX). 

Even if k is not algebraically closed, if U,V c X are universally great domains, then 
there exists a long exact sequence 

Hl,(X/k) ^ H^aU n V)/k) ^ Ht{U/k)®Hf,{V/k) ^ H^iX/k). 

Proof. We omit the geometric case. The exactness of the chains 

^ c^iu nv)^ ctm e c:(y) ^ c^X). 
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is trivial, and hence we have only to prove that C^(X) is generated by the image of 
C^(U) © C„(y) and 4+iC,ti(Z). Take an arbitrary y e Hom(A",X). Since lnt(U/X) and 
Int(y/X) cover X, they give an open covering of the closed subset A" c A^. Since A" is a 
compact metric space, there exists a Lebesgue number A > of this covering. Dividing 
A" into (n!)"' pieces for sufficiently large m e N, by restricting y on each pieces, which 
we identify with A" by the translation by affine maps, we obtain finitely many morphisms 
from A" each of whose image is contained in i7 or V because U and V are great domains. 
The difference from y e C^iX) itself and the sum of the pieces of y, which are contained 
in the image of C^(U) © C^(V) belongs to <i„+iCf^i(X) by Lemma [372.101 and hence we 
have done. □ 

Corollary 3.2.12. Let X be a k-£^ space and U,V c X k-analytic domains which cover 
X. Then there exists a long exact sequence 

Hl,{Ct(U) + CtiV)) ^ //:([/ nV)^ Hf:(U)®Hfi(V) ^ Hf;(Ct{U) + Ct(V)), 

where C^(U)+C^{V) is the image ofC^(U)®C^(V) in C^(X). In particular if the inclusion 
C^(U) + Cf(y) ^ C^(X) is a quasi-isomorphism, then one has the Mayer-Vietoris exact 
sequence 

Hl,(X) ^ Hf;(U nV)^ Hf^U) ® H^^iV) ^ H^^iX). 
Proof. It directly follows from the proof of the Mayer-Vietoris exact sequence. □ 

Corollary 3.2.13 (excision axiom). Sppose k is algebraically closed. Let A,X' c X be 
open great domains satisfying X = X' U A and set A' := X' DA = A\{X\X'). Then there 
exists a canonical isomorphism 

H^^(X',A') = H^^(X,A). 

Even ifk is not algebraically closed, if A, X' c X be open universally great domains, then 
there exists a canonical isomorphism 

Hf^(X'/k,A') = Hf^{X/k,A). 

Proof. We omit the geometric case. By the long exact sequences of space pairs, we have 
a commutative diagram 

H:(A) > H„^X) > H,t(X,A) > H,ti(A) > lll,(X) 

^ ^ 

H,t(A') > H,t(X') > H,t(X',A') > H,ti(A') > H,ti(X'). 

In addition, we have the Mayer-Vietoris exact sequence 

H,t(A') ^ H,t(A) © H,t(r) ^ H,t(X) ^ Hti(A') 
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because X = X' U A and X' n A = A'. We begin to prove that the centre column of 
the commutative diagram above is an isomorphism. Take an arbitrary element [^i] G 
H^(X,A), and let e C^(X,A) be a representative of [^i]. Take an 771 G C^(X) such that 
the image of rji in C^(X,A) is ^1, and there exist some 772 e C^^j(X), ^1 e C,'^(A), and ?7j G 
C^(X') such that <i„+i?72 + ^1 + '7'i = ?7i in C^(X) by the proof of the Mayer- Vietoris exact 
sequence. Denote by ^[ g C^(X',A') the image of r][. Then in C^_^(X,A), we have dn^[ = 
d„ri[ = dn^i - d„(dn+i^2 + ^) = and hence dn^[ = also in C^(X',A') by the injectivity 
of Ct(X',A') ^ Ct(X, A). It follows that ^[ is a cycle. Since ^1 = m = dn+\m + ^i+rf^ = 
dn+im + ^1 +^'1 is a sum of cycles in C^(Z, A), we have [^1] = [dn+im] + [^1] + [fj = [^'J 
in }if^iX,A). It implies H;^(X',A') ^ H,'^(X, A) is surjective. On the other hand, take an 
arbitrary [^[] G ker(H^(Z', A') ^ H^(X,A)), and \et^[ g C,t(X',A') is a representative of 
[fj]. Since [fj = in H^(X,A), there exists some ^2 e C^^i(X, A) such that 4+1^2 = ^[ 
in C^(X,A). Take an 772 G C^^i(X) such that the image of 772 is ^2 in C^^i(X, A). By the 
proof of the Mayer- Vietoris exact sequence, there exist some 773 G C^_^_2(X), ^2 G C,^^i(A), 
and 772 G C^^i(X') such that the image of dn+irjj, +^2+^12 in C^(X) coincides with 772. Since 
= 4+1^2 = d„+iT]2 = 4+i(4+2?73 +^2 + ?72) = 4+i?72 in C^(X,A), we have 4+i?72 = ^[ in 
C^(Z',A') because of the injectivity of the homomorphism C^(X',A') C^(X,A) (from 
the snake lemma). It follows that ^ is a boundary in C^(X',A'), i.e. [^] = [dn+iT]2] = 
in H^(Z',A'). Therefore the homomorphism H^(X',A') ^ H^(Z,A) turns out to be 
injective. □ 

We have verified what is called the axiom of a homology theory. We have many other 
basic properties desired in a homology theory. We show that H()(Z) have a good relation 
with the arcwise connectedness of X at first. From now on, identify A'' and as [0, 1]'^ 
and [0, 1]. 

Lemma 3.2.14. Let X be a k-s^ space. One has 

Hom{[Q,\f,^=X{k). 
Proof. Trivial because [0, 1]^ = J^{k). □ 

Definition 3.2.15. Let Xbe a k-^ space, and x,y € X(k) k-rational points. We say x and 

y share the analytically pathwise connected component and write x ~ j if there exist some 
m G N and 71, . . . , G Hom([0, l],X) such that x = 71 (0), 7i(l) = 72(0), . . . , 7m-i(l) = 
ym(0)>7m(l) = y- The relation ~ is an equivalence relation, and denote by noiX) the 
collection of all equivalent class with respect to the relation ~. X is said to be analytically 
pathwise connected ifnoiX) consists of a single equivalent class. 

Note that if X is analytically pathwise connected, no(X) is non-empty and hence X 
has a ^-rational point. For example, for a non-trivial (not necessarily strict) topologically 
of finite type extension K/k, ^{K) is not an analytically pathwise connected A:-analytic 
space or an analytically pathwise connected ^-dagger space, while it is analytically path- 
wise connected as both of a ^-analytic space and a ^-dagger space. Here we do not 
assume a topologically of finite type ^-Banach algebra (or weakly complete A:-algebra) 
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to be strict in the sense of IIBER2II : we say a fc-Banach algebra (resp. weakly complete 
fc-algebra) A is said to be topologically of finite type is A is a general ^-affinoid algebra 
(resp. a general ^-dagger algebra), i.e. there is an admissible epimorphism from a general 
Tate algebra k{r~^T} (resp. a general Monsky-Washnitzer algebra k{r~^T}^) onto A for 
some r e (0, oo)" for some n eM. 

Definition 3.2.16. Let X be a k-s^ space. X is said to be locally analytically pathwise 
connected if for any point t e X and any neighbourhood U eXoft,t has an analytically 
pathwise connected analytic neighbourhood in U. 

It is non-sense to consider this notion if k is not algebraically closed. Indeed, if k 
is not algebraically closed, a strict ^-analytic space which does not consist of isolated 
points has a strict ^-affinoid neighbourhood which is not a finite ^-algebra. By Noether's 
normalisation lemma [BGRJ, 6.1.2/2, A is finite over some ^-subalgebra isometrically 
isomorphic to a strict Tate algebra which is not k. Strict Tate algebra which is not k has 
a /^-valued maximal ideal which is not ^-rational, and so does A by Going-up theorem. 
A maximal ideal is automatically closed by HBGRH 1.2.4/5, and hence m <z A determines 
the unique bounded valuation x 6 M(A) c X on A whose support is m. Then x is a 
A:-rational point which is not ^-rational. Fix an admissible epimorphism from a strict k- 
affinoid algebra k\J'\, . . . , T,,} onto A, and consider the corresponding closed embedding 
^(A) c A^. Since fc" is closed in ^-ratinal points ^ = A^(^), there exists 

some open neighbourhood IJ of x in M{A) c such that IJ contains no ^-rational 
point. Since ^(A) ^ Z is a homeomorphism onto the image, there exists some open 
neighbourhood U' of jc in X such that V contains no ^-rational point. Any neighourhood 
of t in U' has no ^-rational point and hence is not analytically pathwise connected. Thus 
X is not locally analytically pathwise connected. We do not know there is an expamle of 
a non-strict ^-analytic space which does not consist of isolated points and which has no 
^-rational point. Considering a general non-strict fc-affinoid algebra is quite bothersome 
because of the lack of Noether's normalisation lemma. 

Let Z be a k-s^ space. For a ^-rational point t 6 X(fc), the analytically pathwise con- 
nected component of ? in X is the topological subspace of X which is the union of all 
analytically pathwise connected analytic domain of X containing t. The set of ^-rational 
points in an analytically pathwise connected component is an equivalent class with re- 
spect to the relation ~, i.e. an element of :/ro(X), and hence any two analytically pathwise 
connected components do not intersect at a ^-rational point. If X is locally analytically 
pathwise connected, then any analytically pathwise connected component of X is an open 
subspace. If k is algebraically closed and if X is strict, any non-empty open subspace has 
a ^-rational point and hence analytically pathwise connected components are disjoint. 
Moreover the collection of analytically pathwise connected components cover X because 
any point of X has an analytically pathwise connected open subspace. On the other hand, 
if X is not locally analytically pathwise connected, the collection of analytically pathwise 
connected components does not necessarily cover X. There possibly exists some not k- 
rational point ? e X such that there is no analytically pathwise connected analytic domain 
containing t. It is pity that there are many cases an analytic space is not locally analyti- 
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cally pathwise connected. For example, the spectrum ^{K) of a non-trivial topologically 
of finite type extension K/k has no ^-rational point, and hence is not locally analytically 
connected. The punctured unit disc D^\{0, 1 } is not locally analytically connected, either. 
Indeed, there is no analytically pathwise connected analytic domain containing the point 
X e D^\{0, 1} c corresponds to the norm of k{Ti}. The homotopy set ;ro(D^\{0, 1}) 
is canonically bijective to the topological homotopy set tTq'^CD^MO, l,x}). These are the 
most basic examples of not locally analytically pathwise connected analytic spaces. Note 
that the first example does not occur if k is algebraically closed and if we only consider a 
strict A;- analytic space, and hence the important is the second one. See Proposition 15. 1.61 
for more detail. 

Lemma 3.2.17. Let X, Y be k-analytic spaces or k-dagger spaces, and cp: X ^ Y a 
morphism. If X is analytically pathwise connected and if (p* is a surjective continuous 
map of underlying topological space, then Y is analytically pasthwise connected. On the 
other hand when (p is a G-local isomorphism, X is locally analytically pathwise connected 
if and only ifY is locally analytically pathwise connected. 

Proof. Just similar with the corresponding fact of pathwise connectedness in the topology 
theory. □ 

Proposition 3.2.18. Let X be a k-^/ space. The canonical set-theoretical map 

X{k) = Homi[0, lf,X) = [Hom([0, lf\X)] ^ Co(X) = ker ^ Ho(X) 

induces a set-theoretical map no{X) Ho{X). Then the group-homomorphism Z®'^"^'^^ 
Hq{X) induced by the universality of the free Abelian group is an isomorphism. In parti- 
calur, X is analytically pathwise connected if and only ifHo{X) =z Z. 

Proof. Trivial. □ 

Corollary 3.2.19. Suppose k is algebraically closed. Let X be a strict k-analytic space 
or a strict k-dagger space. IfHo(X) =z Z, then X is arcwise connected. 

Proof. The condition Ho(X) =z Z guarantees that X is non-empty and analytically path- 
wise connected. Since k is algebraically closed and X is strict, any non-empty open 
subset of X has a ^-rational point by the argument right after Definition 13.2. 16[ An an- 
alytic space and a dagger space are always locally connected by [BERIJ 2.2.8, and it 
implies that each connected component of X has a /^-rational pooint. 

Since [0, l]jt is connected by Lemma [T.2.3[ any two ^-rational points belonging to the 
same analytically pathwise connected component share the connected component in X 
because a continuous map preserves the connectedness. It follows that X is connected 
because each connected component of X has a ^-rational point. Consequently X is ar- 
cwise connected because any connected ^-analytic space and any connected ^-dagger 
space are arcwise connected by HBERIL 3.2.1. Note that HBERIH . 3.2.1. deals with only 
a good fc- analytic space in the sense of [IBER2II . but it implies that a connected ^-analytic 
space and a connected ^-dagger space are locally arcwise connected and hence arcwise 
connected even if we do not assume goodness. □ 
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The fundamental group of a topological group (or of an H-space) has two group 
structure. The one is the original group structure given to the fundamental group of 
a general topological space, which is induced by homotopically associative binomial 
connecting two loops. The other one is given in the following way: Let G be a topological 
group. The multiplication * of G induce a associative binomial 

*: HomTri(([0, 1],0, 1),(G, 1, 1))^ ^ HomTri(([0, 1],0, 1),(G, 1, 1)) 

(y, y') (7 * y : ? y(t) * y'(0) , 

where Tri is the category of triads of topological spaces, i.e. the category whose object is a 
triad of a topological space and two base points and whose morphism is a continuous map 
of underlying topological spaces mapping base points to base points, and where 1 G G is 
the unit. This multiplication gives a group structure of HomTri(([0, 1], 0, 1), (G, 1, 1)) and 
preserve the homotopy equivalence. Therefore it determines a group structure of ni{G, 1). 
It is well-known that those two group structure coincide. Moreover, the group structure 
of G induce a groupoid structure of HomTop([0, 1],G) in a similar way, where Top is 
the category of topological spaces. The groupoid structure of the fundamental groupoid 
of G induced by this groupoid structure of HomTop([0, 1], G) coincides with the original 
one. The groupoid structure of HomTop([0, 1], G) also induces a (not everywhere defined) 
binomial on Ci(G,Z). Since the singular homology Hi(G,Z) is canonically isomorphic 
to the Abelian fundamental group ni(G, 1)*, the binomial on Ci(G,Z) is extended to a 
group structure on Hi(G,Z). It is also well-known that the induced group structure of 
Hi(G, Z) coincides with the original one. Here we have an analogue. Before that, we 
introduce two general fucts, which holds even if we do not assume an analytic space is 
an analytic group. 

Lemma 3.2.20. Let X be a k-s^ space, n G N+, and x G X{k). Then the image of the 
constant morphism 

x: [0,lf ^ X 
t X 

in C°(X) is contained in ker<i„, and [j:] = G H°{X). 

Proof. A constant morphism is obviouly degenerate, and hence [x] = G dn+\C°^^{X) c 
ker4 c C°(X). □ 

Lemma 3.2.21. Let X be a k-s^ space, and f G //om([0, 1],X). Set f*(ti) := /(I - ti). 
Then the formal sum of f and f* in Ci(X) is contained in d2C2(X) c kerJi, and hence 
[/] + [/*] = Og//i(Z). 

Proof. The non-cubical case: Consider the morphism F(to, ti, ^2) = f(h, ^0+^2) G Hom(A^, G). 
The one obtains 

dilF] = [f(to, t,)] - [/(O, to + t,)] + [f(tu to)] = [/] - [/(0, 1)] + [/*] 
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and therefore [/] + [/*] 6 JjCfCG). 

The cubical case: Consider the morphism F{t\, t2) '■= /(?i(l - ^2)) 6 Hom([0, l]^,X). 
Then one obtains 

dilF] = -[/(O)] + [/(I - ti)] + [fit,)] - [/(O)] = [/] + [/*] - 2[/(0)] 

and therefore [/] + [/*] 6 djC^iX). □ 

Now we consider the singular homology of an analytic group. The group structure of 
an analytic group G induces a groupoid structure of Hom([0, 1], G) and a group structure 
of Hi(G), and the latter one coincides with the original group structure of Hi(G). 

Definition 3.2.22. A k-^/ group is a group object in the category ofk-^ spaces. 

Proposition 3.2.23. Let G be a k-s^ group. The sets Hom(A'\G) and Hom{[0, 1]",G) 
have a natural group structure induced from the structure morphisms of the group object 
G. In the case ofn = 1, this group structure and the evaluation morphisms 

evo, evi : Hom([0, 1], G) =^ G(k) 

f ^ /(0),/(l) 

induce an Abelian groupoid structure 

u: Hom([0,l],G)XkHom([0,l],G) -> Hom([0,l],G) 

(f,g)s.t.f(0) = g(l) ^ fug:=f*g(ir'*g, 

where * and are the induced multiplication and the induced inverse morphism on 
Hom([0, 1],G). IfHoiG) = Z, then the (not necessarily everywhere defined) multiplica- 
tion ofHi{G) given by the groupoid structure ofHom([0, 1], G) coincides with the multi- 
plication ofHi{G) given by the original group structure of them as the singular homology 
group, i.e. 

[fi] + --- + [f„] = [fiU---ufJeH,{G) 

for any fi, . . . , fm e Hom([0, 1], G) such that /i(0) = /2(1), . . . , f„-i(0) = /„(1), ^(0) = 
/i(l) e G(k). 

Proof. We omit the cubical case first. To begin with, we see the group structure of 
Hom(A", G) in duced by the structure morphism of G as a k-£/ group. 

(multiplication) Two morphisms f,g: A" =| G determine a morphism / * ^ : A" ^ G by 
the universality of the fibre product G G ^ G ^ k. Corollary 11.4.201 and Corollary 
I2.4.20[ and the multiplication Gx^G ^ G. 

(unit) The unit ^{k) G and the structure morphism A" ^(k) induces the unit 
morphism e: A" ^ G. For any morphism / : A" ^ G the products e * f, f * e: A" ^ G 
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coincide with / because they are the compositions of / and G = GXkk = kXkG^ 
G XkG —> G, which are the identity. 

(inverse) For any morphism /: A" G, consider the composition : A" ^ G of / and 
the inverse morphism G ^ G. Then the products / * f'^,f'^ * f: A" ^ G coincide with 
e: A" ^ G because they are the composition of /, the diagonal embedding G ^ GXj^G, 
the fibre product G x^G —> G x^G of the identity and the inverse morphism, and the 
multiplication G x^ G —> G, where the composition of the latter three morphisms is the 
unit G^G. 

Thus the structure morphisms of G as an analytic group (resp. a dagger group) induce 
a group structure of Hom(A", G). Let * and (-)~^ denote the induced multiplication and 
the induced inverse map on Hom(A", G). 

Now we deal with both of the non-cubical case and the cubical case. 

The non-cubical case: Take arbitrary morphisms f(to,ti),g(to,ti) e Hom(A^G). 
Consider the morphism F'{to,h,t2) = fih, 1 - fo) * ^(1 - ^2,^2) ^ Hom(A^,G). The 
one has 

d2{F'\ = [/(O, l)*g(l-tuti)]- [f(to, \-t,)*g(l-tu t,)] + [fit,, I -to)* g(l,0)] 

= [/(0, 1) * g(to, h)] - [f{to, ti) * g{to, h)] + [/(?(), h) * gii,0)] 

and hence [/ * g(l,0)] + [/(0, 1) * ^] - [/ * ^] e J2C^(G). 

The cubical case: Take arbitrary morphisms /(?i), g(?i) 6 Hom([0, 1],G). Consider 
the morphism F'(ti, 12) := /(?i?2) * gi^T^ * g{t\) e Hom([0, 1]^, G). Then one has 

^2[F'] = -[/(O) * g{\r' * gm + [fih) * 8(1)-' * 8(1)] + [/(O) * 8(i)-' * 8(ti)] 
-[f(ti)*g('^)-'*g(ti)] 
= -[/(O) * g(l)-^ * 8(0)] + [f(h)] + [/(O) * g(l)-' * g(h)] - [f(h) * g(l)-' * g(h)] 

and hence [/] + [/(O) * g(l)-' * g] - [/ * g(l)-i * g] e d2C°(G). 

For any G Hom([0, 1],G) such that /(O) = g(l) G G(k), setfug := f*g(l)-'*8 = 
f * /(0)-i * g G Hom([0, 1], G). One has [/] + [g] - [f U g] £ JiCzCG) by the argument 
above. Consider any /, g, G Hom([0, 1],G) such that /(O) = g(l),g(0) = h{l) G G{k). 
Then(/ug)(0) = /(0)*g(l)-i*g(0) = g(0) = /i(l)and/(0) = g(l) = g(l)*h{l)-'*h{l) = 
(g U h)(l), and hence both of the pairs ((/ U g), h) and (/, (g U h)) are connected. One 
calculates 

(f\Jg)\Jh = (f\Jg)* /i(l)"^ *h = f * g(l)~^ *g* h(l)~^ * h 

and 

fu(guh) = f*(guh)(l)-'*(guh) = f*g(l)-'*g*h(l)-'*h. 
It follows that (f\Jg)\Jh = f\J(g\Jh) and Hom([0, 1], G) is an Abelian groupoid. 



124 



Finaly for any /i, ...,/„ e Hom([0, 1],G) such that /i(0) = /2(1), . . . ,/„-i(0) = 
/m(l),/m(0) = /i(l) G G{k), [/!] + ••• + [/i U • • • U /J € kcr and 

[/l] + • • • + [/m] - [/l U • • • U /^] 
= ([/l] + [/2]-[/lU/2]) + [/iU/2]+/3 + --- + [/J-[/iU/2U---U/J 
= ([/l] + [/2]-[/lU/2]) + ([/lU/2]+/3-[/lU/2U/3]) + --- 
U /2 U • • • U + \Jm\ - [/l U • • • U /J) 

e J2C2(G). 
Thus one obtained 

[/i] + • • • + [/m] = [/i u • • • u e Hi (G), 
which was what we wanted. □ 
Remark that /i U • • • U G [Hom([0, 1], G)] Pi ker Ji. Indeed, one has 

and hence 

(/i u • • • u /J(0) = /i(0) * /2(l)-i * /2(0) * • • • * * ^(0) = UQ) 

(/i u • • • u = * /2(i)-i * /2(i) * • • • * mr' * ui) = Ml) 

.-. (/i u • • • u /J(0) = /^(O) = /i(l) = (/i u • • • u 

Corollary 3.2.24. Z.e? G Z?^ an analytically pathwise connected k-s^ group. Denote by 
Hom(([0, 1],0, 1),(G, 1, 1)) c Hom([0, 1], G) the subset consisting of morphisms f : [0, 1] 

G such that fiO) = /(!) = 1 6 G(/:), where 1 G G(k) is the k-rational point corresponding 
to the unit morphism (/:) ^ G. A^o?e that Hom(([0, 1], 0, 1), (G, 1, 1)) c Hom([0, 1], G) 
/i' a subgroup with respect to both the group structure and the groupoid structure of 
Hom([0, 1], G). Then the canonical set-theoretical map 

Hom(([0, 1], 0, 1), (G, 1, 1)) ^ [Hom(([0, 1], 0, 1), (G, 1, 1))] ker^^i ^ /fi(G) 

15 a surjective group homomoprphism with respect to the group strucuture ofHom(([0, 1], 0, 1), (G, 1,1)) 
induced by the groupoid structure ofHom([0, 1], G). 

Proof Take any f,g £ Hom(([0, 1],0, 1),(G, 1, 1)). Since /(O) = 1 = g(l) e G(k), they 
are connected. One calculates 

(/ * ^)(0) = /(O) * g(0) = 1 = /(I) * ^(1) = (/ * g)(l) 
(fug)m = g{0)=l=f(l) = (fug)(l) 

and hence /*g,/ug e Hom(([0, 1],0, 1),(G, 1, 1)). It follows that Hom(([0, 1],0, 1),(G, 1, 1)) c 
Hom([0, 1], G) is a subgroup with respect to both the group structure and the groupoid 
structure of Hom([0, 1], G). 
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Take an arbitrary cycle ^ e Ci(G). By the difinition of Ci(G), there exist integers 
m, n G N and /i, . . . , gi, . . . , g„ G Hom([0, 1], G) such that ^ = [/i] + • • • + [fm\ - [gi] - 
[gn\- By the argument above, one has 

^ = [/i] + • • • + [fm] + [gl] + • • • + [g;] (mod. d2C2(G)), 
and hence the composition 

j^Hom([0,l],G) ^ ^^H-'-^^O'l]'^) = Q°(G) ^ Ci(G) ^ Ci(G)/J2C2(G) 

is surjective. 

Now take an arbitrary cycle f G Hi(G) and take a representation ^ G ker Ji. By the 

argument above, we may and do assume that we have presentations ^ = [/i] h 1- [fm\ 

by some m G N and f\,...,fm& Hom([0, 1], G). If m = 0, then obviously 

I = = [1] G im(Hom(([0, 1],0, 1),(G, 1, 1)) ^ Hi(G)). 
Assume m > 0. Since ^ is a cycle, it follows that 

= d^^ = [/i(0)] - [/i(l)] + • • • + UM - [/m(l)] G Co(G) = Z®^(^> 

and therefore arranging the orders of /i, . . . , f,n, we may assume there exist some i G N+ 
and = ao < «i < a2 < • • • < = m such that /a^_i+i(0) = faj_,+i{l), ■ ■ • ,/a,-i(0) = 
faj(0) = for any J = 1, . . . , /. Then one has 

I = [/l] + --- + [/m] = 2 Z [//]=Z[A-'+lU •••□/„.] 

j=l l=aj-i+l j=l 

i 

= 2[4_.,iu...u4.] 

7=1 

as elements of Hi(G). Set g^ := /^^^i+i U • • • U Z,^. g [Hom([0, 1],G)] n keri^i for each 
7 = 1,...,/. 

Since G is analytically pathwise connected, there exists an analytic path hj: [0, 1] — ^ 
G such that hj(0) = 1, /i*.(0) = hj(l) = gj(0) = gj(l) e G(k) for each 7 = 1,...,/. One has 

[gji = [gji + [hj] + [h*] = [h*] + [gj] + [hj] = [h* U gj U hj] 

and 

(h* u gj u hj)(0) = hj(\) * gj(\r' * gj(0) * hjur'hjio) = 1 
(h* u g,- u hj)(i) = /z/o) * gjiiy' * gj(i) * hj(ir'hj(i) = 1, 

which implies h* U gj U /i^ G Hom(([0, 1], 0, 1), (G, 1, 1)). It follows 

1 = 2 ^ = Z ^ ^ ^^'^ = u gi U /li) U • • • U (/l* U gi U /I,)] 

G im(Hom(([0, 1], 0, 1), (G, 1, 1)) ^ Hi(G)), 
and thus Hom(([0, 1], 0, 1), (G, 1,1))^ Hi(G) is surjective. □ 
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3.3 Galois representation H*(X, M) 

In this subsection, we consrtuct the Galois representation H*(X, M) xGk ^ H*(X, M). 
The definition of the Galois actions on the analytic homologies are quite simple because 
they are just derived from the action on the set of analytic paths. 

Definition 3.3.1. Let X be a k-analytic space, and M a Z[Gk]-module. Define the Galois 
action on C^(X, M) = z®^'""(^*^"'^> ®z M = M®""""^^'^"'^^ by setting 

f I \ m 

8 J][7j] ® mj := J^iyj og]^ g-\mj) e C^(X, M) 

.7=1 ) 7=1 

for an element g e Gy integers n,m G N, analytic paths ji,. . .,ym € • N^A" — > X, and 
elements mi, . . . ,mi e M. 

Proposition 3.3.2 (Galois representation (X, M)). For each g e Gt, the homomor- 
phism g: C'^(X,M) C'^(X,M) given by the action of g e G^ is a homomorphism of 
chain complices. Therefore it induces a Galois representation 

Ht(X,M)xG, ^ Ht(X,M) 
(7,8) ^ 7°8- 

Proof. It suffices to show the equality (d'^^ ° 7) ° g = d^n ° (y ° g) for integers i <n€N, 
an analytic path y: NkA" —> X, and an element g e G^. Take a representative y e 

Hom(NkA", s^l, X) of y. One has 

(5«oy)og = if',i^^of^)og^{g'of\li^of^) 
= dfo{g-'of\f^) = dfo{yog) 

and hence {dn^ oy)o g - 5^,'^ °{y ° g)- □ 

Definition 3.3.3. Let X be a k-analytic space, and M a Z[Gk]-module. Define the Galois 
action on Q°(X, M) = z®^"'"^"'^^]"'^) ®zM = m®^'"""''-^*]"'^) by setting 

/ / \ m 

8 Ypj\ ® mj := J^iyj og]^ g-\mj) e C^(X, M) 

.7=1 J 7=1 

for an element g 6 Gk, integers n,m e N, analytic paths yi,...,ym'- [0, A^yt]" ^ X and 
elements mi, . . . ,mi £ M. 

Lemma 3.3.4. For each g e Gk, the homomorphism g: Q°(X,M) Q°{X,M) of se- 
quences of Z-modules given by the action of g e G^ preserves a degenerate singular 
cube. Therefore it induces a Galois action on the sequence C°{X, M) of Z-modules. 
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Proof. For an integer n e N, take a degenerate analytic path y: [0, A^^t]"^^ ^ ^- By the 
definition of degeneration, there are integers i <n + \ G N+ and cr g {0, 1} and an analytic 
path yi : [0, NkT ^ such that y = o y^. For an element g G Gk, one has 

and hence 70^ is degenerate. It follows g : C°(X, M) C°{X, M) preserves a degenerate 
singular cube. □ 

Proposition 3.3.5 (Galois representation H°(X, M)). For each g G Gk, the homomor- 
phism g: C°(X,M) C°(X,M) given by the action of g G Gk is a homomorphism of 
chain complices. Therefore it induces a Galois representation 

H^(X,M)xGk ^ H^(X,M) 
(%g) ^ yog- 
Proof. The assertion is verified in the totally same way as we did for the analytic singular 
homology. □ 

Similarly it is easy to endow the analytic cohomologies with the structure of Galois 
cohomologies. The well-definedness of the action is verified in the same way as above. 

Definition 3.3.6. Denote by Set the category of sets. 

Definition 3.3.7. Let X be a k-analytic space, and M a Z[Gk]-module. Define the Galois 
action on Cl(X, M) = HomcrpiCniX), M) =z Homset(Hom(NkA",X), M) by setting 

(g-f)iy)-= gifiyog)) 

for an element g G Gk, amap f: Hom(NkA",X) M, and an analytic paths y G: NkA" 
X. 

Proposition 3.3.8 (Galois representation H* (Z, M)). For each g G Gk, the homomor- 
phism g: CJX,M) C\{X,M) given by the action of g G Gk is a homomorphism of 
cochain complices. Therefore it induces a Galois representation 

Hl(X,M)xGk ^ Hl(X,M) 

(y,g) ^ g-y- 

Definition 3.3.9. Let X be a k-analytic space, and M a Z[Gk]-module. Define the Galois 
action on Ql,{X, M) = HomorpiQ'^iX), M) =z Homset(Hom([0, Nk]'\ X), M) by setting 

(g-f)(y)-= gifiyog)) 

for an element g 6 G^, amap f: Hom([O.Nk]",X) M, and an analytic paths y 6: [0,Nk]" 
X. 
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Lemma 3.3.10. For each g e Gy the homomorphism g: Q'^(X,M) Q'j-^(X,M) of se- 
quences ofZ-modules given by the action of g e Gk preserves a degenerate singular 
cocube. Therefore it induces a Galois action on the sequence C^(X, M) ofZ-modules. 

Proposition 3.3.11 (Galois representation Hq(X, A/)). For each g e Gk, the homomor- 
phism g: C^(X,M) C^(X,M) given by the action of g e Gk is a homomorphism of 
cochain complices. Therefore it induces a Galois representation 

H*^iX,M)xGk ^ H*^iX,M) 

(r^g) ^ g-7- 

4 Integration 

Throughout this sction, we consider the case the base field kisa local field, i.e. a complete 
discrete valuation field with a finite residue field, and we use the rings R, W(R), B^j^, and 
BdR. Brief convension for them is written in ^0.1[ and we introduce them a little again 
in the next subsection. We just refer to the definitions and basic facts without proof. For 
more detail and precise description about them, see HFONH . 

4.1 Period ring B^r 

Definition 4.1.1. A topological ring is a unital commutative associative ring A endowed 
with a topology such that the addition AxA^A: (a,b) a + b and the multiplication 
Ax A ^ A: {a,b) ^ ab are continuous. 

Definition 4.1.2. Let A be a topological ring. A topological A-module is an A-module M 
endowed with a topology such that the addition M x M ^ M: (m, n) m-\- n and the 
multiplication Ax M ^ M: {a,m) ^ am are continuous. 

Definition 4.1.3. Let A be a topological ring. A topological A-algebra is an A-algebra 
B endowed with a topology such that B is a topological ring and the structure homomor- 
phism A ^ B is continuous. 

Definition 4.1.4. Denote by Mon the category of monoids. 

— o — o — o — o 

Definition 4.1.5. Let (p be Frobenius endomorphism k /pk k /pk : a\-^ a^. Set 

— o — o 

R := lim k /pk , 

ai-np{a) 

and then R is a perfect integral domain over ¥p. One has a canonical monoid isomor- 
phism 

\imC° lim C°/pC°= limT /pk°=R 

at-^aP at-^tfi{a) at-^<p(a) 
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(ao, ai, . . .) (ao mod.p, Ui mod.p, . . .)• 

Identifying an element ofR as that of the multiplicative monoid limC°, endow it with the 
valuation topology given by the multiplicative norm \ • \ • R —> foToo) determined as the 
composition of the monoid homomorphism 

r.R=(Mon) lunC° ^ C° C 
(ao,ai,...) ao 

and the multiplicative norm 

C [0,oo) 
a \a\. 

This topology is stronger than the project limit topology with respect to the discrete topol- 
ogy ofV I pV. 

Definition 4.1.6. Set Rr ■= {a €lR\ \a\ < \pY} for each r e [0, oo). In particular Rq = R. 
The family {R,„ \ m e N] forms a countable basis of neighbourhoods ofO e R, and R is a 
Hausdorff first countable topological ring. 

Lenuna 4.1.7. Fix a system p = (p^,p^, . . .) £ limC° = R of p-power roots of p, i.e. 
P^^ = P <^nd p''^^ = p,for any i e N. Then one has p'"R = Rm, and hence the topology of 
R coincides with the (pR)-adic topology. 

Definition 4.1.8. Since the residue field k is perfect, one has the canonical embeddings 

k =F^ lim k lim k /pk = R, 

and regard R as a k-algebra in this way. Since the composition k R = lim C° C° 

coinsides with Teichmuller embedding k ^ W(]i) =— > > C°, the relative topology of 
kub R coincides with the discrete topology. 

Definition 4.1.9. For a perfect ¥p-algebra A, denote by W(A) the ring of Witt vectors 
over A. Suppose ¥p is endoed with the discrete topology. If A is a topological ¥p-algebra, 
endow W{A) the direct product topology of A. 

Definition 4.1.10. Denote by ko c k the absolute unramified subfield W(k){p~^~\ c k. The 
embedding k R induces the canonical embedding 

k° = W(k) ^ W(R), 

and regard W(R) as a k^-algebra in this way. 



130 



Lemma 4.1.11. The relative topology ofk^ in k coincides with the direct product topology 
ofWijk) with respect to the discrete topology ofk. Endow k"^ with that topology. 

Definition 4.1.12. Set 

W(Rr) := { or = (ao, ai, . . .) e W(R) \ a, e Rr, G N ) 

and 

W{Rr)n := W(Rr) + p"W(R) c W(R) 

for each r e [0, oo) and n e N. The family {W{Rm)n \ m,n £ M] forms a basis of 
neighbourhoods o/O G W(R), and W(R) is a Hausdorff first countable topological k°- 
algebra. 

Definition 4.1.13. For a perfect ¥p-algebra A, let [•]: A ^ W(A) be Teichmuller embed- 
ding a [a] := (a, 0, . . .)• Recall that for an Witt vector a = (ao, ai,...) G W(A), one 
has the canonical presentation 

oo 

1=0 

Lemma 4.1.14. 

{CO 

Corollary 4.1.15. 

pW(Rr)n = W(RrpUl H pW(R), 

and hence the multiplication WiR) W{R) : a pa is a homeomorphism onto the 
closed image pW{R) c W^R). 

Lemma 4.1.16. The embedding k^ ^ W{R) is a homeomorphism onto the image, and 
W{R) is a topological k^-algebra. 

Lemma 4.1.17. Let A be a topological ring, B a topological A-algebra, and S c B 
a multiplicative set. There is the weakest topology of the localisation Bs in which the 
canonical A-algebra homomorphim B ^ Bs is continuous, and for any continuous A- 
algebra homomorphim (p: B ^ B' satisfying 0(S ) c (B')^, the unique algebraic exten- 
sion (ps' Bs ^ B' of(p by the universality of the localisation in the category ofA-algebras 
is continuous. In other words, there is the unique localistion Bs possessing the univer- 
sality of localisation up to isomorphisms in the category of topological A-algebras. Call 
this topology of Bs the localisation topology with respect to the canonical A-algebra 
homomorphism B ^ Bs. 



ai\<\pr/i = 0,...,n-l 
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Proof. A subbase of the localisation topology is given as the collection of the pull-backs 
of open subsets of topological A-algebra B' by the identity ^5 B' for any topological 
A-algebra B' such that the underlying A-algebra of B' is Bs and the canonical A-algebra 
homomorphism B ^ Bs ^ B' h continuous. The addition, the multiplication, and the 
canonical A-algebra homomorpshim B —> Bs are continuous in this topology. □ 

Definition 4.1.18. Endow W(R)[p~^] with the localisation topology with respect to the 
canonical k° -algebra homomorphism W(R) W(R)[p~^]. 

Definition 4.1.19. Set 

CO CO 

W(Rr)[p-']„ := p"W(R) + p-'W(Rrpi) = W(RX + ^ p-'W(R,pi) 

i=0 i=l 

for each r e [0, 00) and n € N. The family {W(Rm)n[p~^] \ m,n € N} forms a basis of 
neighbourhoods o/O G W(R)[p~^], and W(R)[p~^] is a Hausdorff first countable topo- 
logical ko-algebra. 

Lemma 4.1.20. 

{CO 
i>-oo 

Corollary 4.1.21. 

W(Rr)[p-\nW(R) = W{Rr)n, 

and hence the canonical continuous k° -algebra homomorphism W(R) W(R)[p~^] is a 
homeomorphism onto the closed image. 

Lemma 4.1.22. Let A be a topological ring, M an A-module, {Mi)i^i a family of topo- 
logical A-modules, and 4>i'- M ^ Mj a family of A-module homomorphisms. There is 
the strongest topology of M in topologies such that M is a topological A-module and 
(pi'. M — > Mi is continuous for any i G /. The same holds for topological A-algebras. 

Proof. A subbase of the strongest topology is given as the collection of the pull-backs of 
open subsets of M, by the A-module homomorphisms 0, for each / € /. The addition and 
the multiplication are continuous in this topology. □ 

Lemma 4.1.23. Let Abe a topological ring and M be an A-module. There is the unique 
topology of M such that any A-module homomorphism M ^ N to a topological A- 
module N is continuous. Call it the canonical topology of M. 

Proof. The canonical topology is the strongest topology in topologies such that M is 
a topological A-module and the identity M ^ N is continuous for any topological A- 
module whose underlying A-module is M. □ 



M < \P\ 



rp 



<n-l 
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Lemma 4.1.24. Let A be a topological ring and M be afreeA-module of rank d eM. Any 
A-module isomorphism A^ =a M is a homeomorphism with respect to the direct product 
topology of A'^ and the canonical topology of M. In particular if A is a Hausdorff first 
countable topological ring, then M is a Hausdorff first countable topological A-module. 

Lemma 4.1.25. Let Abe a topological ring and B be a finite free A-algebra. Then B is a 
topological A-algebra with respect to the canonical topology as an A-module. 

Definition 4.1.26. Set 

W(Rh := WiR)®,^^k°. 

Endow W(R)k[p~^] = W(R)k (8)/:= k = W(R)[p~^] k the canonical topology as a finite 
free W(R)[p~^]-module, and regard it a Hausdorjf first countable topological W{Ri){p~^~\- 
algebra. 

Definition 4.1.27. Consider a set-theoretical map 

9: WiR) C° 

oo oo 

a = Y}.oii\p' ^ 2t(af')y. 

!=0 !=0 

In fact, 9 is a ring homomorphism. Moreover 9 is a k^-algebra homomorphism because 
L((a, (p~\a), (p~^(a), ...)) = M e F c C° 

for any element a e k. In particular 6 sends p 6 W{R) to p & C°\{0} c C^, and hence 
it has the unique extension 9: W{R){p~^] C, which is a ko-algebra homomorphism. 
Let 9^: W(R)k[p~^] = W(R)[p~^] %p k ^ C be the unique extension of 9 as a k-algebra 
homomorphism. 

Lemma 4.1.28. Fix a uniformiser € k and a system tt^ e /? ofp-power roots ofjik. The 

kernels of the homomorphisms 9k'. ^{R)k\.P~^^ C and 9k'. W{R)k ^{R)k\.P~^^ C 
are principal ideals generated by {nk\ - nk, and the (ker 9k)-adic topology is Hausdorff, 
namely 

CO 

]J(ktr9ky = 0cW(R)k[p-']. 

i=l 

In particular replacing k to the closed subfield ko c k, one has the same facts for 
9: W(R) C° and 9'. W{R)[p-^^ C. 

Lemma 4.1.29. 

m-pyw{R)^w{Rdi 

and hence W{R) is complete with respect to the (ker 9)-adic topology. 
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Definition 4.1.30. Set 

fi^:=lmiW(i?),[p-i]/(ker^,y 

and endow it the projective limit topology of W{R)k\_p~^\ By the previous lemmas, the 
canonical continuous k° -algebra homomorphim W{R)k is injective and its image 

is closed. Since the composition 

k ^ W(R)dp-'] ^ C 

is the identity, the embedding k B^j^ is a homeomorphism onto the image. 

Definition 4.1.31. Let 6k'. B^j^ —> C be the canonical extension of Ok'. W{R)k\_p~^^ C. 
Then 6k is continuous k-algebra homomorphism and is a complete discrete valuation 
ring whose maximal ideal is the closed principal ideal kexdk = ([TTyt] - ^k)B'^R ^ 5^. In 
particular B^j^ is a regular local ring, and hence an integral domain. Set 

BdR := FracB^j^ 

and endow it the localisation topology with respect to the canonical k-algebra homomor- 
phism B'^ BdR. Since [7Tk]-nk G W(R)k[p~^] c is a generator of the maximal ideal 
kerOk c 5^^, the ring B^r coincides with B'^j^[([nk] - tt^)"^]. Remark that the topology of 
BciR as a complete discrete valuation field is stronger than the localisation topology. 

Definition 4.1.32. Set 

FifBdR := (M - nkfB*,j, c B^r 

for each N €Z. It determines a decreasing filtration Fit of B^^-submodules ofB^R, and is 
independent of the choices ofnk andnk because it coincides with the filtration determined 
by the discrete valuation. 

Lemma 4.1.33. Since B'^ is a complete discrete valuation ring such that it contains k and 
its residue field is C/k, there is a canonical way to regard B^j^ as a k-algebra compatible 
with the reduction. Then the embedding k is a homeomorphism onto the image 

and B'^g is a topological k-algebra. 

Lemma 4.1.34. The structure of the topological k-algebras B'^j^ andB^R are independent 
of the choice of the base field k/Qp contained in the fixed algebraically closed field k of 

Qp- 

By the lemma above, suppose we defined the period ring BdR in the case k = Qp. 
Since one does not have to factor through the canonical topology of W(R)k[p~^], an ex- 
plicit basis of neighbourhoods of G is given. 
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Definition 4.1.35. Set 

for each r e [0, oo) and l,n G N. The family {U^^^ | l,m,n e M] forms a basis of 
neighbourhoods ofO € B^, andB^j^ is a Hausdorff first countable topological k-algebra. 

Lemma 4.1.36. 

m-p)Ul^^ = UU^,^^„r^FitB,„, 

and hence the multiplication B'^ — > B'^ : a ([p] - p)a is a homeomorphism onto the 
closed image FH^B^r c 5^^. 

Lemma 4.1.37. Set 

Ul,r,n ■= [Jiip]- PVUM^rp-,n C B^r. 
/eN 

for each r e [0, oo) and l,n e N. The family {Ui^„^„ | l,m,n e N] forms a basis of 
neighbourhoods ofO e B^r, andBdR is a Hausdorjf first countable topological k-algebra. 

Corollary 4.1.38. The canonical embedding B^j^ ^ B^ is a homeomorphism onto the 
closed image FifB^R c B^r. 

We have finished the construction of the topological rings R, W(R)i,, B^^, and BdR. 
They admit continuous Galois actions in the natural way, and the homomorphisms dealt 
with above are Galois-equivariant. 

4.2 Integration of an overconvergent analytic function 

We will define the integration of an overconvergent analytic function. We regard a char- 
acter X e as some kind of the exponential map, and therefore we need "log" of a 
character because the indefinite integral of a function x = e"' over the complex plain C 
can be presented as a~^e"' + c = (log x(l))~^x + c, where log is a suitable branch. In order 
to define log, we extend the base field k to the field of fraction of a p-adic period ring 

BdR. 

Definition 4.2.1. Set Z[p~^y := HomGrp('^[p'^],k^)- Call an element x e Z[p~^] a 
system ofp-power roots ofx(l). Define the action ofZ[p'^] on Zlp'^^Y by setting x^(t) := 
x(qt) for each q,t £ Z[p'^] and x e Z{p~^Y . This action gives Z[p~^Y a structure of 
a Z[p~^]-module. Denote by Z[p~^]^ c Z[p~^Y the submonoid of systems of p-power 
roots of an element ofk . Then obviously the group completion ofZ[p coincides with 
Z[p~^y, because one has x G Z[p~^fl or x~^ G Z[p~^flfor any x G Z[p~^Y. 
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Definition 4.2.2. Define a mononid homomorphism Z[p R\{0} as the composition 

of the monoid homomorphisms 



np Z limC°\{0} 
(x-.Zip-'j^t) ^ {xa),x{p-'),x{p-\...) 



and 



limC° limk /p = R 

Z>-^zP Frob 

a = (ao, fli, . . .) (ao mod.p, a\ mod.p, . . .)• 

Then this monoid homomorphism is injective, and regard Z[p~^]1 as a multiplicative 
submonoid ofR\{Qi\. By the universality of the group completion, the monoid homomor- 
phism is uniquely extended to a group homomorphism 7.{p~^y Frac{RY, and this is 
also injective. Regard Z[p~^y as a multiplicative subgroup ofFrac(R)^. 

Definition 4.2.3. For a character x e Q^, consider the restriction x\z[p-i] '. 2[p~^] k . 
This map (•)lz[p-i] • ^ '^[p~^]^ is a Z[p~^]-module homomorphism, and denote by 
c the preimage o/Z^, namely 



= [ jc e Q"" x(l) 6 k j 



The group completion ofQX coincides with Q^, because one has x € or x ^ € Q+for 
any x G Q^. 

Definition 4.2.4. Denote by Np c the kernel of the restriction map (■)\z[p-i] '■ ^ 
2[p~^V cif^d by Tp c the (^-linear subspace of characters whose restrictions on Z[p~^] 
are torsion elements in Z[p~^Y. Then obviously Nf = Tp. Set Np^k '■= Np fi and 
Tp,k := Tp n Q^. 

Definition 4.2.5. For a system x e Z[p~^f, denote by [jc] e W(Frac(R)Y the Teichmiiller 
embedding (;c,0,0, . . .) e W(Frac(R)). If x e Z[p~^]\, the the image [x\ e WiFraciR)Y 
is contained in W{R)\pW{R) c WiFrac{R)Y. The map 

[•] : Z{p-^t W{Frac{R)T 

X [x] 

is a group homomorphism, and the map 



{■V.llp-X ^ W{R)\pW{R) 

X [x] 



is a monoid homomorphism. 
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Definition 4.2.6. Set 

[•] := [•] o(-)lz[p-i]: np-'Y W{Frac{R)r 

and [•] := [•] o : np-'M W{R)\pW{K). 

The first one is a group homomorphism, and the second one is a monoid homomoprhism. 

Definition 4.2.7. Let x e lip-^f. If x e Z[p-^]l, then 1 - xi-l)[x] e FH^Bm- Define 
the logarithm ofx as the element 

This infinite sum converges in Fil^B^R because of the Fil^B^m-adic completeness ofB^R. 

On the other hand, if x'^ 6 Z^[p~']+, then 1 - 6 Fil^B^j^. Define the 

logarithm ofx as the element 

Note that this definition has the opposite sign compared with the accustomed conven- 
sion. The reason why we choose this convension is because it will seem to be suitable 
when we calculate the period of some analytic spaces in ^ We have defined the loga- 
rithm of a character x e separating it into the two cases, and we have to verify the 
gluability of the logarithm. 

Lemma 4.2.8. Ifx e and x~^ e Z[p"']^, one has the equality 

and therefore the map log: x logx determines the well-defined Z[p~^]-linear homo- 
morphism 

log: Z[p-'r ^ Fil'B,R. 
Proof. It is the well-known fact of formal power series. □ 
Definition 4.2.9. Set 

log:=logo(.)b[p-,]v: > Z[p-'r > FH'B.r 

and call it the logarithm map. The map log : Fil^B^f- is a Q-linear map. 

Moreover, we introduce a reduced logarithm log"^ e BdR. A reduced logarithm is not 
canonically defined, and it depends on the choice of an element log p e BdR. 
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Definition 4.2.10. Take an element I e B^ji and a system p 6 Q^. Since the exact 
sequences 



and 



1 7°° 7°^ mod.k° ~ 
1 > I + k > k > ^ 1, 



split, one obtains a logarithm log: k B^r setting \og(^up(q)) = logM + ql for each 

^ — oo 

^ e [C]^, u £ l+k , andq G Q. This logarithm depends on the choice of I = log p e B^r, 
but is independent of the choice of the system p, which is used to take a splitting of the first 
exact sequence, because the logarithm of a root of unity is always 0. Define log*^: 
BdR by log'^(x) := logx - logx(qk - 1). The reduced logarithm log'^ also depends on the 

—ox — — J 

choice ofl = log p, but the restrictions log l^x : ^ k and log*^ |qv : Qj ^ A: + Fil B^r 
are independent of it, where Qj c is the Q-vector subspace {x G | |x(l)| = 1}. 

The maps log and log"^ are homomorphisms, but not injective. For example, the kernel 

Np c of the restriction map (■)\z[p-']' '^•[p'^Y is obviously contained in the 

kernel of log. Conversely, for any element x G of the kernel of log, there exists some 
n G N+ such that x"\z[p-i] = {x\z[p-i])" = as is shown in the following lemmas: 

Lemma 4.2.11. The homomorphism log: Z[p~^]^ Fil^B4R induces an exact sequence 
ofZ-modules 

l^T Zip-']" ^ Fil'B^R, 
where T is the subgroup of torsion elements in Z[p~^y. 

Proof. We have only to prove that logx ?i: or x G 7 for any x G Z[p~^Y. We may 
and do assume x(l) G k without loss of generality. Set K : ^(x(l)) c k. To begin with, 
suppose there exists some Z G N such that x(/? *^'+'^) ^ K. Take the minimum of such an 
/ G N. Since x(p~('+^^) ^ K, there exists some g e Gk such that (g ■ x)(p'^'^^'>) x(p~^'^^'>). 
By the definition of / G N, one has x(l), x(p~^), . . . , x(j9 ') G K° and this implies 

8-x^._(g-x)(p-2^i I (i = 0,...,l) 



-(p-') = _ , 

X x(p'') [ a primitive p-th root of 1 (/ = / + 1) 

Therefore one obtains g for some unique system e^^g e Z[p ^J"^ of p-power roots 

of unity. Now set^ := log e^^g = log(l-(l-[6^ j,])) g Fil^BdR. By the well-known fact, ^ is 
a generator of the kernel of the canonical homomorphisms Ok : C, and hence log x 

can be uniquely presented as log x = ^^=1 [cix,n\^" by a unique sequnce (ax,n)n€n ^ C^, 
where [•] : C ^ B^j^ is the Teichmiiller embedding. Set u :- (g ■ ^)^~^ G B^. Since each 
of 1 - [g • 6x,g] and 1 - [e^ „] is a generator of the kernel of 6^, one has 



n-' (l - [g • ex,g]f 

i::=i«-^(i-M" j 
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mil - e^jrHl - [g ■ e,J)) .n-[g- ' 



Now one has 



log(g ■ X) = glogX = ^KnJwT 



n=l 

and 



log(g • x) - log X = log ^ = log e^g = p'^ 
by the continuity of g : —> B^. Therefore we conclude 

^ ^ /log(g ■ a ) - log Jc\ / ;\ 7 

ga^^iOkiu) - a^^i = Ok {g[ax,i]u - [a^^i]) = Ok I j = dk[p)= P- 

This implies a^,! € p^'^^C° and especially logjc 0. 

Therefore it suffices to show that there exists some / e N such that x{p~^^^^^) i K for 
any x e X[p~^Y\T. Denote by a uniformiser of K and set x{\) = un^^ by w 6 
and i e N. If j 0, then obviously the greatest integer / := [log^ j] e Z in the integers 
not greater than log j satisfies the condition x(p"^'^'^) i K. On the other hand, suppose 



j = 0, i.e. x(l) = u £ K°^. Let qK e N+ be the cardinarity of the residue field K 
of K°, and then one has u^" = I in K, i.e. G 1 + K°°. Replacing x to x^^ and 
u to u^^, we may and do assume m G 1 + K°° without loss of generality, because the 
codomain Fil^BdR of log is torsion-free. Since x ^ T, then there exists some n e N 
such that x(p-") ^ 1. Taking an integer / G N such that x(p''') i 1 + Set 
m := n+[logp l)]+/-i-3 G N+, and assume 6 K, where e N+ is the value 

of p with respect to the normalised valuation of K and [log^ 1)] G N is the greatest 

integer in the integers not greater than log^ ^^-/(p - 1). Since x(l) G 1 + c 1 + ^ , 

— oo 

one obtains x(/7~'") G^nl+^ =1+ For an integer s G N+ and an element 
^ G 1 + {K°°y, one has 

= (i + (^-i))p = i+p|]p-i|^ j(^-iy + (^-i)^ 

e 1 + {{K°°Y' + p{K°°y) = 1 + (^-)n>ax{p,v„v+.^) 
_ ]^ ^ ^j^ooy+(p-l)max{i,eA:/(p-l)) J + (^K°°y^^ 

and hence 

x{p-") = x(p-"r'"-" 
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pm-n-UogpeK/ip-l)] 



It contradicts the way of the choice of the integer / e N, and therefore xip''") i K. □ 
Corollary 4.2.12. The kernel of log : Q'' ^ FU^Bm is T,,. 

Lemma 4.2.13. For a character x e Q^\Tp, the logarithm logx is a generator of the 
principal ideal Fil^BdR c 5^^. 

Proof. It is well-known that for a system e e 1.{p~^]\_ G R of primitive p-power roots 
of unity, the logarithm log 6 is a generator of Fil'BdR. In particular for a system 6 e 
of primitive roots of unity the logarithm log e = \og(€\z[p-i]) generates Fil^BdR. Take a 
character x G Q^VTp, and we verify that logx generates Fil^BdR. Since logx by the 
previous corollary and since log 6 generates Fil'BdR, there are an integer m 6 N+ and 
an element u e Fil°BdR\Fil'BdR = (B^^)^ such that logx = M(loge)"'. It is enough to 
prove m = 1. By the argument in the proof of Lemma l4.2.1 1[ one has x{p~'~^) i k{x(V)) 
for some integer / e N, and take the minimum among such integers i. Take ab element 
g 6 Gjk^d) such that g{x{p''~^)) ^ x{p'''^), and set 

. g(log6) log(g(g)) ^ .X 
log 6 loge 

Since x(l), . . .,x(p~') e ^(x(l)), the system y := (g ■ x)x~^ e satisfies y(\) = • • • = 
y(p~^) = 1 and yip~'~^) ^ 1. Therefore y'^' G is a system of primitive roots of unity, 
and hence 



logj = ;?-'■ log/ GFil^BdRWil^B 



dR- 



Then one has 



{g(u)v^ - u)(\og eT = gmog eT) - u(\og eT = g(\og x) - log x = log(^ • x) - log x 

= logjGFil'BdRWil^BdR, 
and this implies m = 1 . □ 

Now using the logarithm, we formally define the differential and the integral of an 
analytic function so that dx/dtt = (logx)x and J xdtt = x/(logx) for any character x G 
Ek,i- 

Definition 4.2.14. Let qj^ > 2 eN be the cardinality #k of the finite residue field k, as we 
set in ^3.1\ Define a k-linear homomorphism dti : k[Ej, i] B^r setting 



fit,)dt, := y f,^^ + (qt - 1) y /v G B,R 



r 



for an element f = Yi fx^ g k{Ekj]. 
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Definition 4.2.15. For a sequence f = {fx)x&Eki ^ ^(^y f integrable over 

[0, - 1] if the infinite sum 



xTEt,, -'o 



converges in B^r. Embedding Mse term "integrable on [0,^^ - 1]" 

also for an analytic function on [0, - !]• 

This functorial has many properties required as an ordinary "integration". Of course 
an analytic function is not necessarily integrable. We see an example of an integrable 
function which is not an overconvergent one, and show the compatibility of the involution 
and the Galois action. After then we will verify the integrability of an overconvergent 
analytic function. 

Definition 4.2.16. For a character x e Q^, we say x is a closed character on the closed 
interval {Q,qk - 1] c R if x{qk - 1) = 1. Denote by QJ/(^^_j) c the Z-submodule of 
closed characters on [0,qk - 1]. Set Q^/(^j,_i)^ c Qj^^^^^.j^ n Q^. For an analytic function 
f G ^[o,^j^_i], we say f is a closed analytic function on {Q,qk - 1] if/c ^ only when 



Lemma 4.2.17. 



<;l(qk-l),k- 



Proof. Take a character x e Tp^f By the definition of Tp^k, there exists some n G N+ such 
that x"\z[p-i] = (x\z[p-']T = 1 e Z[p'^Y . Since Z[/?"']'^ is a Z[/?"^]-module, we may and 
do assune p In. Now the element x(l) e k satisfies jc(l)" = x'\^-i](l) = 1(1) = 1, and 
hence n \ (qt- 1). It follows x(qk - 1) = 1. □ 

Proposition 4.2.18. A closed analytic function on [0, ^a: - 1] is integrable over [0, qx — 
1]. In particular, an analytic function presented as a limit of a k-linear combination of 
elements in Tp is integrable. 

Proof. Take an arbitrary closed analytic function / G ^[o,^^-i]. For a closed character 
X G Qci(^j._i)^, the equality x{qk - 1) = 1 = jc(0) guarantees that |U||[o,^j^-i] = 1 because the 
function |x| : [0, - 1] ^ [0, o6): t \x{t)\ = \x(l)\' is monotonous. One has 



r 



and 



-1 

f(tddti= J] + (qk-l)J]fx = (qk-l)J]fx 



lim \fx\ = lim |/xllUII[o,«,-i] < lim |/xllk||[o,^,_i] = 0. 



This implies the convergence of the integral. 
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Lemma 4.2.19. The integral is invariant under the involution * : fc[o,gj„i] k^o ^^^iy. f 
f* defined at Definition \1.1.40\ Namely, the involution preserves an integrable analytic 
fiinction and 



f{ti)dti = f*(ti)dti 
Jo 



for any integrable analytic function f e ^[0,^,^-1]. In particular, the integral of any inte- 
grable imaginary analytic function f e 3^[o^^_i] is 0. 

Proof. Trivial because the involution * : ^[o,^^-i] ^[a^j-i] : / /* is ^-linear and one 
has 

^ _ ^^ x-\qk - 1) - 1 _ x(qk - 1) - 1 
logx"^ logx 

for any element x e Ei, i\Tpk. □ 

Lemma 4.2.20. The integral is equivariant under the Galois action A:[o,^j._i] x ^ 
k[0,tji,-i] defined at Definition \1.1.32\ Namely, the Galois action preserves an integrable 
analytic function and 



g(f)(ti)dti= gU f(ti)dti 



for any integrable analytic function f 



Proof. Trivial because for any elemenr g e Gt the action g: ^[o,^j-i] ^[o.^^-i] : / 1-^ 
g(f) is ^-linear and one has 

ig ■ x){qk - 1) - 1 g{x{qk - 1)) - 1 / x{qk - 1) - 1 



\og{g-x) g\ogx \ logx 

for any element x 6 Ekj\Tp^f Note that the Z[p~']-submodule Tp c is Gj:-stable with 
respect to the Galios representation x G<: ^ Q^. □ 

Now it is time to verify the integrability of an overconvergent analytic function. In 
the proof, we heavily use the topologies of the preriod rings, and hence a reader might 
recall the definition of them in S4.1lif he or she is not accustomed well. 



Theorem 4.2.21 (integrability of an overconvergent analytic function). An overconver- 
gent analytic function on [0, qt - 1] is integrable on [0, qk - 1]. 

Proof. Take an overconvergent analytic function / 6 kj^^ and present / = 2/eN" fi^' = 
li/eN" //-^i' ■ ■ ■ by an integer n eM, characters x = (xi, . . . ,x„) e E^^, and an overcon- 
vergent power series ZiewfiT' e k{\\x\\~Q\^^_^^T]'^ = k{\\xl\\~^^\^^_^^Tl,...,\\x„\\-o\^^_■^^Tn}'^. 
Let r e N be the greatest integer in the integers such that K has a primitive p''-th root of 
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unity. Denote by F c N" the preimage of Tpi_ c E^i by the map W ^ Ef^i: I x' . 
For a muki-index / = {I\,...,In) e N", set = x^(l) := X\{I\) • ■ • Xnih) e and 
IXogx := log^c^ = /ilog;ci + ■•• +/„logx„ e Fil^BdR. Denote by F-\,Fq,Fi c N"\F 
the preimages of k\k°,k°\k°°, k°° c k respectively by the map ^ k: I x(I). By the 
denfinition, the integral of / is presented as 



■ 



fiti)dh 



m"\F 



x{{qu - 1)/) 



IXogx 



z-z-z 



fl 



leFoJ 



x{{qk-m 
IXogx 



leF 
- X 



+ {qk-X)Y,fi- 



leF 



The final term of the right hand side converges by Proposition l4.2. 1 81 and hence we have 
only to show that the convergence of the first, second, and third ones respectively. By the 
continuity of the inclusion B^j^ B^r and the multiplication ^x(-): Bjr Bjr: a ^a, 
it suffices to show that the infinite sum 



Z/' 

leFa 



(X{I) - 1)^ 

/log;c 



converges in B^^ for each a = -1,0, 1. Remark that Lemma [4.2. 13[ gurantees that 
^/ (IXogx) e (B^j^)^ for any x 6 Q^\F. Take an arbitrary integer N e M. By the def- 
inition of the topology of B'^^, it suffices to show the convergence of the infinite sum in 
modulo FirBdR c B^j^. Fix a uniformiser nt & k and a system nt 6 Z[p~^]l <z R of 
p-power roots of tt^.. Set ^ := [nk] - tt^. e W(R)k n Fil^BdR. It is well-known that ^ is 

a generator of the ideals W{R)k n Fil^BdR c W(R)k. Fix a system e e Z[p'^]l c R of 
p-pov/er roots of unity. It is also well-known that [e^P-^'>/P] + [^(p-^yp] + . . . + i g W(R) is 
a generator of the ideal W{R) n Fil^BjR c W{R). Let q e Q+he the rational number such 
that 



Ok 



X-[e] 



and set K := k{nk{q)) c k. Take a generator 6 W{R)k of the principal ideal W{R)k H 
Fil^BdR c W{R)k- Fix a uniformiser kk 6 K, and let ck 6 N+ be the valuation of p in K. 
Since nk,7rt{q) 6 ^, one has eK/et e N+ and qeK/et e N+. Note that n^'''K° = nkK° and 

nkiq)K°. Then one has 



loge 



e n''^''''W{RT + T^W(i?)^ + Fil^B 

i=i 



+ 

dR- 



Indeed, set 



c :=ft 
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Since C°/pC° = k /pk , there exists a sequence a = {aQ,a\,a2, . . .) g {k such that 

uq & k and c = ao + aip + a2p + • • • . Take systems uq, ai,a2,... e Z[p ]+ a R of 

/7-power roots of flo> cii,ci2, ■ ■ ■, and set a := [ao] + + [«2]p^ + • • • G One has 
6(a) = c by the definition of 6, and hence 

- 4^^/'^*^ G FiliBdR n (nk(q)W(Rr + W(RU(i + 1)''^ I / = 1, . . . , - 1] + Fil^BdR) 
c Fil^BdR n (W(RM(i + 1)-% I / = 1, . . . , - 1] + Fil^BdR) 

N-l M 



It follows that 



= y T%W(i?k + Fil^BdR. 

1=1 



G 4'^/^' W(i?)x + y + Fil^BdR. 

^ (=1 



To begin with, we show that if x\p ^^'^^^) i k for an integer / G N and a multi-index 
/ G N''\F, then 

Take an element g g Gk such that§(jc^(p"'^'^^^)) x\p'^^^^^). The system j := g 
satisfies ^(l) = • • • = y{p~^) = 1 and ^ 1, and hence there exists some 

Uy G Zp such that 3;|z[p-i] = 6"^^'. It follows that 

lo^ = e 4^^^->-W(i?)X ^ 1^ Jk^W(R), + Fil^B^, 



and therefore one has 



G WTO + -^w(R)k + Fii^BdR 

1=1 

because the ^-algebra homomorphism ^^B^ ^ C is Gj^-equivariant. This lower bound 
gives us an upper bound of ^/(/ log x) in the following calculation: 



G 



Ilogx 

c 



V ,=1 ' 

{{k°\/I;'''''^"'^'k°) W(RTf, (l + (N\)-'7r-^^'^'''''^"'^KK°W(R)K + Fil^BdR))"' 
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^ ^(N\rn-j,^'*''''^''''eKW(R)K + Fil^BdRj 

N-l 

= J^(N\rn-j,^'^''''^'''^'^'%W(R)K + Fil^BdR. 



i=0 



First, for a multi-index I € Fi, present x(I) = uttI g (k°°y\(k°°y'^^ by a unique 
element u e and a unique integer j e N+. Since Xi(l), . . . , x„(l) e there exists 
some integer m e N+ such that xi(l), . . . , ^ p'"^:". Then obviously one has x(I) t 
pm\i\^o ^ j^i^'^Mj^o^ J ^ mek\I\, where |/| is the sum /i +•••+/„ of the multi-index / e N" 
and Ck e N+ is the valuation of p in k. Let / e N be the minimum among integers such that 
^ and then / < [log^j] < [log^ml/l], where [log^j], [log^ml/l] G N are the 
greatest integers not greater than log^ j and log^ m\I\ respectively. Indeed if / > [log^ 7], 
then one has 

x{I) = x'ip'Y e (k°°)p'""''''*' c (k°°y*^ 
and it contradicts the definition of the integer j. By the estimation above, one obtains 

N-l 



^ e _^(A^!)-';r/^«^'*^^'^^'^'^^5,W(i?)jf + Fil^BdR 



/logx 

c |J(A^!)-i;r;«"^^'''"'''^"^^^*^'^"^'"'Vi.W)^ Fil^BdR. 



Thus the />-adic valuation of the coefficients of lower degree than A?^ -1- 1 of ^/(/log j:) is 
bounded by the log-scaled upper bound with respect to the multi-index 7, and hence the 
first term of the integral converges because 

\fi{x{{q^ - 1)7) - 1)1 = \U = |//|||x^||[o,,,-i] < l//llkllfo.,,-i] < ^'^ 

for some < 6 < I and sufliciently large 7 e Fi by the definition of overconvergence and 
therefore one has 



lim 

/eFi 



^/ // iNTN IN -{log m\I\+q/ek)eK{i+l) 

fi(x((qk - 1)^) - 1)% 



for any / = 0, . . . , - 1. It follows that the infinite sum 

{x{{q, - 1)7) - 1)^ 



converges in modulo Fil B^r. 



145 



Secondly, for a multi-index / 6 replacing x to , the same estimation of the p- 
adic valuations of the coefficients in the ^-adic development of ^/(/log x) = ^/(/log x'^) 
as we did for the first term works again. Namely one has 

= -—^ e y(A^!)-'-;r-«'°^''"''^'^^'^^^^^^'^^''^'Vj,W(i?)^ + Fil^B,K 
/log a: /logx"! 

and 

\fM(qt - m - 1)1 = \fix((q, - 1)7)1 = |//|||/||[o,,,-i] < l//IIUIlfo,,,-i] < 
for sufficiently large / 6 F_i in the same convension, and the equalities 



lim 



r/ // 1M-N IN -(log m\I\+q/ek)eK(i+l) 

fi(x((qk -1)1)- 1)71^. 



< |;j-^|-(9/«*)es0+l)^|/|(,„|/|)«s('+l)logpk^'l _ Q 



for integers z = 0, . . . , - 1 gurantee that the infinite sum 

rk /logx 



converges in modulo Fil^BdR. 

Thirdly, for a multi-index I e Fq, present x{I) = by a unique root ^ 6 of unity 
of order /z | - 1 e N+ coprime with p and a unique unit u e I + k°°. Note that ^ is the 
canonical lift of the image ^ = x{I) e k of x(I). There are three cases. One is the case 
u i \ + nkp'"^^k°, another one is the case u e 1 + ntp'^'^^k" and h I, and the other one is 
the case x{I) = u e \ + nkp'''^^k° and h = I. Consider the case u ^ I + nkp'"^^k°. One has 

x"il) = u'il+ n^p'^'r = 1 + nl^^''^'^''k° 

because p lh \ qk - I, and it implies 

by the argument in the proof of Lemma l4.2.11[ Therefore one obtains 

= /z— ^ e ym-^Ti'''''''^'''''-''^^^^^^^ 

IXogx hi log X ^ 

This implies the existence of an upper bound of the p-adic valuation of each coefficient 
of lower degree than A^^ -I- 1 of the ^-adic development of ^/(/ log x) independent of /, and 
hence the contribution of these terms to the third term of the integral converges because 
lim|/|_»oo fi{x{{qk - 1)/) - 1) = 0. Consider the next case u e \ + nkp' '^^k° and h \. Then 
u has a />'''^'-th root in k because the convergence domain of the power series 
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i=2 



( i-l \ 
V ;=i 



e qj[z]] c C[[z\] 



is the open ball {z e C | |z| < \p\} and it sends the closed ball nup^k° to the closed ball 
nkp''~^k° for any integer s 6 N+. Take a system ^ 6 Z[p"']y c i? of p-power roots of ^ 
satisfying Z;''' is the system of p-power roots of unity. Remark that the latter condition is 
necessary in order to except the cases ^{p~^) is presented as ^" by some integer a e N 
such that ap = I [mod.h]. One has 



iog£6Z^rV^c w^(i?),V^. 



-1 



Denote by w e Z[p Y c R the system of p-power roots of u determined by u := x^' 
Since a 7?'"^^-th root of u and a primitive p''^^-th root of unity are contained in k, one has 
u(p-('-+i)) e k. One has 

N ■ 

log M = p'-'-' logw" 6 p'"'' y -WiR)k + Fif^'B 



dR 



c YjiND-'p'^'eWiR^ + Fil^+^BdR 



(=1 



It follows 



/ log X = log ^ + log u 



p'W{R)U + J](Nir'p''^'eW(R)k + Fil^+^BdR 



(■=1 

N~l 



Ilogx 



W{RT, + Y}.N\r'peW{R\ + Fil^BdR 

i=\ 
N-l 

W(Rr, + Y}.N\)-'p^'W{R\ + Fil^Bd, 



-1 



N-\ 



c p-'w{R)i + Y}^m~'p~'^'e'^iR)k + Fii^BdR 



and hence the /7-adic valuation of each coefficient has an upper bound independent of /. 
In conclusion, the contribution of these terms to the third term of the integral converges, 
too. Now consider the final case x{l) = m 6 1 + ni,p'''^^k° and h = 1. If m = 1, then 
x{I) -1=0 and therefore we don't have to take care of this case. We assume u I. 



Let J e N be the minimum among integers satisfying x{I) = u i \ + ^i^^k° . Since 
x{I) e 1 + nkP^'"^k°, one has j > 1 + (r + \)ek. The argument in the proof of Lemma 
14.2.1 1[ gurantees that 
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and hence one obtains 



N-l 



!=0 

Thus the p-adic valuation of each coefficient has an upper bound independent of /, and the 
contribution of these terms to the third term of the integral converges. We have verified 
the convergence of all terms in the integral. □ 

We extend the definition of the integral to the classes of BdR-valued overconvergent 
analytic functions and overconvergent analytic functions with multi- variables in natural 
ways. 

Definition 4.2.22. We also call the element ofBkl := kl ®kBdR an overconvergent analytic 
function on a polytope S . 

Definition 4.2.23 (Galois representation). The action of on Bkl is given by setting 
gif <8) b) := gif) (g) gib) for each g e Gk, f & kl, and b e B^r. 

Definition 4.2.24. Extend the integration to a B4R-linearhomomorpshimBk^Q^^_^^ B^r 
in the following natural way: 



n<!k 

I dti: ^^I'o,,,.!] BdR 

^qk-i 

i\)dti. 



J^fj^bj ^ Yjbj fj{h 
j=l j=l ^0 



Proposition 4.2.25. The integration J^* ^ dti '■ Bk^^^ ^^ ^^ —> B^r is Galois- equivariant. 

Proof. The continuity of the Galois representations BdR xG^ ^ B^r and k^^^ x G^ 
km„ n gurantees the assertion because one has 

gi..b)dti - I is-^^.simi = {ll\^^ 

\g((qk-m (x€Tp,k) 
for each g e Gk, x e Ek,i, and b G BdR. 
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Theorem 4.2.26 (Fubini's theorem). Let n e M be an integer. For an overconvergent 
analytic function f e ^1*0 ^^-i],,, the infinite sum 

I fdti A ■ ■ ■ Adtn = I •••I f{ti,...,tn)dti---dt„ 

J[0,qk-1]" Jo Jo 



xi(ti)dt] 



Xn{t\)dt\ 



converges inB^R. Therefore one obtains the Gj^-equivariant BdR-linear homomorphism 



J 



dti A • ■ • A dtn'. BkJ^Q^^^_^^„ BdR. 



[0,*-l]" 



Proof. Trivial by the isometric isomorphism fc^o^^ jj,, % (fe^g ^j)'^^" in Proposition [2.2. 1 1[ 
Just use the obvious convergence 5'^' |/|" ^ in the estimation of the p-adic valuations 
of the coefficients of the ^-adic developments of the terms in the infinite sum. The Gu- 
equivariance is easily seen by Lemma H-.2.20[ □ 

We see the relation between the integration and the differential. The fundamental the- 
orem of calculus is important because it is the most basic implication of Stokes' theorem. 
We will prove Stokes' theorem in §14.41 Stoke's theorem is necessary to construct the 
canonical Galois-compatible pairing between the analytic homology and cohomologies 
in ^4.6[ To begin with, we define the differential. 

Definition 4.2.27. Define a k-linear homomorphism d/dti : fc^* ' 



Eli 1 

B^^ setting 



j-f{h) = ^ := {f.(\ogx)x\,E,, e 
dti dti 

Lemma 4.2.28. For a thick polytope 5 c R, embedding kl 



k'^"-' and Bk] 



fc^* ' ®k BdR ^ B^R' the k-linear homomorphism d/dti : fc^* ' 5^^' induces a k-linear 
homomorphism d/dti : kl Bk} 



Proof. It suffices to show that the image df/dti 6 B^^' is contained in Bk^ for any 
overconvergent analytic function f e kl. Present / = Fi^' by an integer n 6 N, 
characters x = (xi,...,x„) e Ei,i, and an overconvergent power series F = ^jT' e 
fc{|W|,^r}t = ^{||xi||,iri,...,|k,||,ir„r. Onehas 



dti 



\x' =y 



(=1 



OF 



^ Fjli (8> log Xi = ^ 'fff^^^^i ® ^' 



e Bkl c 

i dR 



EkA 



i=l 



□ 
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Lemma 4.2.29. The differential d/dti : kl Bk'^^^^^_^-^ is Gk-equivariant. 
Proof. It is obvious because of the continuity of Galois action on kl and the equaUty 
d{g • x) 

— - — = (log g ■ x)(g ■x) = (g log x)(g ■ x) = g((log x)x) 
ati 

for elements g &Gk and x e Ekj. □ 

Definition 4.2.30. Extend the differential to a B^g-linear endomomorphism on -S^^o^j^-i] 
in the following natural way: 

m rl f 

Definition 4.2.31. Extend the bounded k-valued character i: k^^Q^^_^^ k: f f(i) 

associated with ip(i) G [0,qk - l]k(k) to algebraic BdR-valued characters on Bl^^Q^^_^^for 
each i = 0, . . . ,qk - I in the following natural way: 

^' ^^[0,«-i] ^ ^^'^ 

m m 
7=1 7=1 

Proposition 4.2.32 (fundamental theorem of calculus). For an overconvergent analytic 
fucntion f G 5fc^Q^^_jj, one has the equality 



r ^dt,=f(qk-l)-f(0). 
Jo dti 



Proof. It suffices to show the equality for an overconvergent analytic function / 6 kj^^ ^^_-^y 
Take a presentation / = Y,i€W ^ix^ by an integer n g N, characters jc = (jci, . . . , jc„) g £^4, 
and an overconvergent power series 

F = Y, FiT' e k{\\x\\ll^^_,{r}^ = /:{|ki||fo;,,-i]7^i, • • • , lUnlli.-i]?^"}^- 
One has 

-j-dt, = ^^Fj{li\ogxdx\t,)dt, 



= Z Z + Z I Fi{li\^%^dx\tx)dtx 
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= J] Fj(x'(qk-l)-l)+ J] 

x'iTpj, x'sTpj, 

l€W 

= J]Fix\q,-l)-J]Fj 

/eN" /eN" 

= f(qk-l)-m. 

□ 

4.3 Overconvergent differential form on a polytope 

We want to define the integral of an overconvergent differential /-form cc* on a smooth 
dagger space X along a cycle 7 in the i-th analytic homology H,(Z) as the "integral" 
of the "pull-back" y*a> of the form to the cube [0, - 1]' or the normalised simplex 
(qk - 1)A', namely 

(7 e H,.(X) = H°(X)) 

4-i)A. r*^ (7 e H,.(Z) = Hf (X)) 

Therefore in order to justify the integration of an overconvergent diff"erential form on a 
dagger space along a cycle, it suflices to construct the notion of the "pull-back" of an 
overconvergent differential form by an analytic path and the "integral" of a differential 
/-form on the cube [0, qk - 1]' or the normalised simpkex (q^ - 1)A' in a functorial way. 
To begin with, we define the module of overconvergent differential forms on a polytope 
in this subsection, and we deal with the integration in the next subsection. 

Definition 4.3.1. For anintegern G N, define the partial differential operator d I dti'. B^^ 
^dT f^^ each i = I,. . .,n setting 

for each f = {Q^^e,^ e B^^". 

Lemma 4.3.2. For a thick polytope S c R", embedding Bkl A:^* " % B^r B^^, the 
partial differential operator d/dtj : Bk^ Bkl ^^^^ Bk^, and hence induces a 

BdR-linear homomorphism d/dti : Bk^ Bk^ for each i = I,. . .,n. 
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Proof. It suffices to show that the image of the ^-Unear subspace k\ c by the partial 
differential operator is contained in B^J . Take an overconvergent analytic function / G 
k\ , and present / = 2/eN'" by an integer m e N, elements x = (xi , . . . , Xm) g E^^, and 
an overconvergent power series F = Yi FjT^ G ^{||x||^^r}''' = ^{||xi||^^ri, . . . , ||x^||^^r^}^ 
Then one has 



df 



~± = (/.log/^W = 



VWlogx®) 



\x'=y 



J]^(x)xj®logxf €Bk 



m 

E 

7=1 



Vji:^=>' 



(8) log xj 



.(0 



for each i = 1, , 



vergent analytic functions f - (f, . . . ,f„) £ k^, and an overconvergent power series 



Corollary 4.3.3 (chain rule). For integers m,n G N, a thick polytope S c R", overcon- 

nc 

F G k{\\f\\-s'Tr = kimWs'Tu m-s'T^}\ one has 

dF(f) 



dti 



^ dTj^^dti 

7=1 



Lemma 4.3.4. 



d d 



d d 



dti dtj dtj dti 



Proof. Trivial. 



Now we construct a prototype of the module of overconvergent differential forms on 
a polytope S . It admits a canonical basis as a finite free k\ , and it coincides with the 
module of overconvergent differential forms, which will be defined using it if S is thick. 
The theory of overconvergent differential forms is pretty simple and easy to handle if S 
is a thick polytope such as a cube [0, qk - 1]", but one must not ignore not thick polytopes 
because one of the most important polytope in the theory of integration is a normalised 
simplex {q^^ - 1)A", which is of course not thick. 

Definition 4.3.5. For a polytope S c R", consider the free Z-module 

n 

^Zdti 

(=1 
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of rank n generated by the formal basis dti,. . ., dt„. Set 

n 

dl := hdti + • • • + Indtn 6 ZJ?,- 



(=1 



for any l{t\ , . . . ,tn) = k) + hti ^Intn ^ L(S ), and denote by dL(S ) c 2dti © • • • © Zdt„ 

the Z-submodule consisting of elements of the form dlfor some I e L(S). 

Definition 4.3.6. For a polytope S c R", set 

' n \ n 

^Qi^ -—Bkl^z ^Zdti/dL(S) =^Bkldti/ Bkldl, 



V !=1 



/ 1=1 



leL{S) 



and call it the module of overconvergent differential forms on S or S k if one needs to 
make the base field k clear. In particular ifS is thick, then BQi^t is a free Bkl of rank n 
generated by the formal basis dt\, . . ., dt„. 

Definition 4.3.7. Define the Galois action on BQ.\ by setting 

g(f^(o) := g(f)^(o 

for an element g e Gk, an overconvergent analytic function f G Bk^, and an element 
coe^l^Zdti/dL(S). 

In fact, the module of overconvergent differential forms is a finite free kl module 
of rank dim 5. In order to prove this, we justify the pull-back of an overconvergent 

differential form by an affine map. The pull-back by an isomorphic affine map determines 
a kl -module isomorphism, and hence it is reduced to the case S is thick. 

Definition 4.3.8. Let S c W and T c R*" be polytopes, and a: S T an affine map. 
Take a presentation (A, b) e M{m, n; Z) xZ" of a. Consider the Z-module homomorphism 



a*: Qzdtj ^Zdti 

7=1 i=l 

m m n ^ ( 

ct> = ^ oj^^^dtj i-> a*oj := ^ ^ ^^^^^^ pdti = ^ ^ Aj,i<^' 



i=i 



j=\ i=\ 



i=i \j=i 



dti. 



Since a sends S to T, one has a*(dl) e dL{S)for any dl e d{L(T)) c Zdti by the definition 
ofL(S ) and L{T). Therefore it induces the "Z-module homomorphism 

m n 

a*: ^Zdtj/dL(T) ^Zdti/dL(S). 

j=i i=i 

Regarding Bk^ as a Bkj-algebra through the bounded k-algebra homomorphism a* : k^j. ^ 
kl, one obtains the Bliij.-module homomorphism 

a*:Ba\, BQ}. 

kj kg 
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h=l h=l 



Lemma 4.3.9. The Bk^j-module homomorphism a* : BQ} ^ ^5^2^ is independent of the 

kj. kg 

choice of the presentation (A, b) of a. 

Lemma 4.3.10. For polytopes S ,T,U and affine maps a: S ^ T and b: T ^ U, one 

has (b o a)* = a* o b* : BQ\, Bil\. 

k' k' 

Lemma 4.3.11. For polytopes S , T and an isomorphic affine map a: S ^ T, the associ- 
ated k}j-module homomorphism a* : BQ}^ BQ.^^ is an isomorphism. 

kj k^ 

Proof. These lemmas are verified in the totally same way as the corresponding facts in 
SU] □ 

Corollary 4.3.12. For a poly tope S, the module BQ^^ is a free -module of rank dimS. 

Proof. Use a thick representative. □ 
Definition 4.3.13. For a polytope S c R", set 

BQ' := A' , BQ\ 

kl /\m' kl 

for each i e N. In particular BQ.^^ = Bk^ and BQ' ,. = for any i > dim S . There is a 

c^^ -module isomorphism BQ.'jp^ =g^t Bk^^ 
dtn '■= dtHi A • • • A dtHi 6 BQ' ^ for each H = (Hi , . . . , Hi) e {1, . . . ,n}'. Then BQ' ^ admits 



non-canonical Bk^ -module isomorphism Bir^ =g^t Bk^ in general. If S is thick, set 

dtHi ^ ^^'t for each H = (Hi, . . ., 

the canonical Bk^^ basis {dtn \ I < Hi < ■ • ■ < Hj < n}, and hence one has the canonical 
isomorphism BQ"^ = Bk\dti A ■ ■ ■ Adtn =5^1 Bky 

kg S 

Definition 4.3.14. The Galois representation BQ\ x Gk ^ BQ^^ induces the Galois 
action on BQ! ^ for each i 6 N. 

k' 

Be careful about the fact that the module of overconvergent differential forms does 
not possess the universal module with respect to a derivation to a finite module. Consider 
the kernel I a k\ ®\ fc^ of the multiplication k^^ ®\^\ k^^ : a ® b ab and the fc^ - 
module Ijl^ = / <S)^t^t^i fc^. By the well- accustomed argument, it is easily shown that 

the fcj -module ///^ is topologically generated by elements of the form df := f ® \ - 
I ® f mod.P for an overconvergent analytic function f e kl. Moreover considering 
the case S c R" is thick, the element df is calculated as 2 fx-dx, and therefore I/I^ is 
topologically generated by element of the form dx for an element x e E^^n- Though the 
family {dx \ x e Ek,n] does not form a topological fcj -basis, it contains infinitely many 
linearly independent elements as is an infinite dimensional Q-linear space. In the 
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definition of the module BQ^^ , we formally consider the elements dti,. . . , dt,,, we added 

new Bfc^ -linear relations. For example if n = 1, the relation is the equality (log y)x'^dx = 
(log x)y'^dy for characters x,y £ Ei, i. Thus the module BQ^i is much smaller than 

I/I^ ®k BdR, and is a finite free Bfc^ -module. 

Once the module of overconvergent difi'erential forms on a polytope gets defined, 
one obtains the definition of the pull-back of an overconvergent differential form on a 
dagger space by an analytic path in a natural and quite formal way. Note that since a 
morphism from a polytope to a dagger space always factors through an affinoid dagger 
space, one does not have to be bothered with a gluing argument. However, one needs a 
little preparation. 

Definition 4.3.15. For a thick polytope S c R", define the differential d : BOP^ BQ}^ 
by setting 



.1 

for any f 6 BVl^^ = Bk^^. The defferential induces the derivation d' : BQ.% BQ't^ for 

kg kg kg 

each i eM in a natural way using the canonical basis {dthi A ■ • ■ A dtiy \ I < hi < ■ • ■ < 
hi < n}, and the sequence 

iBQ. .,d) := (O ^ BQ^, ^ BQ], ^ BQl, 4 

kg \ kg kg kg 

is a chain complex, i.e. d'^^ o d' = Ofor any i e N. 

Lemma 4.3.16. The derivation d' : BQ\ BQ'^^^ is Gk-equivariant for any i e N. 

Proof. Trivial by Lemma l4.2.29[ □ 

Definition 4.3.17. For polytopes S, T and an integral affine map a: S T, the Bk\.- 
module homomorphism a* : BQ.^^ BQ.^^ induces the Bk^j-modulehomomorphism a* : BQ. 

kj kg 

BQ.L for each j by the functoriality of the wedge product. 

Definition 4.3.18. Denote by (BdR-Vec) the category ofB^R-linear spaces. 
Proposition 4.3.19. The contravariant functor 

BQ's, - (Sk,rs, Govs ) ^ {BdR-Vec) 

T, ^ ff(n,Bn'sX=Ba[^ 

(i: n^T',) ^ (T-BQ!. ^BQ') 
is a sheaf. If there is no ambiguity of the base field k, write BQ'^^ = BQ'^. 
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Proof. It directly follows from Tate's acyclicity, Proposition [2331 n 

Proposition 4.3.20. For thick polytopes S c R" and T c R™ and an integral affine map 
a: S T, the homomorphism a*: BQ\ BQ\ of sequences of Bkj-modules is a 

homomorphism of chain complices, i.e. a* o dj = dj o a* : BQ{^ BQ^^^ for any j e N. 

Proof. Take an integer 7 < m 6 N. It suffices to show that 

{d^ o a*)(fdtj) = (a* o d^Xfdtj) 

for an overconvergent analytic function f and an increasing sequence 7 = (7i , . . . , 7,) 
satisfying 1 < 7i < • • • < 7, < m. Take a presentation / = 2/eN' Pi^' by an in- 
teger / 6 N, parametres x = (xi,...,xi) 6 E[^^, and an overconvergent power series 
F = YjieN'FiT' 6 fc{||x||y'r}^ = fc{||xi||~'ri, . . . , llx/lly'r/}''', and take a presentation 
(A, b) 6 M(m, n; Z) x Z"\ One has 

a*(fdtj) = a* {f)(a* dtji) A • • • A (a*dtj.) 



= y.F, 



h=\ 





( " ^ 






/ n \ 






A • 




^ Aj^j4th 


) 


U=l ) 









h,,...,hi=l /eN' 



It I III II III 



\ i'=l 



/=1 



/l=l 



(h)dt(hi,...,hi)^ 



(d^ o a*)(fdtj) 



\h,,...Jii=l /eN' 



i' = l 



/ = 1 



m n 



Jo=l ho,...,hi=l 



z z ^/n^^''vn^"'(^/) n n^""'"'' ^^^^ 

n m 

Y,Yj^ogx^''^^^^"^'dtH, 

ho = l Jo = l 

\ n / m 

z z z ^^^i°g^^'"'n^^''A'n^">/) n n^"^^^^^^^^^^ 



A dt 



(hu-,h,) 



i'=0 /=1 



h=l V/=l 



ith)dt(ho,...,hi)^ 



d\fdtj) = ^dtj, Adtj = Y, ^^^""^ 



Jo=l 



^; — dt(ja,...j,) = y y Fi—dt(j^_j,) 

70=1 ^^^0 t^itd C^^^o 



= J](F//logx^^''^)xVf, 



Jo=i 



and 



(a* o d^Xfdtj) = a* 



Y^Y^FjI\ogx^''^)x'dt(j,_j,) 
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V/o=l 



\ r n 



Jo=l leM' 
m n 



yr = \ h=l 
I 



J\h=l J 
\ ( n m 



\h=l 



Jo=l ho,...,hi=l len'K !'=0 j' = \ jV/i=l/=l 

= (d^ o a*){fdtj), 
which was what we wanted. 



dt, 



{ho, -Mi) 



□ 



Corollary 4.3.21. Let S and T be thick polytopes, and a: S T an isomorphic affine 
map. Then one has a* o d' o (a~^)* = d' : BQ'*^^ for any i e N. 

Corollary 4.3.22. Let S be a polytope. Take a thick polytope T and an isomorphic affine 
map a: S ^ T. Set 



d' := a*od'o (a~y : BQ.' ^ BQ' ^ BQ 

kj kj 

for each i e N. Then the derivations d' are independent of the choice ofT and a, and the 
sequence 



rf2 



is a chain complex, and coincides with the original chain complex we have already define 
ifS is thick. 

Definition 4.3.23. For a polytope S , define the differential d: Bk^^ as the com- 

position of the identity Bk^ = BOP^ and the derivation d^: BOP^ 5f2\. 

kg kg kg 

Lemma 4.3.24. The differential d: Bk^ BQ.^^ satisfies Leibniz rule, and coincides 
with the original differential we have already define ifS is thick. 

Proof. The second assertion is trivial, and we verify Leibniz rule in the case S c R" is 
thick. Take overconvergent analytic functions f,gek\, and present / = Fix' and 

S = Z/eN'" Gix^ by an integer m 6 N, elements x = {x\_,..., Xm) & fi™,,, and overconver- 
gent power series 

F = J] F,T\ G=Yj ^ k{\\x\\s'T}^ = k{\\x,\\s'Tu \\xJ\s'TJ\ 

leW" 

Using Leibniz rule of the formal differential of formal power series, Lemma [2. 1.31 one 
has 



fg = F(x)G(x) = FG(x) = J] X ^'-•'^•^ 



/eN Vy</eN"' 
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j=l j j=l 1=1 ' j 



( dF ^ ^ oij \ , ^ oxi , 
= > ) \^G + F—\(x)—^dti 



J 

n m 



ft lit r\ -rt f\ It fit ^ 

= ) ) ^(x)G(x)—^dti + > > F(x)—(x)—^dtj 

j=l 1=1 ' 7=1 1=1 ' 



= G(x) 



dtj 

A. A. dry dtj ^1 



+ Fix) 



A. A. dry dtj 



= G(x) 



dF{x) 

, ^ dtj 

\J=1 J 



dtj 



+ F(x) 



dG{x) 



dt; 



= fdg + gdf. 



Definition 4.3.25. Let S be a polytope. Denote by 1$ c kl^^ the kernel of the bounded 
k-algebra homomorphism fi: kl^g ~^ associated with the diagonal map S S x S, 
which is an integral affine map. The kl^^ -module structure of the ideal Is c kl^^ and 
the canonical bounded k-algebra isomorphism kg^^/Is —> kg induces the kg -module 
structure of Is /Ij. 

Definition 4.3.26. Let S c W be a thick polytope. Define a k-linear homomorphism 
i: kl^g — > BQ}^ as the composition of the k-linear homomorphism 



J]^dti-kls ^ ®Bkl^sdtiCBnl, 



i=l 



dt, 



i=l 

n 



1=1 ' 

and the B^R-linear homomorphism 

n n 

(id^fxf: ^Bkl^s^ti ^mJj?,- = 

i=i ^ 

n n 

J]fidti ^ ^{id^p){fi)dti. 



i=l 



i=l 



i=l 



where id® jx: Bkl^^ Bkl is the B^^-algebra homomorphism induced by the bounded 

J, J, 

k-algebra homomorphism fi: k^^^ ~^ ^s- 
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Lemma 4.3.27. Let S <z W be a thick polytope. The kernel of the k-linear homomor- 
phism l: k^^^ BQ.\ contains the ideal 1^ c k^^^, and hence it induces a k-linear 

homomorphism l : Is /Ij 5Q\ . 

Proof. Take overconvergent analytic functions f,g e Is, and it suffices to show that 
L(fg) = 0. Indeed, one has 



L(fg) = (id®//)" 



V i=l 



n m 



□ 



Lemma 4.3.28. Let S and T be thick polytopes, and a: S ^ T an integral affine map. 
Then the direct product a x a: S x S T x T is also an integral affine map, and the 
diagram 



k" 



iaxa)* 



k'^ 



-4 sn^ 



commutes. 

Proof. Then the direct product axa: S xS TxT is presented by the direct sum of two 
copies of the presentation of a. The bounded ^-algebra homomorphism ju coincides with 
the multiplication k^ ®^ k^ k^ identifying k^^^ = kl <8i]J kl by the canonical isometric 
isomorphism in Proposition l2.2.1 ll Both of the multiplication and the partial differentials 
commute with a*, and hence we have done. □ 

Corollary 4.3.29. Let S and T be thick polytopes, and a: S ^ T an isomorphic integral 
affine map. Then one has 



a* oLo(a ' X a = l: k 



^SxS 



Corollary 4.3.30. Let S be a polytope. Take a thick polytope T and an isomorphic 
integral affine map a: S ^ T. Set 



L := a* o Lo (a ^ xa : k^ 



SxS 



-4 k 



-4 BQ\,. 



Then the k-linear homomorphism i : k^^^ 



TxT k' k' 



5Q ,. is independent of the choise ofT and a. 



and coincides with the original homomorphism we have already define ifS is thick. The 

f c k"^ 



kernel of l contains the ideal ll c k\^, and hence it induces a k-linear homomorphism 



r.Is/L 



BQ. 
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Definition 4.3.31. Forak-daggeralgebraA, denote by d: A Q.\the universal k-linear 
derivation of A into finitely geberated A-modules. Set 



for each i e 



Namely, let c A 0j A be the kernel of the multiplication A ®l A A, and set 
Qa '■= Ja/Ia = h ®A<»\A ^- The (A ®\ A)-module structure of the ideal Ia <z A®\A 
and the canonical bounded A:-algebra isomorphism A (S>]J A//^ A induces the A-module 
structure of IaI1\- The ^-linear homomorphism J : A ^ is given by setting df := f® 
1-1 ®f mod./^. The A-module 0.\ is topologically generated by elements of the form df 
for an element / 6 A, and furthermore £l\ is algebraically finitely generated A-module. 
It has the following universal property: For a ^-linear homomorphism dM'- A ^ M io a. 
finitely generated A-module M such that dmicib) = adMb + bdMO. for any a,b e A, there 
is a unique A-module homomorphism : Q.\^ M such that dM = 4> ° d. See flMWi and 
nKLOllI for more description. 



Definition 4.3.32. Let S be a polytope, and A a k-dagger algebra. For a morphism 
y: S ^ ^(A), define the pull-back homomorphism y* : D.\ ^ BQ^. as the composition 

of the bounded k-linear homomorphism Ia/ I A ^ ^s/lj induced by the restriction Ia Is 
of the associated k-algebra homomorphism 

//«(-, Ga)(7) ® If(-, GJ(r) ■.A®lA^kl®lkl= kl^^ 

and the k-linear homomorphism l: Is /ij ~^ BO.ji . Note that the mage of I a by Ga){y)® 
lf{-, Ga)(y) is obviously contained in Is by the definitions of Is and Ia- 

Definition 4.3.33. For a smooth k-dagger space X, denote by the de Rham complex 
of X. Call a section co 6 lf{X, f2^) an overconvergent differential i-form on X for an 
integer i e N. 

Definition 4.3.34. Let S be a polytope, and X a smooth k-dagger space. For an in- 
teger i 6 N and an element y 6 Hom{S ,X), define the pull-back homomorphism 
y* : Q'^) //*'(5/t,5Q^) as the composition of the associated k-linear homomor- 

phism 

(y^'r : H'iX, n'x) ^ ifi^iA,), ^[^^^^^) = 
and the k-linear homomorphism ^^[^ ^'^^^^^^ k-linear homomorphism 

by the functoriality of the wedge product, where ^(y^"^): S ^{Ay) associated with 
the bounded k-algebra homomorphism y^*'^ : Ay ^ ks defined in Proposition \2.4.l0\ 
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Proposition 4.3.35. The pull-back homomorphism y* : H^{X, VL'^) H^(S f„BQ'^) is in- 
variant under the equivalence relation ~ on Hom{S,£i^^ ,X), and hence the pull-back 
homomorphism y* : //^(X, Q^) H^{S k,BQ!^) is well-defined for a morphismy. S ^ X 
and an integer i e N. 

Proof. It is as easy calculation with commutative diagrams as we did many times in 91.4[ 
andgM □ 

Proposition 4.3.36. The pull-back homomorphism y* : //"(X, ^1^) Tf(Sk,BQ:^) be- 
tween sequences of k-linear spaces is a homomorphism of chain complices. 

Proof. Take a representative y e Hom(S, .c^^X). The homomorphisms (^(y'^"-'))* and 
(yi))* are homomorphisms of chain complices, so is the composition y*. □ 

Thus we have defined the "pull-back" of an overconvergent differential form by an 
analytic path. The rest is the construction of the integration of an overconvergent differ- 
ential form on a cube or a normalised simplex, and we deal with it in the next subsection. 
Concerning about a cube, the integration is very simple. 



4.4 Integration of an overconvergent diffential form along a cycle 

We construct the integration of an overconvergent differential form on a smooth dagger 
space along an analytic path in this subsection. 

Definition 4.4.1. Let n e N be an integer Define the integral 

//«([0,^,-l]«,5Q[o^^.i^„)^5,« 



/ 

Jm, 



'[0,qk-l]" 

by setting 

I a>:= I f{ti,...,tn)dti A--- AdtneBdR 

for a differential form to = f{t\ , . . . , tn)dt\ A ■ ■ ■ A dt„ e H^([0, qt - BQ."^ ^^-1]")' where 
the right hand side just follows the convention of the integration of an overconvergent 
analytic function on [0, q^ — 1]" defined in Proposition \4. 2.2S\ 

Proposition 4.4.2. The integral j|^Qg^_jj„: H^([0,qk-Wl,BQ.'lQ^^_-^y,) B^Ris Gk-equivariant. 
Proof. It directly follows from Theorem 14. 2. □ 

Definition 4.4.3. For an integer / 6 N, a smooth k-dagger space X, an analytic path 
y: \Q,qk— 1]' X, and an overconvergent differential form co 6 lf'{X,BQ.x), define the 
integral ofco along y by setting 



y*co 6 B, 



dR 
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We define the integral of an overconvergent differential form on the normalised sim- 
plex {qk - 1)A" in the reductive way on the dimension n e N. From now on, rearrange 
the numbering fi, of the coordinate of K." to ?o, . . . , t„-i and the corresponding vari- 
ables. For example, the formal basis of the module Br^\ of a thick polytope S c R"^^ is 

the collection dto, . . .,dt„. 

Definition 4.4.4. For an integer n e N, denote by the symmetric group of degree 
n + \. 

To begin with, we define the integrals _^^^_i)^o ^^d directly. There is no diffi- 

culty here. 

Definition 4.4.5. Consider the normalised simplex {qk — 1)A*^ = {^^ - 1} c R. The 

isomorphic integral affine map 0: {^yt ~ 1} ^ = induces the unique isometric 
isomorphism k ^ ^!?,-i)ao- ^(^fi^f^ ^^e integral J^^^.j^^o : ^((-^/t - ^ 
as the identity 

Ifiiqk - 1)A°, Bal^_^^^,) = BQ^, = Bk] =k®k Bm ^ 

This integral is trivially invariant under the actions of Tp^k given by the canonical group 
homomorphism 

and the action of the trivial symmetric group 

Definition 4.4.6. Consider the normalised simplex {qk — 1)A^ c K.^. The isomorphic 
integral affine maps {qk - 1)A' VQ,qk - 1]: (^o. ^i) ^ k and {qk - 1)A^ [0,qk - 
1] : {to, ti) 1-^ ti induce the two canonical isometric isomorphisms kj^^^ =| fc^^^^ j^^,, and 

the difference between these two is the involution * : kl^^_i^^i ^(i,j.-i)Ai defined at Defini- 
tion \1.1.4U\ and Lemma \2.2.T8\ Define the integral [ ,, .[ : tf{{qk - 1)A);,5^^) .[) 
BjR as the compositions 

ff{{qk - l)AlBQl^_^^^,) ^ lf{[0,qk - 1],, fiflfo,,,-!]) B.^. 

Note that these compositions detemine the same functional by Lemma \4.2.19\ This inte- 

P,k 



gral is invariant under the action of T^ , given by the canonical group homomorphism 



Tj, ^ Eka - {k[Eka]/{I{A'))r {kl_,,,X K,,-i)A')' 

because one has x{qk - 1) = {xy){qk - 1) and logx = log xy for any x e Ek,i and 
y 6 Tp^k- Moreover, this integral is invariant under the action of the symmetric group 
induced by the trivial representations R.^ x 5^2 K-^ cind ® -^q lAti x 5^2 ® Lo '^dti 
because the non-trivial element corresponds to the involution. One has J^^ j^^i xdto = 
{qk - lfx'^\qk - l)/2 = {qk - lfx^^\qk - 1)12 for any x e Ek,2 such that x'^^h^^^-^ 6 Tp^k 
by the definition of J^'^ . 
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Definition 4.4.7. For integers h <m £N, denote by dt'^ ^ e the element 

dto A • • • A dth-\ A dt}i+\ A • • • A dtm- 
For an element x = (x^^\ . . ., x^"^^) e £';t,m+i. denote by x'^f^^ e E/^^^ the element 

(UO) ^(h-l) (h+l) (m)x 

, . . . , ^ , A, , . . . , ^ ^. 

For integers ho < hi < m e N, denote by dt'^f^f^^ e BQ."\~^ the element 

dto A • • • A dthQ-i A dti^+i A • • • A dtfu-i A dth^+i A • • • A dt^- 
For an element x = (x^^\ . . ., x^'"'*'^^) G £'jt,m+2. denote by G Ek^^ the element 

I J * * * ^ . V ^ yv J * * * ^ .V J .A. J • • • J .V J, 

Now fix an integer n > 2 G N+ and suppose the integral 

fe-l)A'" 

has already defined for each m = 0,...,n - 1. Composing the canonical BdR-linear 
homomorphism 

m m 

BdR[F,,^,i]<, ^ Bfcf^^_^^^„<, ^ BQ- , 

i=Q ,-=0 

one obtains the integral 



/ 



J 



'■ ^■J^^{Ek,m+\\dt'^^^B^. 

fe-DA" ,-=0 

Assume this integral is invariant under the actions of T^^^ c F^t^m+i given by the canonical 
group homomorphism 

TZ' ^ Ek,m.i ^ (k[Ek,^,i]/(I((qk - 1)A'")))" (^L-da-)" ^ (^^f^^.^^^jx 

and of ^m+i induced by the trivial representations W" x ym+i K."* and ^^^^ZJ?,- x 
^m+i 0^0 Note that the restriction (<7i.-l)A'"Xo?^^+i (<7i- 1)A'" of the trivial 
representation W^xy^+i sends an element of ^m+i to an isomorphic integral affine 

map (qk - 1)A'" (qt - 1)A'". In addition, assume Stokes' theorem holds for the parings 
L-i)AO' • • • ' X,,-i)A«-i' i-e- has the equality 

I j(/ao,...,wMd.%fti) 
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- I f{tQ,...,tt^-i,0,tho^...,trn)dt'„,hi-\ 

Jfe-1)A'" 

+(-1)''' I f(tQ,...,th^-i,0,thi^---'>^m)dt'„ 



m,/io 

(«-l)A"' 

for integers /io</ii<m<n-leN and an overconvergent analytic function / 6 B^^^^j . 
Furthermore, assume 



r x(to, tm)dC^, = i-i r'"' \ ^' =••• = (-!) 

Jte-1)A"' 



m! m! 



for integers h < m < n eN and an element x G such that x^'^x^-'^ ^ G 7^,^^ for any 

i, j < m eM. 

We define the integral f^^^_^^^„ : lf((qk - 1)A«, B^'^^_i^^„) ^ BdR reductively on the 
dimension n G N, and will prove the three conditions: the integral is invariant under the 
action of r^"J^^ x Stokes' theorem holds for the parings J^^^_y^^o, ■ ■ ■, ^^j^_i)A"' 
one has the equality 

f m. .... - (-i /^'-"'?^'-" = ■ • ■ = (-1)' '^' 

for an integer /i < n G N and an element jc G Ek,n+\ such that jc^'^jc*^^^"^ g Tp^u. for any 
i, j <n eN. 

Definition 4.4.8. Take an integer h < n e N and an element x = (x^^\ . . .,x^"^) G E^^n+i- 
Ifx^'h^^^^^ G Tp^kfor any i < j <n gN, set 



[ xito, tn)dt'„, := (-1)^ ^^' G Q c BdR. 

Jfe-1)A» ' 

If x^'^ x^j^'^ ^ Tp^k for some i < 7 < n G N, se? 

r , r (-i)XA', 1 ,• 1 +(-iyx'^dt'„ ,,. 

1 xao,...,o<,a7) := (-i)--r ; ^'^ 

Jfe-i)A" Jfe-i)A"-i ^og xy 'X'-J' 

- ^-'^ l-.A«-.i^^3^''"-^''"^"- 

Lemma 4.4.9. /« the latter situation above, for an element y G T^^*^ c E^ n+i, one has 
{xyf^xyfi^-' t Tp^k and 

I x(to, t„)dt'„ ^(i, j) = I (xy)(to, t„)dt'„ ^(i, j) 

J(«-1)A" -'fe-l)A" 

Proof. Trivial because log : Bjr is invariant under the action of Tp c and 

^,_i)A»-i • 0M) BdR[^yt,n]t^?^_i,; ^ BjR is invariant under the action of T^^^ c £'^,„. □ 
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Lemma 4.4.10. The integral J^^ j^^„ x{t(), . . ., t„)dt'^i^(i, j) is independent of the choice of 

the integers i < j < n eN, i.e. If x^'^x^^^^'\ x^''^x^-''^~^ i Tpj^for integers i < 7 < n e N and 
i' < f < n €N, then one has the equality 

I x(to, tn)dt'„ ;,(/, 7) = I x(to, tn)dt'„ /). 

Hence denote by ^^^_i)^„ x(to, . . ., t„)dt'^ ^ G the integral. 
Proof. First, consider the case / = /'. Set 

{-\f*}*i'x'dt' , ,. , , , + {-If^'^i' x',dt' , + {-\f^'^h',,dt' ... 

^ ._ ^ ^ (0 "-Ij-lj-l ^ ^ 0) n-\,i,f-\ '- ^ 0) n-l,i,] ^ 

Then one has 



da> = 



logX^X^^'^-l logX^X^-'')-! 

logx^'^x^j^-^ logJc<'>x(^')-i 
log ;«<'■> A^-/)-! logx®x(^'>-i 

(-i)''+'(iog x«x(^"^-')4)^/?:_i,, (-i)''^'^kiog ^®^^^"^-')4/?;_i,- 

log log x^'^^x^^')-! log x^x^^'^-i log x('>x(-''^-i 

(-l)''+'(logx®x«-i)x'(.,)<_i,. 



+ 



+ 



+ 



logX^'^X^-')-! logX<'>x(^')-l 



= r uh^il ''w -^j) -V) . . , 

^ ^ \logx«xO)-i logJc<')x(/)-i logx(')x(^)-i logx«xO')-i I 

^ ^ llogX®xO)-l logJC<')xO')-l I 



and hence 



I x(to,...,tn)dt'„h(iJ)- I x(tQ,...,tn)dt'„h(i,f) 



(-if-J-f((-iy-^x[,jti,.,_, + (-iy'-^4,,,/C2j-i) 

fe-l)A"-2 log X»xO-)-l log x(')x(/)-l 



(-ir*''((-i)'4yC,j.-2 + (-iV"'^u/,dC,,,) 



/ 



te-l)A"-2 log X(')x0)-1 log X(')x0')-1 
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/ 

J (CI 



(^^_i)A«-2 log log x(');c</)-i 



Jte-DA-^ logX«xOVllogx(0^(/)-l J 



(,,_l)A„-2 logX«xO)-llogJc(0^(/)-l J(^,_i)A"-2 logX«xO)-llogX®x(/)-l 

/ 



(-l)''""(4,/)-^a/))^Ci 

= 



.l)An-2 log log JC®x(/)-l 



by Stokes' theorem for ^-da-i 



Secondly, consider the case i' = j. Since the integral j^^^_i^A"-i invariant under the 
action of y„, one obtains 

I x(to,...,t„)dt'„^(i,j)- I x(to,...,t„)dt'„f^(j,f) 

Jte-1)A" -'(«-l)A'' 

Jfe-l)A"-i logX®xOVl " Jfe-1)A"-' logxO^xO')-! " 1'^ 

Jte-i)A"-. Iogx0^x«-i "1-^ Jfe-i)A"-i logxO^xOO-i " 1.' 

Jfe-1)A" 
J(?t-1)A" 

= 

by the result in the first case. 

Thirdly, consider the case i' i,j and x^'^x^-''^'^ e Tp^k- Since the integral _^^^_i)An-i 
invariant under the action of T^'^ x y„, one acquires 



( x{tQ,...,tn)dt'„i,{i,i)- \ xito,...,t„)dt'„^(i',f) 

Jfe-1)A« -'fe-l)A" 

^ ^ J(,,-l)A"-.logX«xO)-l^'«-l''- ^ J(,,_i)A"-. log(x®;c('')-l);c('')x(/)-l ^'"-1''-' 

Jfe-1)A"-. logX«;cO)-l logX»;c(/)-l 

= I x(?o,...,?„M?nftO",7)- I x(tQ,...,t„)dt'„f^(i,f) = 

Jte-1)A" -'te-l)A" 
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by the result in the first case. 

Finally, consider the case i, j and x^'^x^''^'^ ^ Tp^u.. One concludes 

I x{tQ, t„)dt'^ j) = I x(to, tn)dt'„ f^ii, i') = I x(to, 

Jiqk-m" J(qk-m" J(qk-lW 



by the result in the first and the second cases. 
Definition 4.4.11. Define the integral 



: k[Ek,n+i\dtn,i B 

fe-l)A» 



by setting 



J 



-1)A" 



fdtn^i := i-iy 



xdtfii 



for an integer i <n and an element f = ^xeEk„+i fxX e k[Ek„+i]. 

Lemma 4.4.12. The integral '• ^%Qk[E|^ fl+l^dt„^i —> BdRinduces a k-linear ho- 

momorphism 



/ 

J(a 



fe-l)A" 



l{{-\ydtn,i - {-\ydt,j I j,7 < n e N) ^ B 



- 1)A")X,- 

i=0 J 

Proof. It is obvious that L((^<. - 1)A") = Z(?o + ••• + ?„) c Z[fo, ■■■JA and 
I{{qk - 1)A") = Yj k{Ek,n+,-\{x{tQ + ••• + ?„)- x{qk - 1)) 

2 2 ■ ■ ■ ' ^"^(^(^0 + ••• + ?„)- J:(?;t - 1)) c k[Ek,n+i\- 



dR- 



Take an integer /? < n e N, an element j e Ek,n+i and a character jc g Ek,\. If j^'^j*^-'^ ^ G 
Tp^^ for any i, j < n eM, one has 

I y(tQ, t„)(x(tQ + ••• + ?„)- - 

Jfe-l)A'' 

= f (y(°^x)(?o) • • • 0;^"^x)(?„) - x(qk - l)y(to, t„)dt„,h 



n! 



n! 



If there exists integers i,j<neM such that j^'^j*^^^ ^ ^ T^^yt' one obtains 
I y(?o, . . . , ?n)(j^(^o + ••• + ?„)- x(qk - l))dtn,h 
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= I (y'-^^xXto) ■ ■ ■ (y^'''^x)(t„) - x(qk - l)y(to, • • • , t„)dt„,h 

Jfe-1)A" 

h+i+l C ^0)^^°' • • • ' ^«-l)-^(^0 + •••+?„-!)- y[j)(t0, t„-l)x(to + •••+?„_!) 



(-1) x(qk-l)- -7——dtn-u 

Jte-i)A"-i logyWyW 1 



/fe-l)A"-i 

= 

because the image of x{tQ + • • • + r„_i) - x{qk - 1) in k] .„_i is 0. Therefore the integral 
induces a ^-linear homomorphism 



/ 



: (^[£,,„+i]//((^, - 1)A")X,- ^ BdR. 

fe-l)A" ^ 

It sends an element ofthe form (-l)'/J?„^,—(-iy/<i?„j e ^1^Q{k\_Ek,n+i\l Kiqk - ^)^'^))dtn,, 
for an element / e ^[£';fe,„+i]//((^;t - 1)A") and integers i, j<ne'N to Oe by the 
definition of the integral of an element of E^^n+i • ^ 

Lemma 4.4.13. For an integer h < n € N, integers m,N G N, and elements x = 

(xi, ,Xm) G E^^, the p-adic valuations of the coefficients of the ^-adic development 

of the element 



Jfe-1)A" 



in modulo FifBdufor a multi-index I e N is of order at most ||jc|r^O(|/|"), where ^ G 
Fil^BdR is the generator of the principal ideal FH^B^r c given as the logarithm of a 
system of p-power roots of unity. 



Proof Since 

e f x'(to,...,tn)dt'„^,= 

Jto-DA" 



^(^""L-i)A-^o)'-(^0))X-i,) 



it suffices to show that for fixed characters y = (ji, . . .,ym) ^ E'^i^ the p-adic valuations 
of the coefficients of the ^-adic development of ^ /(I logy) mod.Fil^BdR is of order at 
most |/|, and for fixed elements z = (zi,...,Zm) s £'^„_i, the p-adic valuations of the 
coefficients of the ^-adic development of [ z(to, tn-\)dtn-\ h mod.Fil^BdR 

is of order at most ||zir^O(|/r~^), if / runs through all multi-indices such that y^ ^ Tp^^. 
Note that the integral affine maps A"~^ A" used in the boundary operator associates 
a contraction map, and one has ||jc[,)ir < for an integer j < n G N and an element 
X G Ek,„+i. The first assertion has already been verified in the calculation in the proof 
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of the integrability of an overconvergent analytic function, Theorem I4.2.21[ We show 
the second assertion by the induction on m < n - I e N of the normalised simplex. 
When n = 0, there is nothing to do. Suppose the second assertion holds for an integer 
m < n - 1 e N. By Stokes' theorem, one has 

r , 2^(^o, • • • , = .| i). (r r izii^y - (z[j)ydc] 

Jfe-l)A"'+i IlOgZ'^'^V-" \ J(^j.-1)A'" / 

for some i, j < m + 1 e N such that (z'^'h'^^'^Y i Tp,k^ ^i^d hence it is of order atmost 

om X max {ii4ir^ iiz; o(i/r) < \\z\foi\ir') 

by the hypothesis of the induction. □ 

Theorem 4.4.14 (integrability of an overconvergent differential form on {q]^ - 1)A"). The 
integral 



I : ^ik[Et,n-,i]/Iiiqk-m"))dt„j 

J{qt-l)A" V ,-=0 / 



/{{-lydtnj - i-iydt„j \i,j<nen)^ B, 



(IR 



is naturally extended to a B^R-linear homomorphism 



J 

J (a 



: BQ.'\ B, 



dR- 



Proof. Obvious because is is of order at most 0(5'^') for some parametre 6 e 

(0, 1) for an integer m e N, elements x = (xi,.. ., x^) 6 E''^^^^, and an overconvergent 
power series 

lew 

□ 

Proposition 4.4.15 (Stoke's theorem). The integral J : BQ."^ B^r satisfies 

the desired three conditions: the integral is invariant under the action ofT'^^'^j^ x ^„+i, 
Stokes' theorem holds for the parings ^^^.j^^c • • • ' ^^^-i)a«' ^'^^ equality 



for an integer h < n e N and an element x e £'yt,n+i such that x'-'^x'^-'^ ^ e Tp^k for any 
i, j <n eN. 
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Proof. The first assertion is trivial by the definition of the integral and the hypothesis 
of the induction on n. The third assertion is automatically true by the definition of the 
integral. We verify Stokes' theorem. Take integer Hq < hi < n & 'H and an element 
X G Ek„+i. One has 



I d(x(to, tn)dt'„ \ x(to, tnXlog x^''''>dth, + log X^''''>dth^) A dt'„ ^ 

Jfe-1)A" ' ' Jfe-1)A" 

= r xao,...,0((-l)'«logx(''«)<,^ +(-l)''-ilogx(''>><,„) 

J(^^-1)A" 

= (-i)''Kiogx('^v'"^-i) r xao,...,o<,o. 

J(at-nA" 



^«-l)A" 

If ^(/io);(.(/ii)-i g j^j^^ one obtains 



(-l)''Hlogx('*y''>>-') r xao,...,0<,o = (-l)''x0x r xao,...,0<,o = 

J(5t-1)A" -'fe-l)A" 

and 

(-l)'''^(/,,)(^o,...,?„-iX-i 

Jfe-l)A»-i 



Jto-DA"-! 



/fe-l)A 

by the invariance if the integral [. under the action of x^„. If jc(''o)jj;(/ii)-i ^ j 

one obtains 



(-l)''Hlogx^''°¥'")-i) r x{tQ,...,Qdt',^ 

J{qt-m" 

- ( 1) (lOgX X )J^^^_^^^„_,log;,(W..)-i<-l.^ 

= (-1)''"^ f ^.o)-^a.))<-l,/.o 
Jfe-l)A"-i 



Corollary 4.4.16. 77je integral [ : ^ Gk-equivariant. 

Proof. Using Stokes' theorem, it is reduced to the case n = 0, and hence trivial. □ 

Definition 4.4.17. For an integer n e M, a smooth k-dagger space X, an analytic path 
y: iqk - 1)A" X, and an overconvergent differential form co e define the 

integral of at along y by setting 
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4.5 Relation to Shnirel'man integral 

In this subsection, we calculate basic examples of overconvergent differential forms along 
cycles on dagger spaces. Through the calculations, we see the relaion between our in- 
tegral and Shnirel'man integral, and also find a remarkable appearence of the periods in 
the case of considering Tate curves. We prepared only a little explanation of the notion 
of the Shnirel'man integral in SO. 31 If a reader is interested in Shnirel'man integral, see 
nSHNll for more detail. 

Definition 4.5.1. A k-dagger space X is said to be weakly contractible with respect to the 
analytic homology if one has 



HniX) 



Z (n = 0) 
{n>0) 



Proposition 4.5.2 (Cauchy's integral theorem). For an arbitrary integer n e N+, for an 
overconvergent power series f e k{T]^ = k{Ti, . . . , Tn}\ an analytic path y: \f),qk - 
1]" ^ D?^ ory: (q^ — 1)A" D"J which is a cycle, one has 



f{Tu...,Tn)dTy-dTn = Q. 



In general, the integral of any closed differential form along a cycle on an weakly con- 
tractible dagger space vanishes. 

Proof. The integral of a closed differential /-form co e Q.'^ along a z-cycle y on an weakly 
contractible smooth dagger space X vanishes for each i e N+ because there exists some 
(z -I- l)-cycle ?7 on X such that y = di+iT] and therefore 



I co= I (o= I dco= I = 0. 

Jy J dn Jn Jri 



The assertion is verified because D^^ is weakly contractible by Corollary 13. 2. 6[ □ 

Now incidentally, we calculate the integral J^f(Ti)dTi according to the definition of 
it in practice for an integral n = 1, an element f e k{Ti}, and an analytic path y: [0, qj, - 
I] ^ X which is a cycle. Of course it will be turned out to be as we verified above, and 
it is just an exercise of a calculation of the integral. By Lemma morphism to a polydisc, 
y corresponds to an overconvergent analytic function g e k^[°^^_-^y Since y is a cycle, one 
obtains giqi, - 1) = ^(0) 6 k. By the construction of the correspondence, we know that 
y*f = fig) 6 ^Jc^ft-i]- Therefore one has 

[f(T,)dT^ = [ f(g)dg= r \{g)^dt^= r 'vfg-^dt, 

Jy J[Q,qt~l] Jo Jo ^ 

^ ^ figx, ■ ■ ■ gx,Xi ■ • ■ Xi{ti) gxM{\0gXM)Xi+i{ti)dti 
'■=0 xeE[^ Xi+ieEk,i 



111 



'•=0 A-e£^/ 

:-n ' ^ ^ ,-1 i 



'■=0 Ae4+' V i=l 



y. y. T-^^xi • • • ^.v,+, (log xi • • • • • • XM){tx)dti 



(=0 rg£'+l 



y;- „ (xi---xi+i){qk-\)-\ 



CX) ^ DO 

= 0. 

Proposition 4.5.3 (residue theorem). For a section f e //'^(G^^, O^f ) c k((Ti)) and an 
analytic path y: [0,qk- I] '^^k ^hich is a cycle, one has 



f(T,)dTi = rot(,y,0)Res{f,0), 

where rot(y, 0) 6 B^r is the constant {qu - 1) log xg given by the element xg & Ek^iX{\ + 
(^[0 qk~iv'°°^ presenting y as axg by the unique triad (a, x, g) e x Ejcj x (1 + (^i'^ 
by the set-theoretical bijection 

Hom([0, q,-\l G\,) ^ k^^^,,^ = F X X (1 + (fcfo,,.-i])°°)' 



in Proposition 12.5. 1 1\ and Res{f,0) is the residue /_i of f as an element ofk((Ti)). In 
particular for an analytic path y: [0, (^jt-l] G^^j^givenby the system e^l^'^''~^\t\) & E^i, 
where e e Ek,i is a system of power roots of unity, one has 

r f(T,)dT, =Res{f,0). 

log 6 Jy 

Proof. Separate / into two convergent power-series f-\T~^ and / - f_iT~^. The infinite 
sum 
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makes sense in //"(G^^, . ) = lim k{r ^Ti}\ because for any r e (0, oo) and /' 6 
k{r~^Ti}''^ the infinite sum 

f' 



converges in k{r ^T^}'^ . The infinite sum F{Ti) is a primitive integral of / - /-iT^ \ and 
hence one has 

, ,,rj, , ,^ — dtx = — dti = F{ax{qk - \)g{qk - 1)) - F{ax(SS)g(SS)) = 

Jo dy*{Ti) dh Jo dh 

by the fundamental theorem of calculus, Proposition l4.2.32l Therefore it suffices to show 
the equality in the case / = f^iT^^. Both sides of the equality are linear on /_i = 
Res(/, 0), and hence we may and do assume / = T^^. The one calculates 

Jr nik-l nik-l nik-i 

T^^dTi = I y*(T;^)y*(dTi) = I {axg)'^ d{axg) = \ (axgy^axg{\ogxg)dti 
y Jo Jo Jo 



/ 

Jo 



(log X + log g)dtx = {qu - 1) log jc^ = rot(7, 0). 



□ 



Corollary 4.5.4 (Cauchy's integral formula). For an overconvergent power series f e 
k{Ti\\ for an analytic path y: [0,(5'^- 1] J}]^ (ory: \Q,qk-^ A^^ ) which is a cycle, 

and for a k-rational point a e 'Dl^(k)\y*([0,qk - l]k) (resp. a e Al^(k)\y*([0,qt - l]k)), 
one has 



Ti - a 



dTi = rot(y, a)f{a) 



identifying y as a morphism to the punctured disc 'D\ \{a], where rot{y, a) is the rotation 
number rot(y - a, 0). In particular for an analytic path y: [0,qk- I] A^^ given by the 
overconvergent analytic function eity) + a e k^^Q^^^_-^^for a system e e Ef,i of power roots 
of unity and an element a e k, one has 

\ TP dTi = f{a). 

log € JyTi-a 

Proof. It directly follows from the residue theorem and the presentation of the Taylor 
development 



1 d' f 

i=0 "-^ 1 



□ 
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Corollary 4.5.5 (Cauchy-Goursat theorem). For an overconvergent power series f € 
k{Ti]\ for an analytic path y: \f),qk - 1] — > {or y: [0, - 1] — > A^^j which is a 

cycle, for a k-rational point a G J})^ {k)\y^{\Q,qk - 1]^) (resp. a G A}j^ {k)\y\\Q,qk — l]k)), 
and for an integer i G N+, one has 



L 



— r-rdii = rot(y,a) — r(a) 



identifying y as a morphism to the punctured disc D]^^\{fl}. In particular for an analytic 
pathy: [0, ~ 1] ^ given by the overconvergent analytic function + a G 

^[0 Z*^'" dement a € k, one has 

1 r f(Ti) d'f 

for any i e N. 

Proof. It straightforwardly follows by the same calculation as in the proof of Cauchy's 
integral formula. □ 

The element rot(y, 0) G B(Jr is the analogue of the rotation number in the topology 

theory. For example, see the foUwing two characteristic cycles on A^(l, 1)^ c G^^, where 
A|(1, 1)"'^ is the unit circle ^ {k{Ti, Tj^M^)- Fix a system e G of power roots of unity 
and consider the analytic path y,,: [0,qk-l] ^ given by the overconvergent analytic 

function e''/^*-!) e Ek^i c k^[Oqi^_i^ for each a g Z. One has 



f T-'dT, = -^mi{e"l^'i'-'\Q) = a, 

log 6 log 6 



and this equality is the same one as one obtains when he or she calculates the Shnirel'man 
integral along a closed path of rotation number a. This is the case g = 1 in the definition 

of rot(7) = {qu - l)logxg. 

On the other hand, one also has a cycle with g I. Take an element a e k°°, and 
take systems I + a , p e E^ i of power roots of 1 + a and p respectively. There are two 

analytic paths connecting 1 and 1 + a in G^^(A;) = k'^: the paths 71 and 72 given by the 
overconvergent analyttic fuctions 

gi := l+a(?,) G Ek,i c 1 + (/:fo,,,-i])°° 

and 

\-p(ti) (1 
g2 '■= =-. r- + — - — r(l + «) = — -r ; — p{h) + ; f G 1 + 
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One obtains 



'71 

and 



T^^dTi= I g~i^dgi= I (log 1 + a )dt^ = (qt - 1) log 1 + a 
n Jo Jo 



T-'dT, = g-'dg2 

72 Jo 

Jnqk-l I 1 _ (-1 . 

1 + ^ ,,-, P''~'ih)\ {log p'^^-')p^^-\h)dt 

\ (1 +a)« 1 -jc* 1- / 

= fe-.)(icg,)j; g(-iy( ,;,„;:.r_',.-, p"-'(>.)) < 

- lXlog£)2j\(i+a)«-i-p*-ij logp(«-iX'+i) 



= -(^,-l)(logp)2 

OO - 

= -y— 



^(qk-l){i+l) _ I 



(1 (^yt - 1)0" + l)logp 
((1 + a)«"^ - l)p*-^ / (1 + - 1 V^^' 



(1 + a)*-' - / \(1 + - p*- 



(1 + a)*-' - / \ (1 + a)*-i - 
= log ■ ■ log ; = (q^ - 1) log(l + a). 

Therefore setting y := [yj - [72] 6 Hi(G^^), we conclude 



I: 



T^^dTi ={qk - l)log l +a -{qk- l)log(l + a) = (<?^ - l)log^ l + a . 

Remark that 1 + a 6 1 + {k^^ qt-i]^°° ^'^^ hence the reduced logarithm log^ 1 + q , Definition 
14.2.101 is determined without fixing a logarithm of p. 

Now we calculate the period of a Tate curve X = G^^j^/q^ with a uniformiser q e 
F°\{0}. The two species of cycles we dealt with above are also characteristic ones of X 
through the embedding 1 , 1 )''' ^ Gj^^ ^ ^ X. One has another cycle. Take a system q e 
El, I of power roots of q. Consider the analytic path y. [0,qi, - I] ^ X determined as the 
composition of the analytic path [0,qk- 1] ^ given by the overconvergent analytic 

function q e Ej,j c ^1*0^^-1] and the canonical morphism gI^^, X. The morphism y 
forms a cycle on X because q{qk - 1) = = 1 = ^(0) mod.^^. By the way, the 

diff"erential 1-form T'^dTi 6 Q^t induce the non-trivial diff"erential 1-form oj e Q.x on 
X. One has 

Jf n nqk-^ nqt-'^ 

OJ = I T^^dTi = I q~^dq= \ \ogqdti = {q^,- \)\ogq, 
y Jy' Jo ~ ~ Jo ~ ~ 
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and it is the period we did not find when we saw morphisms to Aj^{l, l)^ c G^^. 
4.6 Pairing with coholomogies 



In this subsection, we extend the integrations defined in §43 to pairings between ho- 
mologies and cohomologies. Let X be a smooth ^-dagger space. 



Proposition 4.6.1 (Stokes' theorem). Consider the pairing 

^ m \ ^ m p 

/ ^i[yi] I (x> := y a j \ CO 

\M ) -'2"L,«.[r.,] Jn 

between sequences ofL-modules. Then the pairing satisfies Stokes' theorem, i.e. one has 



^ d"io= r 



OJ 

for an integer n e M, a singular cube y G and an overconvergent differential 

form io e ff(X, Q."^). 

Proof. Take an integer n 6 N, an analytic path y : [0, qt-^]" X, and an overconvergent 
difl'erential form co e li^(X, Q!^). Since the pull-back homomorphism y* : H*'(X, Q.'j^) 
H°([0, qk]", QjQ^^_jj„) is a homomorphism of chain complices, one has 

d"iy*aj) = y*(d"aj). 

Present 

yoj = fiti, tn)dti A • ■ • A dti_i A dti^i h---hdtn& H*'([0, qk - 1]^, ^^[o:^-!]") 

by a unique overconvergent analytic function / e k^[Q^^_^n and a unique integer i < n e 
N+. Set Ei, „j : E^ i^i x Tp ^ x c E^^. Denote by x'^j^ the element 

X^'\t,) ■ ■ ■ X^'-'Xtt^M'^-^Kti) ■ ■ ■ X^"\tn-i) 6 

for an element x e Ei,„. One obtains 



[d"a) = [ y*idnCo) = [ d"iy*co) 



= I d'\f{t\, . . ., tn)dti A • • • A dti-i A dti+i A • • • A dtn) 



/ 

Jro 



(-iy~^^dti A--- Adtn 
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[o,qt-ir dt, 



= y r (-iy-'U\ogX^'^)xdhA---Adt, 

= y /x(log j:®) I A • • • A iir„ 



= y (-iy-7.aogx«)n 

nl -"''■>^'- wj n X 

= y (-ly-'Mx^Hqk - 1) - 1) r A • • • A jr„_i 

- I /(fi,...,r,_i,0,?,-, ...,?„_i)dri A--- Adr„_i 

= r ((-iy(7o5f)r+(-i)-i(yo5f>r)6>= f 



O). 



Corollary 4.6.2. Identifying C°(X) = Q°(X)/D°(X) as the Z-submodule ofQ°{X) gen- 
erated by non-degenerate singular cubes, consider the restriction 

This paring induces a G^-equivariant canonical paring 
where the action ofG^ on H^(X, Q'^) is the trivial action. 

Proof. Straightforward by Stokes' theorem above. □ 
Proposition 4.6.3 (Stoke's theorem). Consider the pairing 
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between sequences ofZ-modules. Then the pairing satisfies Stokes' theorem, i.e. one has 




for an integer n e N, a singular simplex y e C^_^_^{X), and an overconvergent differential 
form CO 6 ifiX, Q« ). 

Proof. Trivial by the morphism- theoretical Stokes' theorem. Proposition 14.4. 15] □ 

Corollary 4.6.4. The pairing J: C^(X) ®z B^r induces a canonical Gt- 

equivariant paring 

J : Ht(X) ®z H* (lf{X, n-^)) ^ B,R, 

where the action ofGt on H^{X, fi^) is the trivial action. 

We have constructed the integral of an overconvergent differential form along a cycle 
in H*(X) for a smooth fc-dagger space X. We want to extend this integration to a pairing 
between analytic homologies and the de Rham cohomology. Though the de Rham co- 
homology of a general ^-dagger space is a little complicated by the intervention of the 
hypercohomology, we do not have to suffer from it when we restrict the objects to the 
class of smooth Stein ^-dagger spaces defined at Definition 12 .4.27 [ It is well known that 
smooth Stein A;-dagger spaces is good class to caluculate the de Rham cohomology simi- 
larly with the corresponding original Stein space in the complex geometry. See HGRI for 
more detail of the original one. 

Lemma 4.6.5. Let X be a Stein k-analytic space, Definition \1.4.27\ or a Stein k-dagger 
space. Definition 12. 4. 2 71 and F an arbitrary coherent sheaf on X. Then the cohomology 
group ifiX, F) vanishes for any i e N+. 

Proof. This is well-known fact but the proof is a little complicated. We put aside the 
proof to Appendix, 96.21 □ 

Corollary 4.6.6. Let X be a smooth Stein k-algebraic variety in the sense of schemes, 
namely a smooth k-algebraic variety with the vanishing theorem of the higher coho- 
mology groups of a coherent sheaf, a smooth Stein k-analytic space, or a smooth Stein 
k-dagger space. Then one has a canonical k-linear isomorphism 

H'(ff(X,n-^)) =kH',^{X) 

for each i e N, where H*^j^(X) is the de Rham cohomology group ofX. In particular, we 
know H'^ii{(X) = Ofor any i > dimtX. 

For a precise description of the de Rham cohomology see [GRO], [IBER2L and 
[IKL02 1 for an algebraic variety, an analytic space, and a dagger space respectively. 
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Proof. Just apply the Hodge to de Rham spectral sequence 

:= W{X,QF^)^lll^KX), 

which is degenerated by the lemma above. Be careful about the fact that p in the spectral 
sequence does not indicate the characteristic of the residue field ^ of ^ but an arbitrary 
integer. □ 

Corollary 4.6.7. LetX be a smooth Stein k-dagger space. For H = H°,H^, the pairing 

BdR 

induces a canonical pairing 

J ■.H.{X)®^H*,j,{X)^B,R. 

We do not guarantee the non-degenerateness of the pairing. In fact, the homology groups 
H° and seem to have little greater dimensions than the de Rham cohomology //^^ 
does in general. 

We have constructed a canonical pairing between analytic homologies and the de 
Rham cohomology for a smooth Stein dagger space. Applying it, we want to construct a 
Gi:-equivariant pairing 

H,(Z)®zH;(X,Qp)^BdR, 

where H!j(X, Qp) is the etale cohomology. We want to consider the case X is an algebraic 
affine variety, i.e. the dagger space associated with an algebraic affine variety. To begin 
with, by the de Rham conjecture for a proper smooth algebraic variety Y derived from 
the semi-stable conjecture, HTSUI . 4.10.4, and the semi-stable alteration, flJONL 4.5, one 
has a canonical Gi;-equivariant isomorphism 

H*R(y) % BdR ^ H;(y^, Qp) ®Q„ BdR. 

Be careful about that since we defined the logarithm log : BdR as the negative of 

the usual convension, the isomorphism is twisted by some sign. Furthermore, even if U 
is an open algebraic variety, i.e. an open subvariety of a proper smooth algebraic variety 
Y whose complement D := y\i7 is a normal crossing devisor, then one has a canonical 
Gi:-equivariant isomorphism 

H*r([/) ®u BdR ^ H*,(t/r, %) ®% BdR 

by the de Rham conjecture for an open algebraic variety, HYAMH . Now suppose U is 
an algebraic affine variety embedded in a proper smooth variety Y whose complement 
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D := Y\U is a normal crossing devisor. Then the analytifications U"^ and t/™ = (f/^)' are 
Stein spaces. The dagger functor U gives us a canonical homomorphism 

K^iU) ^ h*r([/+). 

The comparison theorem for an etale cohomology (see [BER2J, 7.5.4. and IIBER3II . 3.2.) 
and the invariance of the etale cohomology of an algebraic variety under a ground field 
extension (see UDELII . V.3.3.) guarantee that the canonical homomorphism 

nUUj,Zp) = lim ni,(Uj,z/p"'z) ^ lim ni,(Uc,z/p'"Z) 

^ lim UliiUcr, Z/p™Z) = lim H*,((C/^")c, Z/p"'Z) = H*,(([/^")c, Z,,) 



is a G<:-equivariant isomorphism, and it fuctors through the canonical GA;-equivariant ho- 
momorphism 

H!^(([/t)c,Zp) = ni^((Uc)\Zp) ^ H*^((([/c)+)^Zp) = ni^((Ucr,Zp) = H;(([/-)c,Zp). 

The induced homomorphism 

H*,([/^,Z^)^H;(([/+)c,Z,,) 

is a Gi:-equivariant isomorphism, and tensoring Bjr one derives a canonical G^^-equivariant 
homomorphism 

iilt(U\ Qp) ®Q„ BdR ^ H;((t/-f)c, Qp) BdR =B,, KiUj, Qp) B^r 

=BaR H*R(f/) ®, BdR ^ H*R(t/^) 0, BdR. 

Thus one has obtained a canonical Gyt-equivariant pairing 

H,([/l^)®zH;(t/^Qp)^BdR. 

Recall that we defined the singular homology of U as that of W . Of course this pairing 
might not be non-degenerated. 

How about the case a dagger space X is not derived as the analytification of an affine 
variety? We want a canonical Gjt-equivariant pairing 

H,(X)®zH;(X,Qp)^BdR, 

induced by some canonical G<;-equivariant pairing 

a(X)®zH;(X,Q^)^BdR, 

for a dagger space X. Although we failed to construct one, we just write down what 
should be held in the desired pairing. 
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(i) Suppose a dagger space X is isomorphic to an analytification of an algebraic 
variety Y which is not an affine one, say, 7 is a proper smooth variety. Then is proper 
and especially partially proper as is shown in HKLOIH . By the comparison theorems of 
coherent sheaves between an algebraic variety and its associated analytic space, HBERIH . 
3.4.10. and between a dagger space and its associated analytic space, IKLOIH . 3.2, one 
has a canonical G^-equi variant isomorphism 

For an integer n e N, take a singular simplex y e C„{X) and an element ^ 6 H^j(X, Qp)<S»Qp 
BdR such that the image of ^ in H^j(Xc, Qp) ^q,, Bjr lies in the image of the canonical 
homomorphism 

n\X, nydOTi') ®, BdR ^ H^r(X) ®u BdR =b,r H^r(J^) ®k BdR 
=B,, niiYc, Qp) ®Q, BdR ^ UUXc, Qp) BdR, 

and take a differential n-form co e H*'(X, Q^/JQ^"' )(g)<-BdR whose image in H^^iXc, Qp)®Qp 
BdR is ^. Then the value of the pairing of y (8> ^ should coinced with the integral 

a> e BdR. 



(ii) Suppose there is a morphism Y ^ X from a dagger space 7 with a given pairing 

a(y)®zH;(y,Q^)^BdR 

to a dagger space X. For any n e N, take a singular simplex y 6 C„(^) and an element 
^ e H^\(X, Qp). Suppose that the morphism Y ^ X satisfies the condition of a Serre 
fibration with respect to morphisms from a normalised cube or a normalised simplex, in 
other words, that any morphism rj from a normalised cube or a normalised simplex to X 
factors the morphism Y ^ X, or just consider the case y is contained in the image of 
Cn(Y) C„{X). Then there exists a lift y' e C„(y) of y, and the value of the pairing of 
y (S) ^ should coincide with the value of the pairing of y' (g) ^ by the required functriality 
of the pairing, where ^ 6 H^'j(y, Qp) is the image of ^. 

(iii) Suppose there is a morphism X ^ Y from a dagger space Z to a dagger space Y 
with a given pairing 

c.(y)®zH;(y,Qp)^BdR. 

For an integer « e N, take a singular simplex y 6 C„(X) and an element ^ e H^'j(X, Qp). 
Suppose the morphism X y induce a surjective homomorphism H!j(y, Qp) Htj(X, Qp), 
or just consider the case ^ is conitained in the image of H!j(y, Qp) Htj(X, Qp). Then 
there exists a lift ^' e Htj(y, Qp) of ^, and then the value of the pairing of y <8i ^ coin- 
cides with the value of a pairing y®^'hy the required functriality of the pairing, where 
y e C„(Y) is the image of y. 



I 
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For example, consider the case X is a Tate curve Gl^i^/q^ with a fixed uniformiser 
q 6 k°°\{0}, and Y := G^^^^ ^ X is its uniformisation. Let Z denote the proper smooth 
closed algebraic sub variety of the projective space determined by the equality 

T2 = Tl -T1T2 + a^(q)Ti + a^iq) 

for suitable coefficients a4.{q), a^iq) e k, and we know that Y and X are derived from the 
analytifications of Spec(fc[ri, T~^]) and Z. 

Consider the three closed paths [0, - 1] ^ X we dealt with in the examples of 
the calculation at the end of §I4.5[ one is the path 71 : [0,^^ -1] X determined by 
the system 6^^'^*~'^(?i) e Ek^ c (fc|'o^^_i])°^, where e(ti) is a fixed system of power roots 
of unity, another one is the path 72 : [0, ^/t - 1] X determined by the overconvergent 
analytic function 



1 + a (ti) 



+ 



1 - 1 - p 



<lk- 



[o,?*-i] 



for fixed systems 1 + a {ti), p(ti) e E/t.i c ^^^_^-^)°^ of power roots of 1 + a and p re- 

— 00 

spectively for an element a e k , and the other one is the path -y^: [0,qf, - 1] ^ X 
determined by a fixed system q(ti) e E^j c (^^q^^^.j])"^ of power roots of the uni- 
formiser q. They factors through the projection 7 ^ X in a natural way. The morphisms 
[0,qk - 1] ^ y corresponding to 71 and 72 are again cycles, and the one correspond- 
ing to 73 is not a cycle. Since Z (or X) is an Abelian variety (resp. an Abelian analytic 
group), one has a canonical Gj;-isomorphism liomz^(TpZ,Zp(l)) H^j(Zc,Zp) (resp. 
HomzpiTpX, Zp) H^j(Xc, Zp)), where TpZ (resp. TpX) is the Tate's module of Z (resp. 
X). The canonical isomorphism 



TpZ 



z = (zi,Z2,- ■ ■) ^ lim k Iq^ 



zl = lek /q^ 



Z = (z\q^,Z2q^,...) e lim k 



zfe 



and the well-defined evaluation map 

lim f/q^ 



z = (z[c^,Z2^,...) ^ limlog|^||z:r" 



induce the splitting exact sequence 



^ Z„(l) 



TpX 
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of Zp-modules. Considering the group-isomorphism TpX =z Zp(l) © given by the 
system q\z[p-i] € Z[p~^Y of /7-power roots of q, one has a Z^-isomorphism 



Homzir„X,Z„) =z„ HomziZ„(l),Z„)©Homzi^ 



)=2 



.(-1)' 



and tensoring B^r one obtains a BdR -isomorphism 

H^iX, Qp) BdR =B^ BdR(-l) © BdR. 

The isomorphism 

H^rCX, Qp) BdR ^ H],(X, Qp) BdR 

factors through the BdR-isomorphism 

Hl^(X, Qp) (8)Q^ BdR ^ Homz^(rpX, BdR) 

given by the canonical non-degenerate pairing 

H^(X) 0z, T^p^ ^ Zp. 

Let ^1 , ^2 6 Hij(X, Qp) (8)Qp BdR denote the BdR-basis corresponding to the bases ie\z[p-i] 
1) e BdR(-l) and 1 G BdR. Set ? := e|z[p-i] e Z[p-'r and £ := £|z[p-i] e Z[p-i]\ Then 
the elements ^i, ^2 corresponds to the group-homomorphisms 771, 772 : T'pZ ^ BdR defined 
by 



mie) mil) 



1 
1 



eM(2,2;BdR), 



and hence one has 



(gmX^) {grii){q) 
(gm)(^ (gmXl) 

( girnC^^'^")) ginA^^S^^'^q)) 

{ g(772(e^^^^ ')) g{mi^'-'"'q)) 



gixigr) gix,{g-')) 

^(0) ^(1) 



1 



miq) 



for any g e G^, where 



is the p-adic cyclotomic character and;^^^: 



is the set-theoretical map determined by the equality 

g(q(p-')) = e{p-'Y^Ss\{p-') 
for each g ^G^ and / G N. The map;if^ satisfies 

Xq(gh) =Xq(g) +Xq(hMg) 
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for any g,he and in particular 

for any g & G^. Therefore it follows that 



8 



and one calculates 



^1 

^2 



- 1 U2 



Consequently one has 

g((log 6)^1 + (log ^)^2) 



^(^)(log 6)Cr(g)"'^i - Xq{8)x{gyH2) + (log q + Xqig) log 6)^2 
= (log 6)^1 - ^^(^)(log 6)^2 + (log q + Xqig) log e)6 
= (log 6)^1 + (log ^)^2 
g{^2) = 6 

and the elements (log e)^i+(log q)^2 and ^2 form a fc-basis of the vector space Dcir(H^j(X, 
BdR) (H1((X, Qp) (8)q BdR)*^*. The composition of the isomorphism 



and the inclusion 



H^(X) % BdR ^ h1j(X^, Qp) (8>Q^ BdR 



hO(X, flx/c^Ox) % BdR hJr(Z, Qp) (8)Q^ BdR 



induced by the Hodge decomposition H^j^(X) =k H*'(X, Qx/dOx) © H^(Z, O^) sends the 
differential 1-form T-^dT^ e H°(Z, Q-x/dOx) to the element 

(log e)^i + (log£)^2 e DdR(H]j(X, Q^) (8)q^ Bjr), 

and therefore the pairing 

Hi(Z)(8)zH]^(Z,Q^)^BdR 
should send y, ® to an element e BdR for each / = 1, . . . , 3 and j = 1,2 such that 



^ flu fli2 

'321 '322 



log 6 

log^ 



( log6 ^ 

(g^- l)log''( l +a ) 
{qk - \)\ogq 
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It seems to be good if we set 

an '^12 \ / 1 \ 

6(31 6(32 / \ 1 /' 

but we have no idea of what is the desired value of (a2i,a22) 6 (BdR)^ obtained from 
the information of the calculation above, because the path 72 is an irregular one for our 
integral theory. There is intuitively no topological hall corresponging to 72, but it surely 
has a non-zero period log'^( l + a ), which is not contained in Fil^B^j^ different from other 
periods log e, logq 6 Fil^B^j^. 

A cycle in our homology group Hh.(X) is namely an analytic cycle. It is defined as 
a homology theory concerning about analytic paths from a kind of simplicial objects. 
Therefore it is supposed that a singular homology concerning about algebraic paths has 
something to do with our singular homology. Now we want to see the relation be- 
tween our singular homology and the algebraic homology of a scheme in the sense of 
HSVL For a full detail of the algebraic singular homology, see [SV| and [iVSFJ . We 
follow the notation and the terminology in [VSFI| chapter 6. For an arbitrary equidi- 
mensinal quasi-projective variety U of dimension d e M over k, denote by zo(U,n) 
for each n e M the free Abelian group generated by an irreducible closed subvariety 

V of U 1^ Spec(^[ro, . . . , Tn]/{To + ■ ■ ■ + T„ - I)) such that the canonical projection 

V Spec{k[To, . . . , T„]I{Tq + ■ ■ ■ + Tn - 1)) is surjective and finite, and such that it 
properly intersects with U ^ Spec{k[To, . . . , T,„]/{To + ■ ■ ■ + T,„ - I)) for any m-face 

Spcc(k[To, T,„]/(To + ■ • ■ + r„, - 1)) ^ Spec(^[ro, . . . ,T„]/(To + ■ ■ ■ + r„ - 1)) 

for any m = l,...,n-lin the natural simplicial sense. Note that the free Abelian group 
Zo(U, n) coincides with the free Abelian group generated by data of a fc-morphism from 
an irreducible affine variety over k of dimension n and suitable parametres T^,. . . ,T„ of 
it, by Noether's normalisation lemma. Then one can constructs a chain complex zo{U, *) 
by a natural way, and one has 

H,(zo(t/, *) ®z Z/p'Z) =z/p,2 CH^(C/, *;Z/p'Z) -^/^^z H^f-*([/, Z/p'Z(d)) 

for each / 6 N by [IVSFll chapter 6, 3.3. and 4.3, where CH^(t/, *;Z/p'Z) is the higher 
Chow group of U. See [TVSFJ for the higher Chow group. Suppose U is an arbitrary 
equidimensional affine variety of dimension d e M over k embedded in a projective 
variety X whose complement D .= X\U is a normal crossing devisor, and set 

nT\Uj, Zpi-d)) := limH„(zo(t/r, *) ®z 2,/p' 

for each n e N. By the argument above, one obtains a canonical pairing 

H,(C/) ®z li^Z(Uj,2p{-d)) ^ BdR. 

This is a kind of a cup product of an analytic cycle and an algebraic cycle whose sum of 
the dimensions is 2d. 
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5 Examples 



Though many of the following calculations are valid even if k is not a local field, we con- 
tinue the assumption that k is a local field for convenience. In this section, we calculate 
the singular homology group of basic ^-dagger spaces. The main process of the calcula- 
tion consists of three steps. The first step is determining the set of the morphisms from a 
normalised cube [0,qk - 1]" and a normalised simplex {qt - 1)A". It is hard in general, 
but the adjoint property. Proposition 12.4. 10[ and its corollaries of it will help us in the 
calculation. The second step is determining the subgroup of cycles in C„(0- It is also 
hard in general, but Corollary I3.2.24[ will be useful when a dagger space is contained 
in an analytic group as an analytic domain. The final step is determining the subgroup 
of boundaries. It is the most difficult step, but Stokes' theorem. Proposition 14.6. 1[ and 
Proposition l4.6.3[ for the integral of a differential form guarantees a necessary condition 
for a cycle not to be a boundary, i.e. the integral of any differential form along a bound- 
ary vanishes. To begin with, we recall the basic result of the application of the homotopy 
invariance of the singular homology, Proposition l3.2.5[ 

Corollary 13.2.61 For integers n, m e N and d e (0, oo)™, one has 
Hn{t^m =z H,{D'l'{d)) =z H„(A"^) =z 
H„(bndy) =z H„(D'^(d)^) =z H„(Af) =z 

We see four other basic examples: the homology group of the punctured affine line 
GI^j^ = A|'''\{0}, a punctured disc Dl^Xiai, . . .,am}, a Tate curve Gl^j^/q'^, and the projec- 
tive line P], ^ We see the first example right now. 

Proposition 5.1.1. ForX=Al(l, 1)^ or G^^ ^, one has a canonical 2[Gk]-module isomor- 
phism 

Ho(X) =z[Gk] Z, 

where the action of Gk on Z in the right hand side is trivial, and a canonical exact 
sequence 

^ z(i) ^ HiiX) ^ 1 + r° ^ 

ofLlGkl-fnodules. 

Note that this proposition is verified with no use of the integration. Therefore the 
value of Nk is not restricted to he, qk - I ox X is not restricted to be a dagger space. We 
prove the assertion only in the case Nk = qt - I and X is a dagger space, and there is no 
difference in the proof also in the case A^*: = 1 or X is an analytic space. 



Z (n = 0) 

(n>0) 

Z (n = 0) 

(n>0) 
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Proof. By Proposition l3.2.18l it suffices to show the analytically pathwise connectedness 
of X in order to verify the first assertion. Take a ^-rational point a e X{k). We verify that 
a shares the analyticall pathwise connected component with 1 e X{k). Take a system 
a 6 Ek^\ of power roots of a, and then one has 

lyi = max{l,|a|} 
and llfl^'ll = max{l,|ar'}. 

If X = A^(l, 1)^ then a e and hence 

1 1^1 1 = ll£ II = 1- Therefore regardless of 
whetherX = A^(l, 1)^ orG^^, the character a 6 E^j c (^[o^^^-i])^ determines amorphism 
[0,^^-1] X, which connects a and 1. Consequently X is analytically pathwise 
connected and one has 

Ho(X) =z Z. 

Since X is an analytically pathwise connected analytic group, the set-theoretical map 
Hom([0,^i - l],X) Ci(X) Hi(X) is surjective by CoroUarv KTM Set L := 
{{X, 1 + g) e El X a + (A:fo,,,-i])°°) I + ^(1)) = 1}' where Ei is the subgroup 

{x 6 Ekj I |jc(l)| = 1}. We show that the restriction L Hi(X) of the set-theoretical map 

L c 1 X £i X (1 + (^fo,,,-i])°°) c [C^] X £i X (1 + (^fo,,,-i])°°) ^ Hom([0,^, - l],X) ^ Hi 
is a surjective group-homomorphism. 

Consider the case X = A^(l, 1)^ first. One has the set-theoretical map 

[C^] X £i X (1 + ^ Hom([0,^, - HX) 

is bijective. Take a cycle y e Hi(X). Since Hom([0, (^fi - l],X) Hi(X) is surjective, 
there exists an analytic path rj e liom{[0, qi, - l],X) such that [77] = y 6 Hi(X). Let 
(a,x, I + g) e [C^] X £1 X (1 -I- (^J,^^^.!])"") be the pair corresponding to 77. Since 77 is a 
cycle, one has x(qt - 1)(1 + g(qk - 1)) = x(0)(l + g{0)) = I + g(0). Consider the analytic 
path^ 6 Hom([0, ^i:- 1],X) associated with the bounded fc-homomorphism^ITi, Tj"^} 
^[o^j._i] • Ti a~^g(Oy^. This is a constant morphism and hence a cycle. One knows 
[^] = 6 Hi(X) by Lemma [3.2.20[ Since the group structure of Hi(X) is compatible 
with that induced by the structure of X as a group object, the cycle determined by the pair 
{l,x,{^+g)g(0)-^) e [C'']xEiXil+{k1^ _,,)°°) coincides withy as an element of Hi(X). 

Therefore replacing a to 1 and 1 -1- ^ to (1 -1- ^)^(0)~^ = 1-1- (^(0)"' - 1) -I- ^ e ^|'o°^^_i]j we 
may assume a = I and (x, 1 -I- ^) e L. It follows that the set-theoretical map L Hi(X) 
is surjective, and it is a group-homomorphism because the group structure of Hi(X) is 
compatible with that induced by the structure of Z as a group object. 

On the other hand, suppose X = ^. The set-theoretical map 

[C^] X £1 X (1 + (^fo,«-i])°°) ^ Hom([0,^, - 1],X) 
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factors through the isomorphism 



[C^] X 7^ X £i X (1 + (^fo.,,-i])°°) ^ Hom([0,^, - l],X), 

where nk&k is a uniformiser. However, since an element in tt^ corresponds to a constant 
morphism, any morphism determined by an element of [C^] x x x (1 + (k^^^^ ^^_^^)°°) 

can be derived from [C^] xEi x(l +(^1*^ by the same argument as above. Therefore 

also in this case, the set-theoretical map L —> Hi(X) is a surjective group-homomorphism. 

— oo 

Now set U := {x e | x(qk - 1) e 1 + k }. In both cases, we prove that the 
group-homomorphism L Hi(Z) factors the canonical projection L ^ U. Take an 
arbitrary element (x,l+g) G L in the kernel of L ^ U, and then x = 1. By the definition 
of L, one has g(0) = g(qk - 1) = 0. Since ||(1 + g) - 1|| = ||g|| < 1, the morphism 
y G Hom([0, ^7i - 1].^) uniquely factors the analytic domain 1 -I- D].(l)''^ c X, and there 
exists some ^ e €2(6^(1)') such that [y] = e Ci(D^(l)t) because Hi(D^(l)t) = 0. 
Then one also has [y] = e Ci(X), and hence [y] = 6 Hi(X). It implies that L 
Hi(Z) uniquely factors L ^ U. The well-defined group-homomorphism L' —> Hi(Z) is 
presented as 



L' -> Hi(Z) 
X y;, := 



- 1) - 1 , , xjqi,- l)-p ' ^ 
x(h) p(h) + 

1-/7 — 1 ~ P 



Next, we verify that the group homomorphism U Hi(X) is injective and hence 
bijective. Since L' Hi(G^^) factors through the homomorphism Hi(A^(l, 1)^) — ^ 

Hi(Gm,yt) associated with the inclusion A^(l, 1)^ G^^ by the definitions of the ho- 
momorphisms L'Hi(A^(l, 1)^) and U —> Hi(G;„,^), it is enough to consider the case 
X = Gm,k- We calculate the image d2C2{X) c Ci(X). Consider the case C = C°. There 
are the canonical set- theoretical bijective maps 

X X (1 + (^fo,,,-i])°°) (-^L-i])" ^ - 1]'^) 

and 

F X Ek,2 X (1 + (^fo.,,-i]2)°°) ^ (^L-iP^"" ^ Hom([0,^, - 1]^Z). 

The group C°(X) is the free Z-module generated by non-constant analytic paths [0, - 
1] X. The identification k"" x E^^i x (1 + (^Jo^^.i^)"") = Hom([0,^^ - l],X) induces 
a group homomorphism Ci(X) ^ E^^i. The restriction 0: J2C2(^) —> is the zero 
homomorphism 1. Indeed, take a non-degenerate analytic path y: [0, - l]^ ^ X 
associated a pair (Z?,}', (1 -1- h)) ek^ x Ek,2 x (1 + (kl. ,,2)°°)- One has 

J2[y] = d2[b/'\h)/^\t2)(l+g(tut2))] 
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= - [b/^\h)(l + g(0, t,))] + [b/'\qt - + giqu - 1, h))] 

+ [b/'\h)(l + g(tuO))] - [b/'\qk - + gituqk - 1))] 

and hence 

mM) = (y^^^rV\h)y^'^(y^'\h)r' = l. 

Therefore for any character x e L' in the kernel of U —> Hj (X), taking a lift (x, 1 +g) e L, 
one obtains [x(l + g)] G JiC^C^ and hence x = 1. It follows L' —> Hj (Z) is injective. 
Consider the case C = C^. Taking the isomorphic integral affine maps 

(qk - [0, - 1] : (to, h) to 

and 

(qt - 1)A2 ^ a := { (ti,t2) eR^\ti>0,ti>0,ti+t2<qk-l}: (to, ti, ti) ^ (^o, ^i), 
one obtains the canonical set-theoretical bijective maps 

r X Ek,i X (1 + (^J„,,-i])°°) ^ (^L-i]>' ^ C-i)Ai>" ^ Hom((0,^, - l)A\X) 
and 

e X Eka X (1 + (klD ^ (-tl)" ^ (-^L-DA^)" ^ Hom((^, - 1)A\X). 

The group Cf (X) is the free Z-module generated by non-constant analytic paths (qt - 
1)A^ X. The identification k"" x x (1 -h (^tfo^^.jj)"") = Hom((<?i - 1)A\Z) induces 
a group homomorphism C^(Z) — > Ek,i. The restriction 0: JaCfCX) E^j is the zero 
homomorphism 1. Indeed, take an analytic path y : —> X associated a pair (b,y, (1 + 
h)) ek^'x Ek,2 X (1 + (kly°). One has 

d2[y] = d2[b/'\t0/^\t2)(l+g(tut2))\ 

= [by^^\t,)(l+g(0,t,))] - [b/'\ti)(l + g(tuO))] 
+ [b/\qk - 1) (/'Y'^-j (ti)(l + g(tu 1 - ti))] 

and hence 

(f>(d2[r])=/^^Y'Y'Y'Y^-') = 1. 

Therefore for any character x e L' in the kernel of L' —> Hf (X), taking a lift (x, l+g) e L, 
one obtains [x(l -I- g)] e d2C2(X) and hence x = 1. It follows L' —> Hf (Z) is injective. 
We have verified that U = Hi(Z). 

Finally, cosider the evaluation homomorphism L' I + k°° : x t-^ x{qk - 1). It is 
surjective, and its kernel is (^^ - 1)~^Z(1) c i n ^(1) (g)/ Q c Q^, and the canonical 
isomorphism (^^ - 1)~^Z(1) ^ Z(l) gives the canonical exact sequence 

0^Z(1)^L' ^ i+r° ^0 

and the Gyt-equivariance holds because so is each deformation of formulae above. □ 
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Corollary 5.1.2. In the situation above, one has a canonical isomorphism 

Ho{x,qp) =Q,[G.]Qp 

and a canonical exact sequence 

Q ^ %{\) ^ H,{X,%) ^ k ^ Q 
of p-adic Galois representations. 

Be careful that Hh.(-,Qp) is the analytic homology with coefficients in Qp as a pro- 
object, which we defined at Definition l3.1.7l but is not the analytic homology with coef- 
ficients in Qp as a group. 

Proof. The first isomorphism Ho(X, Qp) =Qp[Gt] Qp is trivial. By universal coefficient 
theorem, Proposition l3.2.2[ one has the canonical exact sequence 

^ Hi(Z) (g)z Z/;?'"Z ^ Hi(X,Z/p'"Z) ^ Tor^(Ho(X),Z//7'"Z) ^ 

of Z[Gj;] -modules for each m 6 N. Since Ho(X) =z Z is a torsionfree Z- module, one 
obtains Tor^(Ho(X),Z/;?'"Z) = and hence Hi(X) ®^ Z/p"'Z =z[g,] Hi(X,Z/;?'"Z). It 
follows 



Hi(X,Qp) 



lim Hi(X,Z/p"'Z) 

Vm— >oo J 



Tensoring 7^lp""L to the short exact sequence 

^ z(i) ^ Hi(X) ^ 1 + r 



lim Hi(X)OzZ/p"'Z 

Vm— >oo 



0, 



one acquires the long exact sequence 

> Tor^(l + k°°,Zlp"'Z) Z(l) Z/;?'"Z ^ Hi(X) ®z Z/p^Z ^ (1 + k°°) Oz Z/;?'"Z 

Let M e N be the greatest integer such that k has a primitive p^-th root of unity, and sup- 
pose m > M 6 N. Then one obtains Tor^(l+F°,Z/p'"Z) = Z/;?^Z(1) c l+k°°. Moreover 
one has Z(l) (S)z Z/p"'Z = Z/p™Z(l), and the homomorphism Tor^(l + k°°,Z/p"'Z) 
Z{l)(S)zZ/p'"Z coincides with the canonical embedding Z/p^Z(l) ^ Z/p'^Zil) given by 
tensoring Z(l) to the inclusion p-^Z/Z ^ p-"'Z/Z(l) c Q/Z through the identifications 
Z/p^Z =z p-'^Z/Z and Z/p'"Z =z p-'"Z/Z. Therefore its cokernel is Z/p™-^Z(l), and 
one acquires the exact sequence 

^ Z/p'"-^Z(l) ^ Hi(X) ®z Z//7'"Z ^ (1 + r°) Oz Z/p'^Z ^ 0. 
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It induces the exact sequence 



> Z/;?'«+i-^Z(l) > Hi(X)OzZ/;?'"+iZ 







Z/p'"-^Z(l) 



Hi(X)0z W'Z 



(1 + kn ®z z/p 



(1 + kn ®z z/p" 



-4 







of chain complices, which obviously satisfies Mittag-Leffler condition, and hence one 
obtains the exact sequence 

^ Zp(l) ^ lim Hi(X) ®z Z/p'"Z lim(l + k°°) ®z Z/p'"Z ^ 0. 



Since the higher unit group 1 + k°° is p-adically complete, the third term coincides with 
1 + k°°. Furthermore, since is a flat Zp-algebra, it gives the exact sequence 







,(l)^Hi(X,Q„)^(l+r°) 



0. 



Now consider the logarithm homomorphism log : 1 + k°° ^ k. Since its kernel is the 
torsion subgroup Z/p^Z{l) c l+k°° and since its image contains the convergent domain 
of the exponential map, it induces the canonical isomorphism (1 + ^°°) i^z,, Qp k. Thus 
one acquires the canonical exact sequence 

O^Q„(l)^Hi(X,Q„)^;t^O, 



and the G^^-equivariance holds because so is each deformation of formulae above. 
Corollary 5.1.3. In the situation above, one has canonical isomorphisms 



□ 



Hi(X,Qi) 



h a = 0) 

Ml) 0' = 1) 



ofl-adic representations for a prime number I p eN. 

Proof. The isomorphisms are constructed in the totally same way as in the case I = p. 
Just remark that 1 + k°° is /-torsionfree and /-divisible. □ 

Corollary 5.1.4. In the situation above, the p-adic analytic homology group IIi{X, Q_p) is 
a crystalline representation for z = 0, 1. 

Proof Trivial for Ho(X, Q^). Identify Hi(X, Qp) as the Qp[G;t] -module of the tensor Qp 
of the Zp-module of systems of p-power roots of elements of 1 + k°° by the proof of 
Corollary 15.1.21 Then the Galois invariants (Hi(X, Qp) Oq^ Bcrys)*^* admits a /:-basis 



e® ,(expei ® l) 

log 6 ^ ' 



log expei ^ 
log 6 



,---,(expedin^(g> l)' 



logexp^d 
loge 



imQp k 
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where e e Ej^^i is a system of p-power roots of unity, {e\,. . edimQ^/t} c A: is a Qp -basis 
consisting of elements in the convergent domain of the exponential map, expe, 6 Ek^i is 
a system of />-power roots of expe, e \ + k°° for each i = 1, . . . , dimQ^ k. □ 

The results are remarkable. Each Z-adic homology of the punctured affine line G^^^ ^ has 
a 1 -cycle given by a system 6 6 of roots of unity, which is the intuitive "loop" around 
the origin e A^^, while the underlying topological space of G^^ itself is contractible. 
The analytic homologies surely reflects the informations of the analytic structures of an 
analytic space and a dagger space. 

Now the annuli A^(l, 1)''' and G^^^^, are analytically pathwise connected as we saw 
above. Moreover, similar calculations guarantee that the singular homology groups of 
the annuli D^"''\{0} and D|^\{0} are isomorphic to those of A|,(l, 1)''' and G^^. However, 
recall that a unit disc c A^^ will split into infinitely many or two connected compo- 
nents if one removes a point of type 2 or 3 (see nBERlH ). Similarly, a general punctured 
disc with two or more removed points is not analytically pathwise connected. Imagine 
that removing two distinct A;-rational points from D^^ causes the partition of D|.^ corre- 
sponding to removing the point of type 2 which is the common summit of the greatest 
disjoint open discs centred at the removed two A;-rational points. As we mentioned in 
S3.1[ the homotopy set 7ro(Dj,^\{0, 1}) of the punctured unit disc D^^\{0, 1} is canonically 
bijective to the topological homotopy set :?rQ''(D{^\{0, l,x}), where x e Dl'^\{0, 1} c D|,t 
is the point corresponding to the norm of k{Ti}K The proof of the following proposition 
may help one understand what occurs. 

Lemma 5.1.5. Take an integer m e N and m distinct k-rational points ax, ... , ayii € 
DWk). Set 

Y := Dl^\{p{\ai - aj\,ai) \ i, j = \, . . . ,m] c Dl'^\{ai, . ..,a,„], 

where for each J 6 [0, 1] and a e k, p(d, a) e D],^ is the point corresponding to the norm 
ofk{d~^{Ti - a)}^ ifd > or corresponding to the pull-back seminorm of the norm ofk 
by the bounded k-homomorphism k{Ti\^ k: T ^ a if d = Q. The dagger space Y is 
locally analytically pathwise connected. 

Proof. Trivial because 7 is a disjoint union of polydiscs and annuli by the argument in 
§4.2 in IBERU. □ 

Note that the numeber of the polydiscs would be infinite if we removed the condition 
that is a local field, but that of the annuli would be always finite. 

Proposition 5.1.6. In the situation above, one has a canonical Z[Gk]-equivariant iso- 
morphism 

HoiDl^\{au...,a,„}) Z<"(^> 
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and an exact sequence 



^ Z(ir ^ H,{Dl\{a,, . . . ,a,„}) ^ (1 + k°°f" ^ 

ofZ[Gk]-modules, where the action ofGk on Z is trivial, and where a is the number 
of (analytically pathwise) connected components ofY which are annuli. 

Proof. The open subspace Y c D^^\{ai, . . . ,a,„} is the disjoint union of open discs and 
finitely many open annuli, which are analytically pathwise connected as we saw above. 
Let A (or A') be the collection of analytically pathwise connected components of Y which 
are annuli (resp. discs). Each annulus D e A is presented as Al^-da^ - a,], \ak - 
for some i,j,k= 1, . . . , m such that \aj - a;| < \ak - ai\ and |a/, - a,| ^ (|ay - a,|, \ak - a,|) 
for any h = 1, . . . ,m, and each disc D 6 A' is presented as a + D^(i?a)^ for some a e 
Dl\k)\{ai, . . . , am) such that there exist some integers i,j = I, . . . ,m with |a,- - a\ = 
\aj - a\ = \ai - aj] = Ra, where Ra 6 (0, oo) is the distance min{|a,- - a\ \ i = 1, . . . , m} 
between a and { £?!,..., a,„ ]. One has 



Ho(J^) -Z[Gk] Ho(Z)) =z[Gk] Z®'^"*^^ -Z[Gt] 



DenoiY) 



Hi(y) =z[G,] Hi(D) =z[G,] Hi(D) =z[G,] Hi(Df \{0}r, 

D6;ro(7) DeA 

and hence it suffices to show that the canonical Z[Gi] -module homomorphism 

no(Y) 7ro(D^^{ai,...,a,„}) 

Ho(y) ^ Ho(Din{ai,...,a„}) 

Ci(y) ^ Ci(Df\{ai,...,a,}) 

Hi(y) ^ Hl(Dl^{al,...,a,„}) 

induced by the open immersion Y D^^\{ai, . . . isomorphisms. Therefore we 

have only to show that any morohism [0,qk - 1] ^ D|^\{ai, . . . factors through 
Y D^"Mai,...,fl,„}. 

Now one has a group-theoretical isomorphism 

(a, l,x,l+g) ^ + g(ti)) 

in Corollary 12.5. 11[ where nk & k is a uniformiser. Take an analytic path 7(^1) : [0,^^ - 
1] X. By an ordinary argument, 7 is given by a bounded fc-homomorphism/: k{Ti}^ 

such that f(Ti - aO, . . .JiTy - a J is invertible in kl^^^^_^y Set f{Ti) - a^ = 
a^'^^n'l^Xh{ti){\ + gh{ti)) iox each, h = l,...,m. Since y(fc) = Dl'^(k)\{ai, . . . ,a„,} = 
(Dl'^\{au . . .,am})(k), one has 7(0) 6 Y(k). Let D e A U A' be the analytically path- 
wise connected component of 7(0) in Y. Suppose DeA and D is presented as a, -l- 
AlQaj - ai\,\ak - a,|)'^ by some i,j,k = l,...,m such that \aj - a/| < \ak - a,| and 
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\ah - ai\ i (\aj - a;|, la^t - a,|) for any h = 1, . . . ,m. The condition 7(0) e D implies 
that |a*^''^||7r^|''' e (|a; - a,|, \ak - a,|) for any h = 1, . . . , m. For any x ^ 1, e one has 

mTx) - aM\x\\ = - = |a^*^^||;r,|'*||x|||(g,).r'J 

k 

< |a®lk*l''lklll(gO.-i.JIK'x,|| < |fl»||7r,|''||x,|| = |(/(ri) - atUMl 
and hence = Xk or xi = I. Assume Xi - Xk I. One obtains 

= \(a^'^4(gk\;0 + (ak - flOl = liifiTi) - ak) + (a, - aO)il = K/CT^i) - flOil 

and it is a contradiction. Therefore = 1 . Then one derives 

||/(ri) - = 6 (\aj - al |a, - a,-]) 

and hence ■y'^([0, qk - l]k) c ^{k{\ak - ai\'^{T - ai), \aj - ai\(T - a,)"^) = D. On the other 
hand, suppose D e A' and D is presented as a + D^(i?a)^ for some a e Dl^(k)\{ai, am} 
such that there exist some integers i, j = 1, . . . , m with [a, - a\ = \aj - a\ = \ai - aj\ = Ra- 
The condition y(0) e D implies that \f{T\) - a\ < Ra = min{|a - ah\ \ h = I, . . . , m}, and 
hence {a^^'^Wnkl''' = \f(Ti) - ah\ = \(f(Ti) -a)- (an - a)\ = \a - ah\ for any /i = 1, . . . ,m. 
For any x \,Xj e E^^i, one has 

KfiTi) - adMxW = - a,),|||;c|| = \a^^%t\''\mgj),-^J 

< |a(^^||;r,|'^||x,|||(g,),,ij||x7ix|| < |fl^^>||7r,|'^||x,|| = \a^%k\''\\xMgi\,^,.\ 

J I J 

< |fl®lkfcl''llx,ll|(g,)xri.,llk- < |fl®||;r,|''||x,|| = |(/(ri) - fl,).,llk,ll 
and hence xi = xj or jc,- = 1. Assume jc,- = xj 1. One obtains 

\a^%kh(gihjA < Ia®lk;tl''l(g/).ri|lk,ll < |a®||7r,|'' = h - fl| 
= Ka^'yUjXgj^O - (ai - aj)\ = KifiT,) - uj) - (a, - fl,))i| = |(/(ri) - fl,)il 

and it is a contradiction. Therefore jc, = 1. Then one derives 

11/(70 -fl,|| = |a('W = k -a|=^a 
11/(7-1) -all = \mTi)-ad + (ai-a)\\<Ra 

and hence 7*([0, - l]k) c ^(k{R~^(T - a)}) = D. We conclude that the morphism y 
factors through the open immersion Y —> D^^\{ai, . . . , Um}, and hence we have done. □ 
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Corollary 5.1.7. In the situation above, one has a canonical isomorphism 



Ho(Dl^\{au . . .,aj, Qp) -q^[g,] Qp 



and a canonical exact sequence 



^ %{\f" ^ H,{DW{au aj, Q^) ^ 



ofp-adic Galois representations. 



Corollary 5.1.8. In the situation above, one has canonical isomorphisms 



Hi(Dl^\{au..., 



ttm), Ql) -Q/[Gi] 




a = 0) 
a = 1) 



ofl-adic Galois representations for a prime number I i: p gN. 

Corollary 5.1.9. In the situation above, the p-adic analytic homology group IIiip]^\{ai, . . . , a^], Qp) 
is a crystalline representation for / = 0, 1. 

Next, we see the second example. It is pity that we failed to verify whether the affinoid 
covering of a Tate curve G^^Jcf' given by the two annuli A^(^^, 1)"'^ and A'(|^|,-y^)^ 
in ^ forms a great covering or not, and hence we can not apply the Mayer- Vietoris 
exact sequence for its geometrical analytic singular homology. Though they have the 
universality of great domains in Gj^^ ^, the images in G^ might not. Therefore we have 
not determined the homology group of G^^Jq^ yet, but we guarantee that a combination 
of the three specific cycles on G^ we saw some times is not a boundary. 

Proposition 5.1.10. For an element q G ^°°\{0}, one has a canonical Z[Gk]-module 
isomorphism 




admitting an exact sequence 



//i(g;,) ^ l ^ z ^ 



or equivalently 



^ Z(l) ^ L ^ (1 + k°°)q^ 



of Z[Gk]-modules, where the action ofGk on Z in the right hand side of the first exact 
sequnece is trivial. 
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Proof. Since the projection '^^ 
nectedness of ( 



m,k 



Jq^ is surjective, the analytically pathwise con- 



m,k' 



m,k 



guarantees that of Gl^Jq^ and hence Ho(G^^/^^) 

(e) ( l+g ) (£) . 



the subgroup of Hi(G^^j jt/'?'^) generated by the cycles y^', y'f^, y f' '■ [0, qu-^ 
determined by the functions 



. Let L denote 

Jq^ 

m,k' T 



1+^^1)1-- + 



i-p- 



-1 



for a system e e E^^i of power roots of unity, an element a 6 a system 1 + a 6 E^j of 
power roots of 1 + a, a system p e E of power roots of p, and a system ^ 6 Ek^i of power 
roots of q. For any y e L, present 





(l+ai)" 


+ • 




(i+fl,)' 


+ Ji 


" (9,)" 


+ • • • + 4 


^3 


by integers m,l,k e N, integers Z^i, 


b 


; Cl, . 


. . ,ci,d\, . . . ,dk 6 ^ 


Z, systems 6i, . . 





Ej,i of power roots of unity, elements Ui, . . .,ai e k°°, systems 1 + ai, . . . , 1 + a/ 6 Ej,i 
of power roots of 1 + ai , . . . , 1 + a/, and systems q , . . .,q e E of power roots of q. Since 

— 1 — k 

"nik^l^ is analytically pathwise connected analytic group, one has 



r = 



+ 



(l+fll^l-l+a,^/) 
^2 



■ 



by Corollary I3.2.24I Now take a system q e E^ i of power roots of q. the function 



q'''' is a system ofpower roots of q (JO 



±k 



■ q^{dk) = (^r'^i +■■■+* e k, and hence the ratio 
(di+-+dk) ^ system of power roots of unity. Since a product and the inverse 
of systems of power roots of unity are again systems of power roots of unity, and since a 
product of a system of power roots of unity and a system of power roots of 1 + a e \+k°° 
is again a power root system of 1 + a, one derives the presentation 



7 



(q) 

73" 



by an integer J e Z, an element a e k , and a system I + a e Ekj of power roots of 
I + a. We see the uniqueness of this presentation for the fixed system q. It suffices to 

show that y = [y^^] + dly'f] ^ e Hi(G'^ i-/*?^) parametres (d, a, l + a ) ^ 



r (l+fl)n 

[72 ] + 

^^[73-] =06 UiiGljq^). Consider the integral of the differential form T-^dTi e 



(0, 0, l(?i)). Take parametres (d, a, l + a ) (0, 0, l(?i)), and assume y 
'G^^Jq^). Consider the integral of 
i). As we calculated in §I4.5[ one has 

dTi r dT\ 



Ho(G;,/^^Q, 







r ^ = f: 

J roi Ti jy 



{qu - l)log'(l + a) + {qu - \)d\ogq 



= -{qk - 1) log(l + a) + {qk - 1) log(( l + a V'). 
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One obtains log(( l + a )q'') = because log(l + a) e k, log(( l + a )q'') e Fil'BdR, and k n 

Fil^BdR = 0. Therefore ( 1 + a) q^ £ Tp^k and it follows (1 = (( 1 + a )^){qk- 
1) = 1. It implies that d = Q and = 0, and it contradicts the assumption {d, a, 1 + a) 
(0, 0, l(?i)). Thus one obtains a spritting exact sequence 

O^Hi(Gl,)^L^Z^O, 



where Hi 



it 



L is the homomorphism associated with the canonical projection 



G^^ G\^Jq^, and L ^ Z is the well-defined homomorphism which sends [yj" ] + 

d{y f\ to d for any parametres {d, a, 1 + d ). This homomorphism is independent of the 
choice of q. Indeed, if one replaces q to some other q' , then one has 







({l±a)qU 




+ d 















and the coefficient d does not change. 

Though we have no idea for the calculation of H2(G^ j-/?^) '^^^w, note that one has 



H°( 



It contains the non-trivial cycle determined by a function e{t\)q{t2> for systems e,q£. E^^i 
of power roots of l,q. The non- vanishing of this cycle in HjCG^^/^^) can be verified 
by the integral of the (1, l)-form dTi A dT2 formally defined by the use of the involution 
* : A:[o,^j^-i]2 k[o,q^-i]2 : x(ti)y(t2) ^ x(ti)y(t2). We do not intend to go too far into the 
integral of a (p, ^)-form because it is useless when we consider the analytic singular 
homology but not the cubical one. Now finally we see the third example. 

Proposition 5.1.11. One has a canonical Z[Gk]-module isomorphism 



where the action ofG^ on Z in the right hand side is trivial. 

Proof. It is trivial because Pj,^ has the non-disconnected covering by two copies of the 
unit disc D^^, which is analytically path wise connected. □ 

It is pity that we do not know the covering by the two discs is a universally great 
covering. If we were to verify it, then the Mayer- Vietoris exact sequence would gurantee 
that 

Hi(pi V^) = 
and H2(P^V^) =z Hi(Ai(l, 1)VI). 

The non-trivial cycle in H2(P^^) would be given by the formal combination of the mor- 
phisms determined by the functions 



e{k) . - : 1 
\-p 



and 



1 : e(?o)- 



1-/7 



in the homogeneous coordinate {zq : Zi] by systems e,p e E^^i of power roots oil, p. 
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6 Appendix 

6.1 Generalised analytic homologies 

We verify the existence of a homotopy between the barycentric subdivision operator and 
the identity for the "generaUsed" cubical singular homology. We defined the ring k[o,ir of 

analytic functions on [0, 1]" using a formal symbol x(aiti -\ + + c) for a character 

X e <Q^ and integers ai, . . . ,a„,c e Z, and the pull-back is valid only by an affine map. 
Now there are many ways to justify the pull-back by a coordinate change by polynomi- 
als; redefine the ring of analytic functions on [0, 1] as the completion of the fe-algebra 
generated by the Z-module of formal symbols of the form x(t") for x G and n e N+ 
with respect to an apprpriate norm, for example. Only in this section, we replace the 
rings of analytic functions on [0, 1]" for each n e N to be appropriate ones so that they 
admit the pull-back by a coordinate change by polynomials. The chain complex C*(X) 
and the cubical singular homology Hh.(X) are also differs from the original ones. 

Lemma 6.1.1 (barycentric subdivision for cubes). Suppose k is algebraically closed. Let 
X be a k-s^ space, n e N, and f{t\, ...,?„): [0, 1]" ^ Z a morphism. Define Bf e C„(Z) 
as 



identifying C„{X) as the free Z-module generated by non-degenerate paths. Then one has 



^ = e H„(X)for any ^ G ker J„. 

Proof. It suffices to construct a homotopy O: C*(Z) C*+i(Z) connecting id,S G 
n„eNEndzC„(Z). Set 



Define a„ polynomial maps a" , Oa] : [0, 1]"^^ [0, 1]" inductively on n in the fol- 
lowing way: When n = 0, then a„ = and hence there is nothing to do. Formally 
define the zero-dimensional coUumn vector 0. When n > 0, suppose 

flj""^-*, . . . , cia~}i have been defined. For 7 = 1, set 




It induces a group homomophism 



B:C„(X) ^ C„(X) 

[/] ^ B[f]:=Bf 





198 



For _/ = 2, . . . , 1 + 2", presenting _/ = 2 + /i + 2/2 • • • + 2" by unique / = (/i ,...,/„) € 
{0,1}", set 



af\h, . . . ,tn+i) '■- I 



(1 - t„+i) + (h + Il)tn+1 (1 + + 

2 2 

l + ih+h- l)t„+i l + (t„ + l„- l)r„+i 



For J = 2 + 2", . . . , 1 + 2" + 2na„_i = a„, presenting 7 = I +2" + {an + (j - l))a„-i + h 
by unique cr = 0, 1, i = \, . . . ,n,h = 1, . . . , a„_i, and m = 1, ... ,n, set 



2 '(1 - ?„+i) + a^" ^""(^i, . . . ,?„)m^n+l 



(m < z) 
(m = z) 

^ 2-^(1 - tn+l) + a'r'\h, tn)m-ltn^l (m > z) 



2-'(l+(-l)%^i) 



2-1(1 +(2apVi,-..,Om-l)W) 
2-1(1 +(-l)%+i) 

2-1(1 + (24"-l\fi, . . . , Om-l - ("I > 



(m < z) 
(m = /) 



and 



Clf\h, ■ ■ ■, tn+l) - {a^"\h, • • • , ^n+l)m)^^j 



For any sequence b = (bo,bi, . . .) of integers of finite length, denote by tr(Z7) the total 
sum bo + bi + • • • . For each j = 1, . . . , a„, present 



m-l 



7 = _2 (1 + 2"-' + ((TKn - + (// - l))fl„-/-i) + h 



1=0 



by unique m G {0, . . . ,/i - 1}, (Tq, 0-^-1 e {0, 1}, (1,..., 1) < (zq, • • • , «m-i) <(n,n- 
1, . . . ,n - m + 1), and /z G {1, . . . , 1 + 2"-'"}. Define ;if„ (7) G N as 



1 +tr(z)+tr(o-) (h = l) 
tr(z) + tr(o-) (h>l) 



Xn 



Identifying as the set-theoretical map Z/a„Z = {l,...,a„} ^ N, extend ;^f„ on Z 
composing the canonical projection Z ^ Z/a„Z. For each n G N and / G [0, 1]" X, 
set 

a„ 

^nf ■■= Yji-W"^''^ [if ° af){h, ?„+i)] G C„,i(X). 

It induces a group homomorphism 

0„:C„(Z) ^ C„+i(X) 

[/] ^ 0„[/]:=0„/ 
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identifying C„(X) as the free Z-module generated by non-degenerate analytic paths. For- 
mally set 0_i := : ^ Co(X). We verify that O is a homotopy connecting id and B, i.e. 
one has the equality 

4+1 O^n- 0„-l O 4 = id - 5 : CniX) CniX) 

for each n G N. From now on, we often denote the valuables such as {h,.. . by 
the corresponding the coUumn vector ^{t\, . . ., tn). To begin with, we prepare some facts 
about Take an arbitrary /' = 1, . . . , n + 1. We consider the integral orthonormal affine 
map {ti, ...,t„) i-> . . . , cr', ti', ...,tn) for cr' = 0, 1. Suppose i' = n + I first. For 
7 =1, one has 



1 ; 



( 2-^ \ 



( h 



V 1 / 



For 7 = 2, . . . , 1 -I- 2", presenting j = l-vlx+lh-v ■ ■ ■ + 2"~^/„ by the unique (/i, ...,/„) e 
{0,1}", one has 



An) 



( h 

V ; 



( 2"' ^ 



, a 



(«) 



1 ; 



< 2 ^(t„ + In) , 



For 7 = 2 -I- 2", . . . , a„, presenting 7 = I +2" + crna„-i + (i - l)fl„-i +hhy unique cr = 0, 1, 
/ = and h = 1, . . . , fl„-i, one has 



( h 



V , 



( 2-1 \ 



, a 



(n) 



h \ 

tfi 

1 ; 



2-1(1 + (-in 

(if ^\h,---,tn)i 



^ \hj • • • 5 tn)n- 



1 J 



2-1(1 -cr) 

(^1 ) • • • ) tn)M 



V "/i vl) • • • ) 'n/n / 



Suppose i' = n next. For 7 = 1, one has 



a 



(n) 



tn-1 



K tn ) 



' 2-1(1 + (2?i - 1)0 

2-1(1 + {2tn-X - \)Q 
2-1(1 -O 



, a 



(n) 



' h ^ 

tn-l 
1 

tn 



I 0-1 



2-1(1 +(2?i- IK) ^ 

2-1(1 +(2?„_i- DO 
2-1(1 +0 
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For _/ = 2, . . . , 1 + 2", presenting _/ = 2 + /i + 2/2 + • • • + 2" by the unique (/i, . . . , /„) € 
{0, 1)", one has 



a 



(n) 



h \ 

tn-l 



\ tn ) 



( 0-1 



2-1(1 + 

2-1(1 +4-1 - 1)0 

2-1(1 -(1-4K) 



1 



( 0-1 



2-1(1 + (?i+7i-l)0 ^ 

2-1(1 +(?„_! +/„_! - 1)0 



For J = 2 + 2", . . . , a„, present 7 = 1 + 2" + crna„-i + (i - l)a„-i + hhy unique cr = 0, 1, 
/ = 1, . . . , n, and h = 1, . . . , a„_i. If /i = 1, one has 



(«) 



( h 

tn-l 





( h 

tii-l 
1 

tn-l 



( 2-1(1 -r„) + 2-ir„ 

2-i(l-?„) + 2-'?„ 
2-1(1 + (-l)%) 

, 2-1(1 - ?„) + 2-h„ j 
( 2-\l -t„) + htn ^ 

2 1(1 - + ti-it„ 
2-1(1 +(-l)%) 
2-1(1 + 

2-^1 ~ tn) + ^n-l^« y 



2-1 

2-1(1 +(-l)%) 
2-1 



2-1(1 +(2?i-l)0 ^ 

2-1(1 +(2?,-.i- DO 

2-1(1 + (-l)%) 
2-1(1+ (2?, -1)0 

2-1(1 + (2?„_i - l)tn) 

n-2\ 



if /z = 2, . . . , 1 +2"-i, presenting/? = 1 +/i +2/2 + - • • + 2"-%_i by unique (/i, . . G 
{0, lf-i,onehas 



^ 2-1(1 -0 + 2-i?„ ^ 

2-1(1 -0 + 2-i?„ 
2-1(1 +(-l)-0 

2-1(1 -0 + 2-ir„ 
2-1(1 -f„) + 2-if„ j 



tn~l 





2-1 

2-1(1 +(-l)%) 
2-1 
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( h 

tn-l 
1 



( 2-1(1 - t„) + T\h + h)tn 

2-1(1 - t„) + 2-i(?,_i + 
2-1(1 +(-l)%) 
2-1(1 -0 + 2-i(r,- + 

2-1(1 - O + 2-l(f„_i + In-l)tn ) 



( 2-1(1 +(?i+/i-l)0 
2-1(1 +(?m+/m-1)0 

2-1(1 + (-iro 

2-1(1 +(?,+/,-l)0 
2-1(1 +(vi +4-1 - 1)0 . 



and if /j = 2 + 2"-i, . . . , 1 + 2^-1 + 2(n - l)a„_2 = fl„_i, presenting h = l+ 2"-! + (o-i(n - 
1) + (/i - l))a„_2 + /Ji by unique ctj = 0, 1, /i = 1, . . . , n - 1, and hi = I,..., fl„-2, one has 



( h 



\ tn ) 



( 2-1(1 -0 + 2-i?„ 

2-1(1 -0 + 2-i?„ 
2-1(1 +(-l)%) 
2-1(1 -0 + 2-ir„ 



2-1(1 -0 + 2-ir„ j 



2-1(1 + (-l)%) 



a 



in) 



tn-l 
1 



2-1(1 -0 + < Vl,...,?n-l)l?n ^ 

2 1(1 - ?n) + • • • , tn-\)htn 

2-1(1 + 2-1(1 + (-ir?„^i)?„ 

2 ^(1 - + ^""(^l, • • • , t„-i)ii+it„ 



2 Hi ~ O + "^l" ^^(^1; • • • Jn-l)i-2tn 



2-1(1 +(-!)%) 

2~Hl ~ tn) + ■ ■ tn-l)i-ltn 

, 2-1(1 - t„) + fl^l ^\ti, . . . , tn-l)n-2tn , 



{h < i) 
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2 Hi ~ O + ih, ■ ■ ■ ■> tn-\)\tn 



2 ~ h) + <3/," ^\h, • • • 5 tn-\)iitn 
2~Hl ~ O + • • • > t„-i)i-it„ 

2-1(1 + (-iro 

2-1(1 -rn) + al""'Vl,...,?n-lK 

^ 2 1(1 - ?„) + ajj" ^""(^l, . . . , tn-l)n-2tn ) 
2-1(1 - O + fl^" . . . , tn-\)\tn ^ 

2-1(1 - ?„) + '^\h, ■ ■ ■ , tn-l)itn 



2-1(1 +(-!)%) 



2 Hi ~ O + ^^1" ^\tl, • • • , 



2 Hi ~ ^n) + '^l" '^\h^ • • • 5 tn-l)i^tn 

2-1(1 - O + 2-1(1 +(-irr„_i)r„ 

2~Hl ~ O + ^^S^" ^H^l5 • • ■ ■,tn-l)h+ltn 

, 2-1(1 - ?„) + ^H?!, . . . , tn-l)n-2tn , 
( 2-1(1 -0 + 4r'Vl,...,?n-l)l?n 1 

2-\l-Q + af;^\h,...,t„-i)iA 
2-1(1 + (-ir?„_iO 

2~1(1 - tn) + ^H^l^ • • ■,tn-t)h+ltn 
2~Hl ~ ^n) + ■ ■ ■ , tn~l)i-2tn 



ih > i) 



2-1(1 +(-l)%) 

{n- 



2 1(1 - tn) + a? ^\ti, . . . , t„-i)i-it„ 



^ 2 1(1 - t„) + a^" ^H^l, . . . , tn-\)n-2tn , 
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Now set 



Crn'(o-0,...,O-m') ■= 



2-\l-tn) + 2-\l+(-irtn-l)t„ 
2-1(1 + i-lYHn) 



2-1(1 + i-lYHn-ltn) 



m'+l 



2-1 (1 + (-1)-.' n?=„_,, j 

for each m' = 1, . . . , n - 1 and cto, . . . , cr^' e {0, 1}'"'"^^ In particular one has 

Cm'{c Q,---,Cr m')l = Cm'-l{(T' Q,...,Cr m'-\)l 

for any m' = 0, . . . , n - 1, ctq, . . . , a^' e {0, 1), and / = 1, . . . , m'; 



c„_i(o-o, ...,a-„_i) = 



^ 2-1(1 + (-ir%) ^ 
2-'(i + (-ir?„-iO 



I 2-i(l + (-ir"-' WUtr) ] 



l+2"+cro«a„-i+cri(n-l)a„_2+-+o-„_2a2+l^^ ^n-l^h, ■ ■ ■ Jn) 



for any ctq, . . . , cr„_i e {0, 1}; and 

Cn-fiO" 0, . . . , CT n-i')n-i'+l 



n \ 



(2 Ml + (-lr"-"[]r, 
v /'=(•' 

1+2"-' +((l-(r„_,/)(«-/')+/"-l)a„_,'_i+A'^ ^ "^"^ 



for any i' = I, . . . ,n - I, i" = l,...,n - i' and h' = 1, . . . , a„_,v_i. We will use these 
equalities without mentioning. 

Formally denote by c_i the zero-dimensional coUumn vector 0. Set 



m = 



. mi , 

for each / = l,...,n, and formally set 

( T(n + ^ 



h 

ti-i 
YVi'=ih' , 



T{n + 1) = 



, T{n + l)„+i , 



1 ; 
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For general i' = I, . . . ,n + I and j = 1, . . . , a„, present 



m-l 



= 2 (l + 2"-' + (criin + (it - l))a„_/_i) + h 



by unique m e {0, . . . ,n - 1}, ctq, . . . , cr„_i e {0, 1}, (1,. . ., 1) < O'o, • --Jm-i) < (n,n- 
l,...,n-m + l), and h£{l,...,l+ 2""'"}. There are five cases. The first one is the case 
i' <n-m + l aadh = 1, the second one is the case /' <n-m + l and I <h < I +2"~'",the 
third one is the case i' = n - m + \ and h = I, the fourth one is the case i' = n - m + I 
and I < h < I + 2""'", and the fifth one is the case i' > n-m + I. Let cr' = 0, 1. 

First if /' <n-m + l and h = 1, then a'j'\ti, . . ., ti>-i,cr', tn) is a collumn vector 

which can be obtained by rearranging and inserting Cm(cro, cr^-i, 1 - cr') in 

11T=0 - ^n-l) O/'io ^n-l') + h Yl7=0 ^n-V 



2j/=0 ^1 ^'t-') n/'=0 ^n-/') + tn-m-1 Y[l'=0 ^n-V / 



< 2 1(1- Y\"=n-m ^l') + W"=n-m h' > 

/ 2-i(i+(2ri-i)n;;=„-.?/') ^ 



2-i(i+(2wi-i)n;L„-.?/') J 



a\ (T(n - m)). 



Secondly if/' <n-m + l and 1 < < 1 + 2" then presenting /? = 2 + /i +2/2 + - • • + 
2"''"~^In~m by unique (/i , . . . , /„-,„) 6 {0, 1 a^fiti tf-i, cr',ti',..., t„) is a collumn 
vector which can be obtained by rearranging and inserting Cm-iicro, cr^-i) in 

' zr=o (2-ki - t„-i) n'flo tn-i') + 2-i(?i + h) n"=o ^ 

Zr=0 (2-HI - nirio tn-l') + 2-l(?/'-l + /i'-l) n7=0 tn-V 

zr=o (2-ki - tn-i) nirio + 2-i((r' + /,) n;^=o ^n-^' 
zr=o (2-ki - nirio ^.-/') + 2-\h, + n;^=o tn-v 
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2-Hl+(ti'-l+Ii'-l-l)n"=n-mtl') 

2-i(l+(cr'+7,-l)re=„_„,?/') 
2-1 (1 + (t, + - 1) Y]^,„ t,) 

(1 + (tn-m-l + In-m " 1) Y\'l'=n-m ^v) ' 

More concretely, set (/J , . . . , := (/i, . . . , h-uh, I„-m)- When cr' = 1 - then 

. . . , cr', ?,v, . . . , is obtained by rearranging and inserting c^_i(cro, . . . , cr^_i) 
and in 

( 2-i(i + ai+/i-i)n"„?/') ^ 



2-1(1 + ^'-1 +/,•'-! -i)n"=„-.^/') 
2-i(i + a'+/i'.i-i)n/'=„-.?/') 



1 2 n—m— 1 



2-1 (1 + (r„ 

and when cr' = /,v, then aj\h, cr', ?,v, ...,?„) is obtained by rearranging and 
inserting C;„(cro, . . . , cr;„_i, 1 - cr') in 

(n-m-\) /rj,, w 

1 2 «— m— 1 

Thirdly if /' = n - m + 1 and /z = 1, then a''j'\ti, . . ., ti'_[,cr', t^, . . . , tn) is a coUumn 
vector which can be obtained by rearranging and inserting Cm-\{crQ, am-\) in 

{ zr=oH2-Hi-?„-,)n|riow) + (2-Hi-on;^:ow) + f^'?in":oW \ 



^ (2-kl - tn-d nirio t„-,) + (2-1(1 - O-') WZo tn-l) + cft^-m UT=l tn-V , 

^ 2-i(i-n;w«.i^/')+2-Hi+cr'(2?i-i))ro=„i?/' ^ 



1 2-1 (1 - n?„i + 2-1(1 + cT\it,_^ - D) n?'„i ) 

^ 2-1 (1 + cr'(2?i - 1) ^ 



U-i (1 + (r'(2?„_, - 1) n"„i J 

When cr' = 0, then one has 

' 2-1 (1 + CT\lh - 1) XX'v-^n-m.X h) \ ^ 2"^ 



2-i(l+(r'(2?„_„-l)n/'^„-„+i?/') 



I 2-1 j 
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and when cr' = 1, then one has 

( (1 + cr'ilt, - 1) Ukn-m.! tr) 



( 2-1 (1 + i2t, - 1) iv;,„,, t,) 

= a^"-'"\T(n-m+l)). 



In particular When <t' = I and m = 0, one obtains 



aj\h, ■ ■ ■, ti'-i, cr', ti>, . . .,t„) - df\ti, . . .,t„,l) - 



(«)/ 



K tri J 



again. 

Fourthly if z' = n - m + 1 and \ <h<\+ 2"-™, then presenting /z = 2 + /i + 2/2 + • • • + 
T~"'~^In-m by unique (/i, . . .,/„_«) 6 {0, 1}"-'", a^fih, tf-uo-', tf, ...,t„)isa collumn 
vector which can be obtained by rearranging and inserting Cm-i(cro, . . . , 0-^-1) in 



In-m) O/'=0 ^n-l 

' 2-1 (1 - n^„i + 2-1(1 - a') \Xl-.n-n..x tv + 2- V'(?i + /i) nL„-..i ^ 



I 2-1 (1 - Ukn-m^i h') + 2-1(1 - a') nkn-,n.l + 2- V'(?„_^ + Ukn-m,, t, 

( 2-i(l+crU+/i-l)re=„-..i^/') 



I 2-1 (1 + O-'itn-m + I„-m " 1) W"v=n-m^l tr) ) 

When cr' = then one has 

' 2-1 (1 + a\h + /i - 1) \ r 2-1 ^ 

. 2-1 (1 + a'{tn-n, + - 1) n;'=„-„+i J 1 2-1 , 

and when cr' = 1, then one has 

( 2-1 (1 + cT'{h + /i - 1) n;L„-„.i ^ ( 2-1 (1 + (?i + /i - 1) n;L„-„.i 



I 2-1 (1 + (/{tn-m + 4-m " 1) ]Tv=n-m^l J 



V 2 (1 "I" (jn-m "I" In—m 1) Y\l'=n-m+l 

In particular when cr' = 1 and m = 0, one obtains 

' 2-\t,+h) ^ 

a^p(ti, . . ., ti'-i,cr', ti', ...,tn) = ^2+/i+2/2+-+2"-i/„^^i' • • • ' 1) = : 

, 2 1 (?„ + /„) , 
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again. 

Finally if m + /' > n + 1, then setting 



n-i'+l 

h' := - 2 (1 + 2"-'"' + (o-,n'(n - m) + (w - l))«n-m'-i) 

m'=0 
m-1 

2 (1 + T-""' + ((r„,(« - m') + - l))a„_„'_i) + h, 

m'=n-i'+2 

a''j'\ti, . . ., ?,v_i, cr', ti',. . ., tn) is a collumn vector which can be obtained by rearranging 
and inserting Cn-yicro, (Tn-i') in 

' ZS" (2-kl - tn-i) nirio tn-i) + (2-1(1 - cr') + cr'flJr'Vi, . . . , O^^o W 

ZS' (2-kl - nirio + (2-kl - tr') + c/al'^h, ?/'-iX„.,.,-i) n^'Io ^n- 

(2-^1 - tn-l) + 2-1(1 + UTJo tn-l' 

ZS' (2-Hl - tn-l) njrio ?n-/') + (2-1(1 - <r') + cr'flj:-2^(?i, . . . , t,-i)i„_,^,) UTJo tn-, 

, (2-Hl - tn-l) n'rio ?n-/') + (2-1(1 - cr') + (r'4,-\tu ?,_i),_2) nr=o ^n-/' 

^ 2-1 (l - nri tn-l') + (2-1(1 - cr') + (r'4,-\tu Ori tn-l' ^ 

2-1 (l - nr=o ^n-/') + (2-1(1 - cr') + (r'flf:-'>(?i, . . . , UTJo tn-r 

2-1 (i - nr=o w) + 2-1(1 + (-ir-'^'c/) nri ^n-/' 

2-1 (l - n";o + (2-kl -(r') + cr'al-'-\tu n^^o W 

, 2-1 (l - n";o ^«-/') + (2-^1 - + o-'al-\t,, t,_r)i'-2) WTIo h-i' , 
' 2-1 (l + (T'(2af,-'\tu tr-i)i - 1) O/Co ^ 

2-1(1 +(r'(2aj:-%,...,?,_iv,„.-i - i)nr=o 

2-'(l+cr'(-ir«-'^'nr=o?n-/') 
2-1(1+ (r'(2aj:-'\?i, • • • , - 1) OrJo 

^ 2-1 (l + (T'(2af,-\tu tr-i),-i) UTJo tn-i) . 
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The latter coUumn vector can be calcluted more concretely. If cr' = 0, one has 
2-1 (l + cr'(2aj:-'Vi, . . . , - 1) UTJo V/') 



2-1 (i + o-'(24,-'\h, r/'-i);„_,,,,-i - 1) nr=o tn-i') 

2-i(i+(r'(-ir"-.'-' nriw) 
2-1(1+ (/(2flj:-2)(?i, . . . , ?,_i),„_,,, - 1) nr=o 



( 2-1 ^ 



v2-i y 



^ 2-1 (l + cr'(2flj:-'Vi, . . . , nr=o V/') . 

and if cr' = 1, one has 

' 2-1 (l + o-'(2a^l,-^\h, - 1) UTJo tn-i') 

2-1 (l + (r'(24-^(t^, ?,'-i),„_.„,-i - 1) nr=o t„-i') 

2-i(i+(r'(-ir"-'^' nr=ow) 

2-1 (l + (r'(2aj:-'Vi, • • • , - 1) O/Co ^«-/') 



^ 2-1 (i + (T'(24-'^(tu nr=o ^«-/') . 
^ 2-1 (i + (2flj:-'\ri, . . . , - 1) nr=o ^n-/') 

2-'{i + (24,-^\tu...,ti'-i)i„_„,,-i - Dnriv/') 

2-i(i + (-i)-»-'.. nr=ow) 
2-1 (i + (2flj:-2)(ri, . . . , t,_,)i„_,^^ - 1) nr=o ^n-/') 

^ 2-1 (i + (24-\tu nri w) . 



In 

(n) 

'^l+2"+((ron+<'o-lK-i+fr 



l+2''-i +(o-„_i/+i ((•'- - l)ai/_2+fc' 



particular when i' = n + I, then aj\t]_, . . ., 1, , is the coUumn vector 
,(ti, ••• ,tnA) and is obtained by inserting 2-i(l + (-1)°"°) = 1 - ctq in 



xnn). 



We prepare notaion. These coUumn vectors are bothersome to write in equalities. For 
a coUumn vector v, denote its length by dimv. For coUumn vectors vi, V2 and an injective 
map i : {!,..., dimv2} {!,..., dimvi + dimv2}, denote by 
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the coUumn vector obtained by rearranging and inserting V2 by i to Vi, and set 
y(L) := (_i)Wi)-i)+-+wdimv2)-dimv2) ^ 

Moreover for a constrant c and i' : {1, . . . , dimv2 + 1} {1, . . . , dimvi + dimv2 + 1}, set 

' vi ^ 

C 

l' 











s 


V2,C 


:= s 


( 




I ^' J 







For integers / > m, denote by 



I 

m 



the set of all injective maps i : {1, . . . ,m} ^ {1, . . .,l+m]. Set To-/ := . . . , ?,v_i, cr', . . . , 
Denote by 5„ „j c N"' the set of all multiindices i = (/q, . . . , im-i) such that I < ii < n - I 
for any / = 0, . . . ,m - 1. 

Using this result, we complete the calculation for our homotopy. Take an arbitrary 
analytic path / : [0, 1]" ^ X. 

n+l 1 a„ 



h=\ i' = \ cr'=0 /i=l 

" YjYjYj Yj Yj'"'^^'^" ^^^"^'^"'"^'"^ [/ («25l(l+2"-'+(cr,(„-0+/,-l)a„-,-i)+l ^^'^'^j] 



(■'=1 m=0o-'=0crs{0,ir;€5„, 

« n-i' 1 1+2"-"" 

+ZZZ Z Z Z(-i)'~'" 



,'=1 m=0o-'=0o-€{0,l}'";eS„,;„ /!'=2 

n+l 1 



^ ('^2r=o'(l+2"-'+(o-;(«-0+(/-lK-(-i)+/i' *^^'^'''). 



n+l 1 



+yy y y (-i/--'-i-''®w[jLw , )V 

ZjZj Zj Zj ^ ^ [-^ \ 2;p^'(l+2"-'+(o-;(n-0+i,-l)a„-;-i)+r 

,'=2 a-'=Oo-e{0,l)"-''+i „.«-,'+! 

V i:'/r,S'(i+2""'+(o";(«-0+'(-iK-/-i)+/!' °" / 

\ ZS'-'kl+2"-'+(o-,(n-0+ii-lK-/-i)+'j'^ °" 7. 



''+o-'+tr(0+tr(o-) 



-EE Z Z Z(-i)' 

,'=2 (r'=Oo-€{0,l)''-''+i !eS„,„-i'+i A'=2 
n+l 1 ai/_2 
+ ^ ^ ^^_jy-'+o-'+tr(/)+tr(o-)+;tri,-2('i') 

,•'=3 a-'=0o-e(0,l)"-''+2 ;eS „,„_;/ +2 V=l 



n-1 1 








zz z 


(_l)<-'+l+tr(cr)^(^) 


/ 


S 


m=0 o-'=0o-€{0,l)" 


^^'•^-m-l,m+l 






n-1 


l+2"-™-i 







-Z Z Z Z <-')*'^« 

m=0 o-£{0,ir+' (ej?'„_„_i,„+i /i'=2 



/ 



'(T(n - m)) 
Cm(cro,...,o-m-i,l - cr') 

L 

( a^;;r""'\T{n - m)) 
(ctq, . . . , am-\), 2 
i 
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n-1 



1+2"- 



*E E E E 

m=0 o-e{0,l)'"+i i€J«'„-„_i,„+i V=2 







/ 


s 







n+1 



'■'=2 cr€(0,l)"-*'+l t€J^'-l,„-i'+l 



n+1 

!'=2 cr€(0,l)"-''+l t€J?;/_i_„_i/+i 
n+1 

!'=2 o-e{0,l)"-''+i ieJ^'_i,„_i/+i 



n+1 



1+2' 



{ 4r'"-'\r(n-m)) 

Cm(c 0, . • • , Cr I - CTfn) 
L 

c„_,v(cro, ...,cr„_,v) 

' r af"'\r(/')) 

/ 5 C„_,v(cro, . . .,cr„_,v) 

' r X2-',...,2-') 

/ S Cn-i'(o-0,...,O-„.i') 

< [ I- 

( ( ^('"-1) 



//J 



+E E E E(-i)"*'-^» 

'■'=2 cr€(0,l)"-''+i teJ^^/_i,„_i/+i h'=l 



f 



L V 



n+1 



/ 



+Z Z Z 

i'=3 cr€(0,l)"-''+i ieJ^'-i,„-i'+i /i'=l 
n+1 (i'-l)a,/_2 

+Z Z Z Z 

!'=3 o-e{0,l}"-''+2 i€j^-,_i_„_i/+i ft'=l 



ar'(7'(»')) 
c,i-,'(cro, . . .,cr„_,v) 

t 

(2-S...,2-0 
c„-i'(crQ, . ..,cr„-i') 
I 







/ 













f 


s 




< < 



Z Z Z (-D^^^^'^^'^^'^W 
+0 

n-1 1+2"-"-! 

+E E E E 

m=0 o-elO,!)"-*! ie^„-„_i,;„+i ft'=2 

+0 



aj - m)) 

Cm(o-) 



cc ~ ' (T(i')) 

l+2''-l+cr„_i/ + i(('-l)ai/_2+/!' 
Cn-i'iO'o, . . . ,(Tn-i') 

L 

W 



)) 







f 


s 







n+1 






^ ( 


-E E 




/ 


s 


!'=2 a-e{0,l)"- 


'+1 (6j?;/_i_„_,/+i 







a\, '{T{n - m)) 

Cmip-) 
L 



a\'^\T{i')) \\ 
Cn~i'{cr) 



JJi 



+0 



n+1 



1+2' 



+E E E E(-i)"*'-^« 

i'=2 o-e{0,l}"-''+i ieJ^'-i,„-i'+i 'i'=2 

+0 







/ 









c„-,'(o") 



n+1 


(i'-l)a,/_2 




f f 


-E E 


^ ^ (_jy"+i+tr(o-)+Ari'-2(/!') ^(^^^ 


/ 


s 


i'=3 o-e{0,l)"- 


'+2 l€J^-,_i_„_i,+i V = l 




y V 



1+2' " ' +(T,^_jf + 1 (/' - 1 )aj' _2 +// 



,XT(i')) 

Cn-i'(cro, . . . ,(Tn-i') 
L 
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n-l 







f 


s 







' a\ {Tin - m)) 

a\, '{T{n - m)) 
Cm(cr) 

L 



E E E (-D-'-'^w 

m=0 o-€(0,ir+i t€^„_„_i,„+i /i'=2 
n+1 







/ 









//J 



!'=2 o-6{0,l)"-''+l '6^'-l,„-,'+l 

n+1 l+2''-i 

^E E E E 

i'=2 o-e{0,l)'>-''+i ieJ^'_i,„_i/+i ft'=2 







/ 






/ 


S 


Cn-Ko-) 






\ 





/ 

L V 



S 



air'XTii')) 
Cn-i'(cr) 

L 



n+1 



2(('-l)ai/_2 



i'=3 o-e{0,l}'>-''+i ieJ^'_i,„-i/+i h'=l 

' C„-i(crX(i) ^ 

/ 



f 



1+2' 

Cn-i'(o-) 



o-e{0,l)» t€^o,« 



Cn-i(cr)((„) yj 
' C„_i(cr),(i) ' 

. C„_i(crX(„) ^ 



o-e{0,l)''(e./o.n 

1+2" 
V=2 

n 2(i'-l)ai,_2 

Z Z Z (-') 

'■'=3 o-e(0,l)"-''+i t€J2^/_i_„_i/+i /i' = l 

2na„_i 

+ 2 (-ir'"^'^'"''\Ml2^,,mn + 1)))] 
ft'=i 

= 

+ [/(?!,..., O)] 



l+tr(o-)+^,-,_l(l+2-'-l+/i') ^^^^ 







/ 









0-1) C7c;')) \\ 

"l+2i'-l+ft''^^ 

Cn-i'(o-) 



2 (-!)■[/( 



+ 

/s{0,l)" 

+0 



h + h tn + In ' 



On-l 



0-o€{0,l) l€J?-„-i,i ;!'=1 





( ( 


/ 


s 







^li' v^l' • • • 5 ^n/ 

l-O-Q 

L 
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(id-5)[/]+ Z 2^-^^"'"'"" '^''^'^^'^ 

o-'e{0,l]LeJf„-i,i h'=l 

(0„_i o 4)/ = "-'^'^ [(4/ o af^))] 







/ 









a' 

L 



h=l 



a,,-i n+l 1 



(ft) 



h=l i' = l cr'=0 



f 



/J 



1 



/i' = l (t'=0 iej>v,_ij 







/ 









cr' 



//J 



Thus one concludes 



(4+1 o o„ - o„_, o = (id - B)U]. 



□ 



6.2 Cohomological vanishing of a Stein space 

We give a brief proof of the basic property of a non-Archimedean Stein space in the 
totally same way as that of a Stein space in the sense of a complex manifold in IGRL 
Lemma 14.6.51 Let X be a Stein k-analytic space, Definition \1.4.27\ or a Stein k-dagger 
space, Definition 12. 4. 2 71 and F an arbitrary coherent sheaf on X. Then the cohomology 
group H'{X, F) vanishes for any i e N+. 

Proof. Take a flasque resolution {F*,d* : F* f*+^) of F, and we prove the cochain 
complex H\H^{X, F*)) vanishes for any i > 0. For each sheaf F' on X and each analytic 
domain V <z X and , setting F'^(V) = lim F'{U), where U in the limit runs through all 
open neighbourhood of V, extend F' to the sheaf F'^ on the G-topological soace Xq. 
A Stein space is a good analytic space in the sense of I1BER2II . Since F is coherent, 
we calculate the cohomology group in the G-topology of X by the comparison theorem 
of coherent sheaves on a good analytic space (LBER2J, 1.3.6/(ii)). Take a Weierstrass 
filtration Wo <z Wi G ■ ■ ■ <z UWi = X, and then the restriction map F^(W}+i) F'^iWj) 
is surjective for each i 6 N and j 6 N, because Wj c Int(Wy+i/X) by the definition of a 
Weierstrass filtration. Furthermore, the restriction F'\w., which is the pull-back of F' by 
the inclusion Wj ^ X, is a flasque sheaf on the ordinary topology of Wj, and the cochain 
complex {F*\wj, d*) is a flasque resolution of the coherent sheaf F\y^. for each j e N. Note 
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that the sheaf (F\wj)g coinceds with Fq\w. for each j 6 N by the comparison theorem of 
coherent sheaves. Consider the commutative diagram 

> d'-\F'-\X)) > F\X) > d'iF'iX)) > 



> d'-\F'-\X)) > FUX) > d'(FUX)) > 



> d 



\im F'-\Wj) 



-4 \im F'^iWj) > d' 



limF'^iWj) 



-4 



> lim d'^\F'-'(Wj)) 



UmF'^iWj) 

jehl 



\imd'{F'^(Wj)) > 



> d'~\F'-\Wj)) > F'ci^j) ' d'iF'ciWj)) > 



> d'-\F'-%^(Wj)) > F%^iWj) > d'{F'\w,(Wj)) > 

for each i e N+ and j e N. What we want to verify is the exactness of the first row. 
If we have done, then we obtain H'(X, F) = for any i > 0. Since Wj is an aflinoid 
space, the last row is exact by Kiehl's Theorem B (strict case: HKIEL 2.4.2. or fiBGRI . 
9.5.3/3, and generalisation: HBERIL 2.1.11. and [■BER2J . 1.2.) and Tate's acyclicity 
theorem for affinoid algebras (strict case: flBGRL 8.2.1/1. and generalisation: nBERll . 
2.2.5.) and hence so is the fifth row. Since the restriction map F'^(Wj+i) F'^CWj) 
is surjective, the system F'^iW*) satisfies the Mittag-Leffler condition for each / 6 N. 
Therefore the projective limit is exact, and thus the fourth row is exact for each / > 0. 
It follows that limd'{F'^(Wj)) = J'(limF^(Wy)) for each / > because the homomor- 
phism UmF'^iWj) Umd'iF'^iWj)) in the fourth row factors lim F'^(Wj) = F'^{X) 
d'(F'^(X)) = d'{limF'^(Wj)), and hence the third row is exact for each i > 2. Therefore 
we have verified the exactness of the first row for each / > 2. In order to show the exact- 
ness of the first row for i = 1, we have to prove limd^\F^(Wj)) = J°(limF^(Wy)). Next, 
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consider the commutative diagram 



-4 lim FciWj) 

jehl 



limF|i(Wy) > 



limFji(Wy) 



-4 



> limFciWj) > limF°(W^y) > lim d^iF^^(Wj)) > 



> FciWj) > F'^iWj) > d%F'^iWj)) > 



> Fy^iWj) > F%(Wj) > d\F%{Wj)) > 

for each j e N. By the same argument as above, it suffices to show the exactness 
at limd^{F^(Wj)) in the second row in order to verify the equaiity lim d'^(F^{Wj)) = 
d^ (lim F^{Wj)). Since Wj is an affinoid space, the fast row is exact by Kiehi's The- 
orem B and Tate's acyclicity theorem for affinoid aigebras, and hence so is the third 
row. By the equivaience of the category of finite modules of an affinoid algebra and 
the category of finite Banach module of the affinoid algebra ( HBERIL 2.1.9.), and by 
the Kiehi's Theorem B again, regard the group of sections FdWj) as an Avi^^ -Banach 
module, and replacing their norms to an equivalent one in order from Fq{Wo), we as- 
sume the restriction map F^Wj) FcCWf) is a contraction map for each / < j e N. 
Take an arbitrary element / = ifj)jei<s £ lim J"(F°(Wy)). We want to construct a se- 
quence g = (gj) 6 n-f^oCW^y) such that d'^(gj\wj,) = // for each / < j 6 N and the 
element gj+ilw- - gj 6 (kerd°){Wj) satisfies \\(gj+i\wj - gj)\\Fa{Wj) < 2"^' as an element 
of the Aiy^ -Banach mogule FciWj) = (ker for each j e N. The homomorphism 

d^ : F^(Wo) <i"(F° (V^o)) is surjective by the definition of the group-theoretical im- 
age J°(F°(VFo)), and there exists some section 6 -^"^(^^0) such that d^go = fo- Sup- 
pose we have constructed a sequence (go, . . . ,g,„) e F^{Wq) x ■ • ■ x F^{Wm) of finite 
length satisfying the desired condition above for an integer m e N. The homomor- 
phism J'""^^ : F'^{Wm+i) d'"'^^{F'^{Wm+i)) is surjective by the definition of the group- 
theoretical image d'"'^^{F^(Wfn+\)), and there exists some section g'^_^y e F'^(Wm+i) such 
that J'"+Vm+i = /m+i- Set 5;, = gl^i\w,„ - gm e FliWJ. Since W„, is a Weierstrass 
domain of V^m+i, the image of the bounded fc-homomorphism A-w,,,^^ Avi?,,, is dense in 
A-w„,- Therefore considering the contractive admissible isomorphism Fg(W,„+i)(8)avv ^ = 
FGi^m+i) ®An,„,^, ^w,,, FciWrn) as Avi/„,^, -Bauach modules, the image of the restric- 
tion map FciWm^]) FQ{W,n) is dense in Fg(V7,„). Consequently there exists some 
SI,, 6 Fg{W,„,,) such that \\61J^,„ - 6'Jrc,(w.„) < 2"'". Set g„,,, ^ g^^^ - 6';^^^. 
Now we have g,n^i\w,„ - gm = {gl+i - C+i)lw,„ - gm = 5'^- ^ Fg(W,„) = 

(kerd'^)(Wm) and \\d'^ - S'',+i\wJ\Fa{w„) < 2"'". Thus we have constructed the required 
sequence (^0, gm+i) e F'^(Wo) x • ■ • x F° By the axiom of dependent choice, 



215 



there exists such a sequence g = (gj) e Yl ^c^^i) satisfying the desired condition 
above. Set 6j = gj+i\wj - gj ^ Fc(Wj) for each j e N. By the condition of g, we 
have ||<5j|vr,,llFG(w^/) ^ II^jIIfgCWj) < for each / < 7 e N, and hence the infinite sum 
Z/<7 ^i\wj converges in FciWj) for each j G N. Set 



and then we have 

hj+\\wj = 



8J + J]3i\w, eY\FUWj), 



i=j+i 



= 8j + ^J+Yj ^'I^^ " 



i=j+\ 



by the continuity of the restriction map Fg(VK;+i) FciyVj) for each j e N. It follows 
that h e limF'^iWj), and d^h = (fg + {Y.i<ii.d^^i)\w)m = f + ^ = f^ which was what we 
wanted. □ 
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